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Abstract:

This deliverable discusses several performance tradeoffs in MU-MIMO systems. We
start by surveying the key diversity-multiplexing tradeoff for narrowband MIMO
channels developed by Zheng and Tse. Then, the tradeoff is extended to the time,
frequency and time-frequency selective case by applying the concept of “Jensen
channel.” Next, we elaborate the effect of multi-access interference by resorting
to interference functions, which are used to optimize specific quality-of-service goals.
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Executive Summary

This deliverable investigates several performance tradeoffs for MU-MIMO
systems deriving from the key diversity-multiplexing tradeoff. The diversity-
multiplexing tradeoff characterizes the best compromise between error per-
formance (related to the diversity order) and communication rate (related
to the multiplexing gain) which can be attained simultaneously on a given
system.

The deliverable is organized into four chapters. Chapter 1 is introduc-
tory and describes the diversity-multiplexing tradeoff for narrowband MIMO
communication systems. After introducing some basic assumptions on coded
MIMO systems, we review its fundamental performance indicators repre-
sented by channel capacity and pairwise error probability. Multiplexing
capabilities are related with channel capacity and the system diversity is
embedded in the pairwise error probability so that their joint study allows
one to establish the required tradeoff. Both parameters (multiplexing and
diversity order) are formally defined in the setting of asymptotically large
SNR. The chapter concludes with its main result consisting in the charac-
terization of the optimal tradeoff curve d∗(r) (Theorem 1), which is given
by the piecewise linear interpolation of a set of integer-valued points in the
multiplexing-diversity plane [57].

In Chapter 2, we establish the optimal diversity-multiplexing (DM) trade-
off of coherent time, frequency and time-frequency selective-fading MIMO
channels and provide a code design criterion for DM-tradeoff optimality.
Our results are based on the analysis of the “Jensen channel” associated
to a given selective-fading MIMO channel. While the original problem seems
analytically intractable due to the mutual information being a sum of corre-
lated random variables, the Jensen channel (equivalent to the original channel
in the sense of the DM-tradeoff) lends itself nicely to analytical treatment.
From these results we find that the classical rank criterion for space–time
code design (in selective-fading MIMO channels) ensures optimality also in
the sense of the DM-tradeoff.

The effect of multi-access interference is addressed in Chapter 3. It is ob-
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served that the quality-of-service (QoS) of a communication link is affected
by the existence of other links, which are experienced as interference. A
proper allocation of the system resources allows to limit the average effect
of interference on users. The problem is addressed by introducing a specific
QoS-based power and resource allocation model based on interfering func-
tions depending on the power allocation itself.

The framework presented in Chapter 3 is used as a background for Chap-
ter 4, where we identify the key properties leading to the observed conver-
gence behavior. It is known that the optimization of interference-coupled
multiuser networks is complicated by adaptive transmit or receive strategies,
which often result in non-convex problem formulations. However, among
the studied properties, we show that convexity is not the most basic one
and sometimes, globally convergent algorithms can be derived from certain
monotonicity and scalability properties alone.



Chapter 1

The Diversity-Multiplexing

Tradeoff

Multiple-input multiple-output (MIMO) technology represents an important
means of increasing the performance of wireless communication systems. It
is widely known that in a system with multiple transmit and receive anten-
nas (MIMO channel) the spectral efficiency can be greatly increased from
that of the conventional single antenna channels. Recent research shows that
by using multiple antennas at both the transmitter and receiver, the perfor-
mance of the system can be greatly improved. Multiple antennas can improve
the system performance in two aspects, which are reliability and supporting
higher data rate.

Different design criteria of MIMO communication systems are based on
different ways to understand fading channel. Multiple antennas can be used
to increase diversity. In this situation each pair of transmit and receive
antennas provides a signal path from the transmitter to the receiver. By
sending signals that carry the same information through a number of different
paths, multiple independently replicated data symbols can be obtained at the
receiver; by combining these replicated signals, we can have more reliability
in transmission. For example, in a slow Rayleigh fading environment with 1
transmit and MR receive antennas, the transmitted signal is passed through
MR different paths. It is well known that if the fading is independent, a
maximal diversity gain of MR can be achieved: an error occurs only when all
of the MR paths are in simultaneous deep fading, compare to 1 channel is in
deep fading; then lower error probability is achievable. In a system with MT

transmit and MR receive antennas, the maximal diversity gain is MTMR.

A different direction of utilizing MIMO suggests that in a MIMO chan-
nel, fading can in fact be beneficial through increasing the degrees of freedom
available for communication. Essentially, if the path gains between individ-
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ual transmit-receive antenna pairs fade independently, the channel matrix
can be well-conditioned, in which case the channel is essentially multiple
parallel spatial channels. By transmitting independent information in paral-
lel through the spatial channels, the data rate can be increased. This effect
is also called spatial multiplexing, and is particularly important in the high
signal-to-noise ratio (SNR) regime where the system is degree-of-freedom-
limited. It is well known that in the high SNR regime, the capacity of a
channel with MT transmit, MR receive antennas and i.i.d. Rayleigh faded
gains between each antenna pair is scaled by min{MT, MR}. We say the
spatial multiplexing gain of the system is min{MT, MR}.

A MIMO system can provide two types of gains: diversity gain and spatial
multiplexing gain. In the design of a MIMO system, maximizing one type
of gain may not necessarily maximize the other. For example, the space
time coding structure from the orthogonal designs, while achieving the full
diversity gain, reduces the achievable spatial multiplexing gain. In fact, each
of the two design goals addresses only one aspect of the problem. This
makes it difficult to compare the performance between diversity-based and
multiplexing-based schemes.

The work of Zheng and Tse [57] on diversity and multiplexing tradeoff
put forth a new viewpoint: given a MIMO channel, both gains can in fact be
simultaneously obtained, but there is a fundamental tradeoff between the two
types of gain: higher spatial multiplexing gain yields lower diversity. Their
seminal work provides an approach to characterize the optimal tradeoff curve
achievable by any scheme. In the high SNR regime, a scheme is said to have
a spatial multiplexing gain r and a diversity gain d if the rate of the scheme
scales like r log SNR and the average error probability falls on 1/SNRd rate.
The spatial multiplexing gain indicates the fraction of the capacity that is
achieved; and the diversity gain indicates the reliability. The optimal tradeoff
curve shows for each multiplexing gain r the optimal diversity advantage
d∗(r) achievable by any scheme; hence gives the performance limit in the
data rate and the reliability.

For the i.i.d. Rayleigh flat fading channel, the optimal tradeoff is in
very simple form for most system parameters. Consider a slow block fading
channel in which the channel is random but remains unchanged for a duration
of T symbols, and assume a coherent reception, where the receiver has the
channel gain information. The work of Zheng and Tse shows that as long as
T ≥ MT +MR − 1, the optimal diversity gain d∗(r) achievable by any coding
scheme of block length T and multiplexing gain r is (MT − r)(MR − r). This
suggests an appealing interpretation: out of the total resource of MT transmit
and MR receive antennas, it is as though r transmit and r receive antennas
were used for multiplexing and the remaining MT − r transmit and MR − r
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receive antennas provided the diversity. Thus, by adding one transmit and
one receive antenna, the spatial multiplexing gain can be increased by one
while maintaining the same diversity level. It should also be observed that
this optimal tradeoff does not depend on T as long as T ≥ MT + MR − 1;
hence, no more diversity gain can be extracted by coding over block lengths
greater than MT + MR − 1 than using a block length equal to MT + MR − 1.

1.1 Diversity and Multiplexing for the Co-

herent Channel

1.1.1 System Model and Known Results

We consider the wireless link with MT transmit and MR receive antennas. We
assume a flat fading environment. The fading coefficient hij is the complex
path gain from transmit antenna j to receive antenna i. We assume that the
coefficients are independently Rayleigh distributed with unit variance, and
write H = [hij ] ∈ CMR×MT. We assume that the channel matrix H remains
constant within a block of T symbols. Under these assumptions, the channel,
within one block, can be written as:

Y =

√
SNR

MT
HX + W (1.1)

where X ∈ CMT×T has entries xmt; m = 1, . . . , MT, t = 1, . . . , T being the
signals transmitted from antenna m at time t; Y ∈ CMR×T has entries ynt, n =
1, . . . , MR, t = 1, . . . , T being the signals received from antenna n at time t;
the additive noise W has i.i.d. entries wnt ∼ CN(0, 1); SNR is the average
signal to noise ratio at each receive antenna.

The transmitted signal X is normalized to have the average transmitted
power at each antenna in each symbol period to be 1. The power constraint
on a codebook C can be written as

1

|C|
∑

i

MT∑

m=1

T∑

t=1

||xmt(i)||2 ≤ MTT

where the first sum is over all the codewords in the codebook.
Based on the applications in different fading environment, this multiple

antenna channel is studied under both the coherent and the non-coherent
assumptions. In this chapter, we will focus on the coherent channel.

The coherent channel model is based on the following physical scenario.
In a fixed wireless environment, the fading coefficients vary slowly. The
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transmitter can periodically send pilot (training) signals to allow the receiver
to estimate the fading coefficients accurately. The time that one spends in
estimating the channel is usually negligible comparing to the time that one
can communicate before these estimates become inaccurate. In this case,
we can usually ignore the acquiring of the channel knowledge, and simply
assume that the channel fading coefficients in H are perfectly known at the
receiver end. This assumption is referred as the “coherent assumption”.

In the following of this section, we review some of the known results for
the coherent channel.

Strictly speaking, the Shannon capacity of channel (1.1) is not defined for
finite values of block length T . In the case that T = ∞, the Shannon capacity
is 0, since for any given data rate, there is a strictly positive probability that
the channel matrix H is too bad (close to 0) to support it; in other words,
a channel outage occurs. In this case, one can write the mutual information
of the channel as a function of the channel matrix H. The notion of outage
capacity is studied [50] to answer the questions such as “what data rate
one can communicate with no more than 1 percent probability of channel
outage”.

In this report, we will mainly focus on the ergodic capacity of multiple
antenna channels. To do that, we look on (1.1) as one channel use, with input
and output super- symbols of dimension MT × T and MR × T respectively.
We assume that after each block of T symbol periods, the channel matrix H

changes into an independent realization, and remains constant for another
block. The ergodic channel capacity is thus the highest data rate that can
be reliably transferred by coding over infinitely many such super-symbols.
In the rest of this dissertation, we will without causing confusion refer to
“capacity” of channel (1.1) as the ergodic capacity. The coherent capacity
of the channel (1.1) is computed by Telatar [50] which is summarized in the
following lemma.

Lemma 1. Coherent Capacity

Assume the fading coefficient matrix H is known to the receiver, the chan-
nel capacity (bps/Hz) of a system with MT transmit and MR receive antennas
is given by

Ccoherent(SNR) = E

[

log2 det(IMR
+

SNR

MT
HH†)

]

Defining K = min{MT, MR}, K ′ = max{MT, MR}, then a lower bound
can be derived:
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Ccoherent(SNR) ≤ K log2

SNR

MT

+
K

′

∑

i=K
′
−K+1

E[log2 χ2
2i];

where χ2
2i is chi-square random variable with dimension 2i. Moreover,

this lower bound is asymptotically tight at high SNR. We observe that this
is equivalent to the capacity of K = min{MT, MR} sub-channels. In other
words, the multiple antenna channel has K degrees of freedom to communi-
cate.

For the case MT = MR, at high SNR,

Ccoherent(SNR) = MT log2

SNR

MT
+

MT∑

i=1

E[log2 χ2
2i] + o(1)

If we let the number of transmit antennas MT increase to infinity, the
high SNR capacity increases linearly with MT, and

lim
MT→∞

lim
SNR→∞

[
Ccoherent(SNR)

MT

− log2(
SNR

e
)

]

= 0

This capacity can be achieved by using a “layered space-time architec-
ture” which is discussed in detail in [18].

It is of practical interests to compute the probability of detection error
when communicating over the multiple antenna channel with a given finite
codeword length. Most of the current effort in the error probability analysis
is focused on the case when one can code over a single block as given in (1.1).

Note that when we compute the error probability for codes over one
single block, the assumption of independently faded blocks given in previously
is irrelevant. This assumption is introduced only to develop the notion of
the ergodic capacity. In the error probability analysis, we do not need to
assume anything for the blocks that follows. Nevertheless, in the rest of this
dissertation, we will frequently talk about the channel capacity and error
probability, without repeating the difference in the assumptions.

Due to the difficulty to compute the average error probability, the current
results are mainly on the pairwise error probability. The following lemma
summarizes the result from [48].

Lemma 2. Pairwise Error Probability, Coherent Case
Assume that X0, X1 ∈ CMT×T are two codewords, and X0 is transmitted

over channel (1.1). The probability that a maximum likelihood detector would
make error in favor of X1 is bounded by
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P (X0 → X1) ≤
MT∏

i=1

(

1 +
SNR

4
λi

)−MR

where λi, i = 1, . . . , MT are the eigenvalues of the matrix A , (X0−X1)(X0−
X1)

†.

Let r denote the rank of matrix A, and λ1, . . . , λr be the non-zero eigen-
values of A, then it follows that

P (X0 → X1) ≤
(

r∏

i=1

λi

)−MR (
SNR

4

)−rN

Following this argument, one reaches to the rank criterion of designing space-
time codes: in order to minimize the error probability at high SNR, the
difference between each pair of possible codeword matrices has to be full
rank.

As shown in the previous sections, by using multiple antenna channel,
the performance of a wireless link can be greatly improved, both in terms of
having a better reliability and supporting a higher data rate. In other words,
the channel provides two types of performance gains. Unfortunately, in the
multiple antenna research community, these two types of gains are studied
separately in most cases, and the relation between them is not studied. In
this section, we will start to find a simple way to characterize these two types
of gains, and study the relation between them.

The fact that multiple antennas can be used to improve the reliability.
It can be understood as providing spatial diversity. The basic idea is to
supply to the receiver with multiple independently faded replicas of the same
information symbol, so that the probability that all the signal components
fade simultaneously is reduced.

As an example, consider uncoded binary PSK signals over a single antenna
fading channel (MT = MR = T = 1 in the above model). It is well known
that the probability of error at high SNR (averaged over the fading gain H

as well as the additive noise) is

Pe(SNR) ≈ 1

4
SNR−1

In contrast, transmitting the same signal to a receiver equipped with 2 an-
tennas, the error probability is

Pe(SNR) ≈ 3

16
SNR−2
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Here we observe that by having the extra receive antenna, the error prob-
ability decreases with SNR at a faster speed of SNR−2. This phenomenon
implies that at high SNR, the error probability is much smaller. Similar
results can be obtained if we change the binary PSK signals to other con-
stellations. The reason of this improvement is that the data symbol passes
through two different fading channels, one to each receive antenna, to the
receiver end; hence diversity is obtained.

Since the performance gain at high SNR is dictated by the SNR exponent
of the error probability, this exponent is called the diversity gain.

Besides providing diversity to improve reliability, multiple antenna chan-
nels can also support a higher data rate than single antenna channels. As
an evidence of this, consider an ergodic block fading channel in which each
block is as in (1.1) and the channel matrix is independent and identically
distributed across blocks. The ergodic capacity (bps/Hz) of this channel is
well-known [18, 50]:

C(SNR) = E
[

log det

(

I +
SNR

MT
HH†

)]

At high SNR

C(SNR) = K log SNR +
K

′

∑

i=K
′
−K+1

E [log χ2
2i] + o(1)

where K = min{MT, MR}, K
′

= max{MT, MR}. We observe that at high
SNR, the channel capacity increases with SNR as K log SNR (bps/Hz), in
contrast to log SNR for single antenna channels. This result suggests that
the multiple antenna channel can be viewed as K parallel spatial channels;
hence the number K = min{MT, MR} is the total number of degrees of
freedom to communicate. Now one can transmit independent information
symbols in parallel through the spatial channels. This idea is also called
spatial multiplexing.

Reliable communication at rates arbitrarily close to the ergodic capacity
requires averaging across many independent realizations of the channel gains
over time. Since we are considering coding over only a single block, we must
lower the data rate and step back from the ergodic capacity to cater for
the randomness of the channel H. Since the channel capacity increases lin-
early with log SNR, in order to achieve a certain fraction of the capacity at
high SNR, we should consider schemes that support a data rate which also in-
creases with SNR. Here, we think of a scheme as a family of codes {C(SNR)}
of block length T , one at each SNR level. Let R(SNR) (bits/symbol) be the
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rate of the code C(SNR). We say that a scheme achieves a spatial multi-
plexing gain of r if the supported data rate

R(SNR) ≈ r log SNR(bps/Hz)

One can think of spatial multiplexing as achieving a non-vanishing frac-
tion of the degrees of freedom in the channel. According to this definition,
any fixed-rate scheme has a zero multiplexing gain, since eventually at high
SNR, any fixed data rate is only a vanishing fraction of the capacity.

Now to formalize, we have the following definition.

Definition 1. A communication channel is said to achieve spatial multiplex-
ing gain r and diversity gain d if the data rate satisfies

lim
SNR→∞

R(SNR)

log SNR
= r

and the average error probability satisfies

lim
SNR→∞

log Pe(SNR)

log SNR
= −d (1.2)

For each r, define d∗(r) as the supremum of the diversity gain achieved
over all channels. We also define

d∗
max , d∗(0)

r∗max , sup{r : d∗(r) > 0}
which are respectively the maximal diversity gain and the maximal spatial
multiplexing gain in the channel.

Throughout the rest of the chapter, we will use the special symbol
.
= to

denote exponential equality, i.e., we write f(SNR)
.
= SNRb to denote

lim
SNR→∞

log f(SNR)

log SNR
= b

(1.2) can thus be written as

Pe(SNR)
.
= SNR−d

The error probability Pe(SNR) is averaged over the additive noise W, the
channel matrix H and the transmitted codewords (assumed equally likely).
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The definition of diversity gain here differs from the standard definition in
the space-time code literature (see for example [48]) in two important ways.

This is the actual error probability of a code, and not the pairwise er-
ror probability between two codewords as is commonly used as a diversity
criterion in space-time code design.

In the standard formulation, diversity is a performance metric for one
fixed code. It indicates how fast the error probability, when using this code,
decays with SNR. The conventional notion of diversity corresponds to the
number of independently faded paths that a symbol passes through; in other
words, the number of independent fading coefficients that can be averaged
over to detect the symbol. In a general system with MT transmit and MR

receive antennas, there are in total MT × MR random fading coefficients to
be averaged over; hence the maximal (full) diversity gain provided by the
channel is MTMR. In our formulation, diversity gain is a performance metric
of a scheme, the data rate of which also increases with SNR. It still indicates
how fast the error probability decays with SNR, but the effect of an increasing
data rate is included. This is a natural generalization of the conventional
concept, since in terms of the improving the reliability, what matters is not
only how many times one repeats the data symbol, but certainly also how far
the system is operating below the capacity. Under our formulation, a fixed
code can be viewed as a scheme with multiplexing gain r = 0; therefore the
conventional notion of diversity gain corresponds to d∗(0) in our definition.

The spatial multiplexing gain can also be thought as the data rate nor-
malized with respect to the SNR level. A common way to characterize the
performance of a communication scheme is to compute the error probability
as a function of SNR for a fixed data rate. However, different schemes may
support different data rate. In order to compare these schemes fairly, Forney
proposed to plot error probability against the normalized SNR:

SNRnorm ,
SNR

C−1(R)

where C(SNR) is the capacity of the channel as a function of SNR. That
is, SNRnorm measures how far the SNR is above the minimal required to
support the target data rate. A dual way to characterize the performance is
to plot the error probability as a function of the data rate, for a fixed SNR
level. Analogous to Forneys formulation, to take into consideration of the
effect of SNR, one should use the normalized data rate Rnorm instead of R:

Rnorm ,
R

C(SNR)

which indicates how far a system is operating from the Shannon limit. Notice
that at high SNR, the capacity of the multiple antenna channel is C(SNR) ≈
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K log SNR; hence the spatial multiplexing gain

r =
R

log SNR
≈ KRnorm

is just a constant multiple of Rnorm.

Definition 1 contains the key idea of the diversity multiplexing trade-
off. Essentially the research on multiple antenna channels is split into two
branches. Information theoretical study views multiple antennas as the
source of multiple degrees of freedom, which provides a significant gain in
terms of the Shannon capacity at high SNR. On the other hand, the space-
time code designers characterize the performance gain by using multiple an-
tennas by the spatial diversity gain, which leads to a lower probability of
detection error at high SNR. By giving definition 1, we try to put these two
types of gains in one picture, and study the relation between them. The con-
ventional methods, the capacity study and error probability analysis, can be
thought as some extreme ways of using the channel resource. For example,
we say that for each 3dB increase of the SNR the capacity gain of a Gaussian
channel is 1 (bps/Hz), without considering the error probability. In order to
put forward a unified picture, we introduced the spatial multiplexing gain
and the generalized version of the diversity gain, which indicate the fractions
of the total number of degrees of freedom and the full diversity gain that
are actually achieved by a given scheme. This formulation allows us to move
continuously from one extreme to the other by including a large family of
intermediate schemes: with each 3dB of SNR increase, we can choose to in-
crease the data rate by r (bps/Hz) and decrease the error probability by 2−d

simultaneously, for certain values of r and d.

The diversity-multiplexing tradeoff essentially reflects how one uses the
channel resource; that is, how to translate each dB of SNR increase into
improvement of the performance, in terms of both the data rate and the
reliability. The optimal tradeoff curve d∗(r), gives the fundamental limit of
this utilization.

The conventional code design approach usually fixes the data rate, and
compute the speed that the error probability decays with SNR (diversity
order). This approach fails to provide a sound base to discuss the tradeoff
between the data rate and the diversity. In fact, at any fixed rate, one can
always design codes with full diversity, hence another performance metric, the
“determinant criterion” [48]. must be used. In contrast, in our formulation,
the channel resource, the data rate, and the reliability are all characterized
in an incremental fashion; thus a uniform context to discuss the tradeoff is
provided.
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1.1.2 Optimal Tradeoff: T ≥ MT + MR − 1 case

In this section, we give the optimal tradeoff between the diversity gain and
the spatial multiplexing gain that any scheme can achieve in a given multiple
antenna channel. We will focus on the case that the block length T ≥
MT + MR − 1.

The main result of Zheng and Tse’s work [57] is stated by the following
theorem.

Theorem 1. Assume T ≥ MT +MR −1. Let K = min{MT, MR}. The opti-
mal tradeoff curve d∗(r) is given by the piecewise linear function connecting
the points (k, d∗(k)), k = 0, . . . , K, where

d∗(k) = (MT − k)(MR − k)

As a consequence d∗
max = MN , and r∗max = min{MT, MR}.

The optimal tradeoff curve intersects the r axis at K = min{MT, MR}.
This means that the maximum achievable spatial multiplexing gain r∗max =
K, which is the total number of degrees of freedom provided by the channel,
as suggested by the ergodic capacity result in (1.2). Theorem 4 says that at
this point, however, no positive diversity gain can be achieved. Intuitively,
as r → K, the data rate approaches the ergodic capacity and there is no
protection against the randomness in the fading channel.

On the other hand, the curve intersects the d axis at the maximal di-
versity gain d∗

max = MTMR, corresponding to the total number of random
fading coefficients that a scheme can average over. There are known designs
that achieve the maximal diversity gain at a fixed data rate [1]. Theorem 1
says that in order to achieve the maximal diversity gain, no positive spatial
multiplexing gain can be obtained at the same time.

The optimal tradeoff curve d∗(r) bridges the gap between the above two
design criteria, by connecting the two extreme points: (0, d∗

max) and (r∗max, 0).
This result says that positive diversity gain and spatial multiplexing gain
can be achieved simultaneously. However, increasing the diversity advantage
comes at a price of decreasing the spatial multiplexing gain, and vice versa.
The tradeoff curve is thus a more complete concept than the two extreme
points corresponding to the maximum diversity gain and multiplexing gain.
For example, the ergodic capacity result suggests that by increasing the min-
imum of the number of transmit and receive antennas, K = min{MT, MR},
by one, the channel gains one more degree of freedom, corresponds to r∗max

is increased by 1; Theorem 1 makes a more informative statement: if we in-
crease both MT and MR by 1, the entire tradeoff curve is shifted to the right
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by 1, i.e., for a given diversity gain requirement d, the supported spatial
multiplexing gain is increased by 1.

This chapter we give an introduction to the fundamental diversity and
multiplexing tradeoff in MIMO fading channel. In the following chapter, we
study the diversity multiplexing tradeoff in selective fading MIMO channels.



Chapter 2

Diversity-Multiplexing Tradeoff

in Selective-Fading MIMO

Channels

2.1 Introduction

The diversity-multiplexing (DM) tradeoff framework introduced by Zheng
and Tse [57] allows to efficiently characterize the information-theoretic per-
formance limits of communication over multiple-input multiple-output (MIMO)
fading channels. In addition, the results in [57] have triggered significant ac-
tivity on the design of DM-tradeoff optimal space-time codes. In particular,
the non-vanishing determinant criterion [2, 54] on codeword difference ma-
trices has been shown to represent a sufficient condition for DM-tradeoff
optimality in flat-fading MIMO channels with two transmit and two or more
receive antennas [54]; this criterion has led to the construction of space-time
codes based on constellation rotation [54,17] and cyclic division algebras [3].
In [19] lattice-based space-time codes have been shown to be DM-tradeoff
optimal. The DM-tradeoff optimality of approximately universal space-time
codes was established in [49].

2.1.1 Contributions

While the results mentioned above focus on frequency-flat block-fading chan-
nels, extensions to frequency-selective channels can be found in [21,31]. How-
ever, a general characterization of the optimal DM-tradeoff in time, frequency
or time-frequency selective-fading MIMO channels, in the following simply re-
ferred to as selective-fading MIMO channels, remains an open problem. The

19
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present chapter solves this problem for the coherent case (i.e., for perfect
channel state information (CSI) at the receiver) and provides a code design
criterion guaranteeing DM-tradeoff optimality. Our results are based on ex-
ponentially tight (in the sense of exhibiting the same DM-tradeoff behavior)
upper and lower bounds on the mutual information of (coherent) selective-
fading MIMO channels. In particular, we show that the DM-tradeoff of this
class of channels can be obtained by solving the analytically tractable prob-
lem of computing the DM-tradeoff curve corresponding to the associated
“Jensen channel”.

2.1.2 Notation

MT and MR denote the number of transmit and receive antennas, respectively.
For x∈R, we let [x]+ :=max (0, x). The superscripts T , H and ∗ stand for
transposition, conjugate transposition and complex conjugation, respectively.
In is the n×n identity matrix, A⊗B and A⊙B denote, respectively, the Kro-
necker and Hadamard products of the matrices A and B, and A � B stands
for the positive semidefinite ordering. If A has columns ak (k=1, 2, . . . , m),
vec(A) = [aT

1 aT
2 . . . aT

m]T . For the n × m matrices Ak (k=0, 1, . . . , K − 1),
diag{Ak}K−1

k=0 denotes the nK × mK block-diagonal matrix with the kth
diagonal entry given by Ak. If S is a set, |S| denotes its cardinality. For in-
dex sets S1 ⊆ {1, 2, . . . , n} and S2 ⊆ {1, 2, . . . , m}, A(S1,S2) stands for the
(sub)matrix consisting of the rows of A indexed by S1 and the columns of
A indexed by S2. The eigenvalues of the n × n Hermitian matrix A, sorted
in ascending order, are denoted by λk(A), k =1, 2, . . . , n. The Kronecker
delta function is defined as δ(m)=1 for m = 0 and zero otherwise. If X
and Y are random variables (RVs), X ∼ Y denotes equality in distribution
and EX is the expectation operator with respect to (w.r.t.) the RV X. The
random vector x ∼ CN (0,C) is multivariate circularly symmetric zero-mean
complex Gaussian with E

{
xxH

}
= C. f(x) and g(x) are said to be expo-

nentially equal, denoted by f(x)
.
= g(x), if limx→∞

log f(x)
log x

= limx→∞
log g(x)
log x

.

Exponential inequality, denoted by ≥̇ and ≤̇, is defined analogously.

2.2 Channel and signal model

The input-output relation for the class of MIMO channels considered in this
chapter is given by

yn =

√

SNR

MT

Hnxn + zn, n = 0, 1, . . . , N − 1 (2.1)
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where the index n corresponds to a time, frequency or time-frequency slot and
SNR denotes the signal-to-noise ratio at each receive antenna. The vectors
yn, xn and zn denote, respectively, the corresponding MR × 1 receive signal
vector, MT ×1 transmit signal vector, and MR ×1 zero-mean circularly sym-
metric complex Gaussian noise vector satisfying E

{
znz

H
n′

}
= δ(n − n′) IMR

.
We restrict our analysis to spatially uncorrelated Rayleigh fading channels
so that, for a given n, Hn has i.i.d. CN (0, 1) entries. We do allow, however,
for correlation across n, assuming, for simplicity, that each scalar subchannel
has the same correlation function, i.e., E{Hn(i, j)(Hn−m(i, j))∗} = rH(m),
(i = 1, 2, . . . , MR, j = 1, 2, . . . , MT). Defining H = [H0 H1 . . . HN−1], we
therefore have

E
{
vec(H) (vec(H))H

}
= RH ⊗ IMTMR

(2.2)

where the covariance matrix RH(i, j)=rH(i−j) (i, j=0, 1, . . . , N−1) follows
from the channel’s scattering function [4]. In the purely frequency-selective
case, e.g., assuming an orthogonal frequency-division multiplexing (OFDM)

system [33] with N tones and hence Hn =
∑L−1

l=0 H(l) e−j 2π
N

ln, where the
uncorrelated (across l) matrix-valued taps H(l) have i.i.d. CN (0, σ2

l ) entries,

we obtain rH(m) =
∑L−1

l=0 σ2
l e

−j 2π
N

lm (m=0, 1, . . . , N−1). In the remainder
of this chapter, we use the definition ρ :=rank(RH).

2.3 Diversity-multiplexing tradeoff

2.3.1 Preliminaries

Assuming perfect CSI in the receiver, the mutual information of the channel
in (2.1) is given by

I(SNR) =
1

N

N−1∑

n=0

log det

(

IMR
+

SNR

MT
HnCnH

H
n

)

(2.3)

where the transmit signal vectors are uncorrelated across n and satisfy xn ∼
CN (0,Cn) with power constraint Tr (Cn) ≤ MT, n = 0, 1, . . . , N−1. The
DM-tradeoff realized by a family (w.r.t. SNR) of codes Cr with rate R(SNR) =
r log SNR, where r ∈ [0, min{MT, MR}], is given by the function

dC(r) = − lim
SNR→∞

log Pe(r, SNR)

log SNR

where Pe(r, SNR) is the error probability obtained through ML detection.
At a given SNR, the corresponding codebook Cr(SNR) contains SNR

Nr code-
words X = [x0 x1 . . . xN−1]. We say that such a family of codes Cr oper-
ates at multiplexing rate r. The optimal tradeoff curve d⋆(r) = supCr

dC(r),
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where the supremum is taken over all families of codes satisfying R(SNR) =
r log SNR, quantifies the maximum achievable diversity gain as a function
of r. Since the outage probability PO(r, SNR) is a lower bound to the error
probability [57], we have

d⋆(r) ≤ dO(r) = − lim
SNR→∞

log PO(r, SNR)

log SNR
.

Extending the arguments that lead to [57, Eq. (9)] to the case N >1, we can
conclude that setting Cn =IMT

(n = 0, 1, . . . , N−1) in (2.3) does not alter
the exponential behavior of mutual information. Hence

PO(r, SNR)
.
=

P

(

1

N

N−1∑

n=0

log det
(
IMR

+ SNR HnH
H
n

)
< r log SNR

)

(2.4)

where we used the fact that the factor 1/MT in (2.3) can be neglected in
the scale of interest. Let µ(n) := [µ1(n) µ2(n) . . . µmin{MT,MR}(n)] (n =
0, 1, . . . , N − 1), with the singularity levels defined as

µk(n) = − log λk(HnH
H
n )

log SNR
, k = 1, 2, . . . , min{MT, MR}

and note that [57]
PO(r, SNR)

.
= P (O(r)) (2.5)

where

O(r) =

{

µ(n) ∈ R
min{MT,MR}
+ , n = 0, 1, . . . , N − 1 :

1

N

N−1∑

n=0

min{MT,MR}
∑

k=1

[1 − µk(n)]+ < r

}

(2.6)

and R
min{MT,MR}
+ denotes the nonnegative orthant. Unlike the frequency-flat

fading case treated in [57], characterizing dO(r) for the selective-fading case
seems analytically intractable with the main difficulty stemming from the
fact that one has to deal with the sum of correlated (recall that the Hn

are correlated across n) terms in (2.4). It turns out, however, that one can
find lower and upper bounds on I(SNR) which are exponentially tight (and,
hence, preserve the DM-tradeoff behavior) and analytically tractable. The
next section formalizes this idea.
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2.3.2 Jensen channel and Jensen outage event

We start by noting that applying Jensen’s inequality yields

I(SNR) =
1

N

N−1∑

n=0

log det

(

IMR
+

SNR

MT
HnH

H
n

)

≤

log det

(

Imin{MT,MR} +
SNR

MTN
HH

H

)

:= J(SNR) (2.7)

where the “Jensen channel” is defined as

H =

{

[H0 H1 . . . HN−1], if MR ≤ MT,

[HH
0 HH

1 . . . HH
N−1], if MR > MT.

In the following, we say that a Jensen outage event occurs if the Jensen
channel H is in outage w.r.t. the rate R(SNR) = r log SNR, i.e., if J(SNR) <
R(SNR). The corresponding outage probability will be denoted as PJ (r, SNR)
and clearly satisfies PJ (r, SNR) ≤ PO(r, SNR). The operational significance
of a Jensen outage will be established at the end of this section. We shall
first focus on characterizing the Jensen outage event analytically. Using (2.2),

it is readily seen that H = Hw(R
1/2
H

⊗ Imax{MT,MR}), where Hw is an i.i.d.
CN (0, 1) matrix with the same dimensions as H. Noting that HwU ∼ Hw

for U unitary and using the eigendecomposition RH ⊗ Imax{MT,MR} = U(Λ⊗
Imax{MT,MR})U

H , where Λ = diag{λ1(RH), λ2(RH), . . . , λρ(RH), 0, . . . , 0}, it
follows that

J(SNR) = log det

(

Imin{MT,MR} +
SNR

MTN
Hw(RH ⊗ Imax{MT,MR})H

H
w

)

∼ log det

(

Imin{MT,MR} +
SNR

MTN
Hw

(
Λ ⊗ Imax{MT,MR}

)
H

H
w

)

.

Next, observe that the following positive semidefinite ordering holds

λ1(RH) diag
{
Iρmax{MT,MR}, 0

}
� Λ ⊗ Imax{MT,MR}

� λρ(RH) diag
{
Iρmax{MT,MR}, 0

}
. (2.8)

Since f(A) = log det(I+A) is increasing over the cone of positive semidefinite
matrices [15], we get the following bounds on the Jensen outage probability

P

(

log det

(

Imin{MT,MR} + λρ(RH)
SNR

MTN
HwH

H

w

)

< r log SNR

)

≤ PJ (r, SNR)

≤ P

(

log det

(

Imin{MT,MR} + λ1(RH)
SNR

MTN
HwH

H

w

)

< r log SNR

)
(2.9)
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where Hw = Hw([1 :min{MT, MR}], [1 :ρmax{MT, MR}]). Taking the expo-
nential limit (in SNR) in (2.9), it follows readily that

PJ (r, SNR)
.
= P

(

log det
(

Imin{MT,MR} + SNR HwH
H

w

)

< r log SNR

)

. (2.10)

For later use, we define α := [α1 α2 . . . αmin{MT,MR}] with the singularity
levels

αk=− log λk(HwH
H

w )

log SNR
, k = 1, 2, . . . , min{MT, MR} (2.11)

and note that PJ (r, SNR)
.
= P (J (r)), where

J (r) =






α ∈ R

min{MT,MR}
+ : α1≥α2≥ . . .≥αmin{MT,MR},

min{MT,MR}
∑

k=1

[1 − αk]
+ < r






.

It is now natural to define the Jensen outage curve as

dJ (r) = − lim
SNR→∞

log PJ (r, SNR)

log SNR
.

Based on (2.10), we can conclude that dJ (r) is nothing but the DM-tradeoff
curve of an effective MIMO channel with ρmax{MT, MR} transmit and min{MT, MR}
receive antennas. We can therefore directly apply the results in [57] to infer
that the Jensen outage curve is the piecewise linear function connecting the
points (r, dJ (r)) for r = 0, 1, . . . , min{MT, MR}, with

dJ (r) = (ρmax{MT, MR} − r)(min{MT, MR} − r). (2.12)

Since, as already noted, PJ (r, SNR) ≤ PO(r, SNR), we obtain

dC(r) ≤ d⋆(r) ≤ dO(r) ≤ dJ (r), r ∈ [0, min{MT, MR}], (2.13)

for any family of codes Cr. The optimal DM-tradeoff curve d⋆(r) will be
established in the next section by showing that codes satisfying dC(r) = dJ (r)
do exist and hence d⋆(r) = dJ (r).

2.4 Jensen-optimal code design criterion

The goal of this section is to derive a sufficient condition for a family of codes
to achieve dJ (r), and hence, by virtue of (2.13), to be DM-tradeoff optimal.
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2.4.1 Code design criterion

Theorem 2. Consider a family of codes Cr with block length N ≥ ρMT that
operates over the channel (2.1). If, for any codebook Cr(SNR) ∈ Cr and any
two codewords X, X′ ∈ Cr(SNR), the codeword difference matrix E = X−X′

is such that
rank

(
RH ⊙ EHE

)
= ρMT (2.14)

then the error probability (for ML decoding) satisfies

Pe(r, SNR)
.
= SNR

−dJ (r).

Proof. We start by deriving an upper bound on the average (w.r.t. the
random channel) pairwise error probability (PEP). Assuming that X was
transmitted, the probability of the ML decoder mistakenly deciding in favor
of codeword X′ can be upper-bounded in terms of the codeword difference
vectors en = xn − x′

n (n = 0, 1, . . . , N − 1) as

P (X → X′) ≤ EH

{

exp

(

−SNR

4MT

N−1∑

n=0

||Hnen||2
)}

= EH

{

exp

(

−SNR

4MT
Tr
(
HwΥHH

w

)
)}

where
Υ = (R

1/2
H

⊗ IMT
) diag

{
ene

H
n

}N−1

n=0
(R

1/2
H

⊗ IMT
)

and Hw denotes an MR × MTN i.i.d. CN (0, 1) matrix. Straightforward ma-
nipulations reveal that rank(Υ)=rank

(
RH ⊙EHE

)
so that the assumption

(2.14) implies rank(Υ)= ρMT. With the eigendecomposition Υ=UΛUH ,
we have Tr

(
HwΥHH

w

)
∼Tr

(
HwΛHH

w

)
, and hence

P (X → X′) ≤ EH

{

exp

(

−SNR

4MT
Tr
(
HwΛHH

w

)
)}

.

Setting Hw = Hw([1:MR], [1:ρMT]) and denoting the smallest nonzero eigen-
value of Υ as λ, we note that

Tr
(
HwΛHH

w

)
≥ λ Tr

(

HwH
H

w

)

(2.15)

and thus

P (X → X′) ≤ EHw

{

exp

(

−λ SNR

4MT

Tr
(

HwH
H

w

))}

. (2.16)
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Next, note that

Tr
(

HwH
H

w

)

= Tr
(

HwH
H

w

)

=

min{MT,MR}
∑

k=1

λk(HwH
H

w )

=

min{MT,MR}
∑

k=1

SNR
−αk (2.17)

where (2.17) follows from (2.11). We can now write the PEP upper-bound
in (2.16) in terms of the singularity levels αk (k = 1, 2, . . . , min{MT, MR})
characterizing the Jensen outage event:

P (X → X′) ≤ Eα






exp



− λ

4MT

min{MT,MR}
∑

k=1

SNR
1−αk










. (2.18)

Next, consider a realization of the random vector α and let S = {k : αk ≤ 1}.
We have

min{MT,MR}
∑

k=1

SNR
1−αk ≥

∑

k∈S

SNR
1−αk

(i)

≥ |S| SNR
1

|S|

∑

k∈S (1−αk)

(ii)
= |S| SNR

1
|S|

∑min{MT,MR}

k=1 [1−αk]+ (2.19)

where (i) follows from the arithmetic-geometric mean inequality and (ii) fol-
lows from the definition of S. Using (2.19) in (2.18), we get

P (X → X′) ≤ Eα

{

exp

(

−λ |S|
4MT

SNR
1

|S|

∑min{MT,MR}

k=1 [1−αk]+
)}

. (2.20)

The dependence of the PEP upper bound (2.20) on the singularity levels
characterizing the Jensen outage event suggests to split up the overall error
probability according to

Pe(r, SNR) = P (error, α ∈ J (r)) + P (error, α /∈ J (r))

= P (α ∈ J (r)) P (error|α ∈ J (r))

+ P (α /∈ J (r)) P (error|α /∈ J (r))

≤ P (α ∈ J (r))

+ P (α /∈ J (r)) P (error|α /∈ J (r)) . (2.21)
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For any α /∈ J (r), we have
∑min{MT,MR}

k=1 [1 − αk]
+ ≥ r and |S| ≥ 1, which

upon noting that |Cr(SNR)| = SNR
Nr, yields the following union bound based

on the PEP in (2.20)

P (error|α /∈ J (r)) ≤ SNR
Nr exp

(

− λ

4MT
SNR

r/min{MT,MR}

)

where we used |S| ≤ min{MT, MR}. Hence, for any r > 0, P (error|α /∈ J (r))
decays exponentially in SNR and we have

P (error, α /∈ J (r)) = P (α /∈ J (r))
︸ ︷︷ ︸

≤1

P (error|α /∈ J (r))

≤ SNR
Nr exp

(

− λ

4MT

SNR
r/min{MT,MR}

)

. (2.22)

Consequently, noting that P (α ∈ J (r))
.
= PJ (r, SNR) and using (2.22) in

(2.21), we obtain
Pe(r, SNR) ≤̇ PJ (r, SNR).

Since PJ (r, SNR) ≤ PO(r, SNR), it follows trivially that PJ (r, SNR) ≤̇ PO(r, SNR).
In addition, for a specific family of codes Cr, we have PO(r, SNR) ≤ Pe(r, SNR)
and hence PO(r, SNR) ≤̇ Pe(r, SNR). Putting the pieces together, we finally
obtain

PO(r, SNR) ≤̇ Pe(r, SNR) ≤̇ PJ (r, SNR) ≤̇ PO(r, SNR)

which implies
Pe(r, SNR)

.
= PJ (r, SNR)

and hence (by definition of dJ (r))

Pe(r, SNR)
.
= SNR

−dJ (r).

�

As a direct consequence of Theorem 2, a family of codes that satisfies
(2.14) for all codeword difference matrices in any codebook Cr(SNR) ∈ Cr

realizes a DM-tradeoff curve dC(r) = dJ (r) and hence, by (2.13)

dJ (r) ≤ d⋆(r) ≤ dJ (r)

which implies
d⋆(r) = dJ (r). (2.23)

The optimal DM-tradeoff curve for selective-fading MIMO channels is there-
fore given by the DM-tradeoff curve of the associated Jensen channel. Put
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differently, Theorem 2 shows that, even though J (r) ⊆ O(r) by definition,
we still have

P (J (r))
.
= P (O(r))

which essentially says that the “original” channel has the same high-SNR
outage behavior as its associated Jensen channel.

The code design criterion in Theorem 2 provides a sufficient condition
for achieving the DM-tradeoff curve. Interestingly, the classical rank crite-
rion [48, 47, 14, 13, 12, 30], aimed at maximizing the diversity gain for r = 0,
can be shown [16] to be equivalent to the criterion in Theorem 2. We empha-
size, however, that optimality w.r.t. the DM-tradeoff at multiplexing rate r
requires that (2.14) is satisfied for all codeword difference matrices in any
codebook Cr(SNR) ∈ Cr, in particular also for SNR → ∞. We next state a
sufficient condition for DM-tradeoff optimality which makes this aspect ex-
plicit and establishes a connection to the approximately universal code design
criterion in [49].

Corollary 1. A family of codes Cr of block length N ≥ ρMT is DM-tradeoff
optimal if there exists an ǫ > 0 such that

λmin{MT,MR}(SNR) ≥̇ SNR
−(r−ǫ) (2.24)

where

λ(SNR) = min
k=1,2,...,ρMT

E=X−X′, X,X′∈Cr(SNR)

{

λk(RH ⊙EHE) > 0

}

.

Proof. Using (2.24) in (2.22), we obtain

P (error, α /∈ J (r)) ≤ SNR
Nr exp

(

−SNR
ǫ/min{MT,MR}

4MT

)

which, following the same logic as in the proof of Theorem 2, implies that
Pe(r, SNR)

.
= SNR

−dJ (r). �

Note that the quantity λmin{MT,MR}(SNR) is trivially a lower bound on the
product of the min{MT, MR} smallest nonzero eigenvalues of any codeword
difference matrix in the codebook Cr(SNR). Consequently, in the case of non-
selective fading, where RH ⊙EHE = EHE, any family of codes Cr satisfying
(2.24) will also be approximately universal in the sense of [49, Th. 3.1].
Moreover, if λ(SNR) remains strictly positive as SNR → ∞, Cr fulfills the
non-vanishing determinant criterion [2, 54] and will, by (2.22) and the same
arguments as in the proof of Theorem 2, be DM-tradeoff optimal.
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2.4.2 Application to the frequency-selective case

As an example, we shall next specialize our results to frequency-selective
fading MIMO channels, recovering the results reported previously in [21,31].
For the sake of simplicity of exposition, we shall employ a cyclic signal model,
as obtained in an OFDM system for example. The channel’s transfer function
is given by

H(ej2πθ) =

L−1∑

l=0

H(l) e−j2πlθ, 0 ≤ θ < 1

where the H(l) have i.i.d. CN (0, σ2
l ) entries and satisfy

E

{

vec(H(l)) vec(H(l′))
H
}

= σ2
l δ(l − l′) IMTMR

.

With Hn = H(ej2π n
N ), n=0, 1 . . . , N − 1, the channel’s covariance matrix

follows as
RH = F diag

{
σ2

0 , σ
2
1, . . . , σ

2
L−1, 0, . . . , 0

}
FH

where F is the N×N FFT matrix. Since rank(RH) = L, inserting ρ = L into
(2.12) and using (2.23) yields the optimal DM-tradeoff curve as the piecewise
linear function connecting the points (r, d⋆(r)) for r = 0, 1, . . . , min{MT, MR},
with

d⋆(r) = (Lmax{MT, MR} − r)(min{MT, MR} − r). (2.25)

This is the optimal DM-tradeoff curve for frequency-selective fading MIMO
channels reported previously in [31]. Specializing (2.25) to the case MT =
MR =1 and noting that d⋆(r) = (L−r)(1−r) = L(1−r) for r = {0, 1}, yields
the results reported in [21]. We note that the proof techniques employed
in [21, 31] are different from the approach taken in this chapter and seem to
be tailored to the frequency-selective case. In addition, our approach is not
limited to large code lengths as (2.14) can be guaranteed for any N ≥ LMT.

2.5 Conclusions

Analyzing the high-SNR outage behavior of the Jensen channel instead of the
original channel was found to be an effective tool to establish the DM-tradeoff
in selective-fading MIMO channels. We showed that satisfying extensions (to
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the selective-fading MIMO case) of the approximately universal code design
criterion [49] and the non-vanishing determinant criterion [2, 54] results in
DM-tradeoff optimal codes. Finally, we note that the concepts introduced in
this chapter can be extended to multiple-access selective-fading MIMO chan-
nels and to the analysis of the DM-tradeoff properties of specific (suboptimal)
receivers.



Chapter 3

Introduction to Interference

Function

The wireless channel is a broadcast medium, so each communication link is
possibly interfered by other users transmitting at the same resource. The
traditional way of handling interference is to assign all links orthogonal re-
sources, in time (TDMA), frequency (FDMA), or code space (CDMA). This
considerably simplifies the system design since the links are no longer coupled
by interference. However, reserving each link a fixed resource often comes
at the cost of sacrificing spectral efficiency. The available bandwidth is gen-
erally best exploited by letting transmitted signals interfere with each other
in a controlled way. Also, orthogonality may be lost because of system im-
perfections and the effects of the time-varying multipath channel. It can be
said that interference and power constraints are the main hurdle in achieving
a high per-user throughput in heavily loaded multiuser networks, as will be
required in the future.

Since interference plays an important role in the optimal exploitation of
the given bandwidth, it is generally not sufficient to regard the system as
a collection of point-to-point communication links. The quality-of-service
(QoS) of each link depends on its own transmission power, but also on the
power levels of the other links, which are experienced as interference. This
results in a competitive situation, where all users try to compensate interfer-
ence by increasing its own transmission power, which in turn increases the
overall interference in the system. A transmission strategy which neglects
these interdependencies is likely to cause uncontrollable and exceeding in-
terference, which means a waste of the overall system efficiency. Thus, it is
desirable to find a suitable equilibrium that optimally exploits the available
resources. This requires a joint optimization of all communication links.

Optimization can be performed with respect to various design goals, like

31
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the overall efficiency, max-min fairness, proportional fairness, network utility
maximization, etc. There is no such thing as “the” optimal communication
strategy. There exists a great deal of literature on resource allocation from
various points of view. For example, there are network-centric strategies,
which aim at finding a stable performance trade-off by bidding strategies,
accounting for traffic, channel quality, and revenues. User-centric strategies,
which are closely related to power control, aim at fulfilling user-specific QoS
requirements. Both strategies have in common that they are determined and
limited by the QoS feasible region (the set of jointly achievable QoS).

We provide a fundamental theoretical framework which helps to under-
stand the underlying effects of interference coupling, and to characterize the
QoS feasible region. A fundamental question in this context is: what is the
region of jointly achievable QoS, and how can certain points be achieved in a
spectrally efficient way? This question is closely related to the classical power
allocation problem, but in this text we will go one step further in assuming
that interference not only depends on the power allocation, but also on adap-
tive receive strategies, like interference filtering or channel assignment. The
additional optimization of the receive strategy adds new degrees of freedom
to the problem of resource allocation. Thus, new concepts and algorithms
are required.

Since power allocation and receive strategies are intricately intertwined,
our approach is to use abstract models, which provide a better understanding
of the underlying structure of the problem at hand. In this respect, the work
can be seen as a theoretical basis, which can be applied to solve existing
problems in wireless communications.

3.1 QoS-based power and resource allocation

In this section we give an overview on some aspects of QoS-Based power
allocation. We start by introducing the basic model used throughout this
text, which will be refined later on.

3.1.1 Interference functions

Consider a network with K communication links, whose transmission powers
are collected in a power allocation vector

p = [p1, . . . , pK ]T > 0

The interference power experienced by the kth user can be modeled by a
function Ik(p). The functions I1, . . . , IK describe how the links are affected
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by mutual cross-talk. Different definitions of Ik(p) and the resulting QoS
region will be analyzed in this text. It should be noted that the mapping
Ik : R

K
+ → R+ can be linear or non-linear, and it can also model the impact

of adaptive receiver designs, like MMSE or interference cancellation, as well
as other system aspects. A few examples are listed in the following.

• Ik(p) = [Ψp]k, where the positive coupling matrix Ψ > 0 contains
interference coefficients, which determine in which way the users are
affected by cross-talk (interference). This is a common model in power
control theory.

• Ik(p) = minz∈Z [Ψ(z)p]k, where the adjustable receive strategy z (from
a compact set of possible strategies Z) has impact on the interfer-
ence structure. This specific model, which holds e.g. for multiantenna
beamforming or CDMA designs, and many more.

• Ik(p) = maxc fk(p, c), where fk(p, c) is the interference for a given power
allocation p under some interference uncertainty c. This definition can
be used, e.g. to model worst-case interference under imperfect channel
knowledge.

But instead of focusing on a particular model, this text aims at character-
izing basic properties, which are a common for a wide range of interference
functions. To this end, we introduce an axiomatic characterization of inter-
ference functions. This generic model contains the above examples as special
cases. The axiomatic framework will be gradually refined in the following
sections. By introducing additional properties, more results can be shown.

The signal-to-interference ratio (SIR) of the kth user is

SIRk(p) =
pk

Ik(p)
, k ≤ k ≤ K (3.1)

where pk is the desired transmission power of the kth user. Note, that the
function Ik(p) can include receiver noise. If noise is part of the assumed
model, then we will emphasize this by using ”SINR” instead of ”SIR”. If we
use SIR, then we discuss the general case where noise can be included or not.
In this case, we need Ik(p) > 0 to ensure that (3.1) is well defined.

The term ”QoS” is commonly used to describe the performance and re-
liability of a communication link. In order to keep the results as general as
possible, we do not make any specific assumption on QoS, except that it is
related to the SIR by a monotonic and bijective function φ:
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QoSk(p) = φ(SIRk(p)), 1 ≤ k ≤ K (3.2)

Some examples are BER: φ(x) = Q(
√

x), MMSE: φ(x) = 1/(1+x), BER-
slope for α-fold diversity: φ(x) = x−α, or capacity: φ(x) = log(1 + x). Let γ
be the inverse function of φ, then

γk = γ(Qk), 1 ≤ k ≤ K

is the minimum SIR level needed by the kth user to satisfy the QoS target
Qk. Thus, the problem of achieving certain QoS requirements, carries over
to the problem of achieving SIR targets γ > 0, ∀k. In the following we will
also summarize the targets in a diagonal matrix

Γ = diag{γ1, . . . , γK}
It is desirable to find a power allocation p > 0 such that SIRk(p) ≤ γk, for all
k = 1, . . . , K. This can be rewritten as mink SIRk(p)/γk ≥ 1 or equivalently
as maxk γkIk(p)/pk ≤ 1. We say that the target Γ is feasible if and only if
C(Γ) ≤ 1, where

C(Γ) = inf
p>0

(

max
1≤k≤K

γkIk(p)

pk

)

(3.3)

In the following we will refer to (3.3) as the ”min-max balancing problem”.
The optimum C(Γ) provides a single measure for the joint feasibility of

the targets Γ. Note that the optimization is over p > 0 to ensure that
Ik(p)/pk is always defined. However, this does not restrict the generality of
the results since p can be made arbitrarily small.

The min-max optimum C(Γ) can be used to characterize the QoS feasible
region:

Q = {[φ(γ1), . . . , φ(γK)] : C(Γ) ≤ 1}
A fundamental problem in resource allocation theory is to find a feasible

point [Q1, . . . , QK ] ∈ Q according to certain design criteria, like network effi-
ciency, stability, or fairness. The optimization strategy can depend on many
parameters, like operator revenue, user requests, queuing lengths, individual
link priorities. But there exists no joint optimization framework. They ac-
tual problem structure strongly depends on the geometry of Q and on the
definition of the underlying interference function.

So the purpose of this text is not to give a comprehensive overview on
allocation strategies, but rather to provide a theoretical framework which
helps to understand underlying principles. Most of the optimization problems
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illustrated are directly connected with the min-max balancing problem and
the associated QoS feasible region Q.

In the following we will study the QoS (resp. SIR) feasible region for
different interference functions Ik(p), including adaptive receive strategies
and worst-case designs. But before we start with the most basic (axiomatic)
interference model we provide some additional motivation by discussing the
relationship of the generic interference model with problems in wireless com-
munications.



Chapter 4

Advanced Interference

Calculus: A General

Framework for Interference

Coordination

4.1 Introduction

Adaptivity and robustness are important design principles for interference-
coupled communication systems. But adaptivity also complicates the devel-
opment of interference management strategies. In order to fully exploit the
available capacity of the system, a joint optimization of transmission powers
and adaptive strategies is typically required. Such optimization problems are
often difficult to solve because of the many degrees of freedom involved.

Convexity is commonly considered as the dividing line between “easy”
and “difficult” problems [29]. In the context of signal processing for com-
munications, there are many examples for a successful application of convex
optimization theory. Single-user transceiver optimization for MIMO [32],
multiuser beamforming [5, 53, 39], and robust designs [52, 28, 39]. So when
searching for efficient algorithmic solutions, a typical approach is to search
for some hidden convexity.

For the beamforming problem, there is an alternative approach [36, 51],
which is not based on convexity. This can be regarded as a special case of
Yates’ framework of interference functions [56]. Instead of relying on con-
vexity, this approach is based on certain monotonicity and scaling properties,
which lead to contractive fixed-point iterations.

This observation points to another fundamental principle which allows

36
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a characterization of “easy” problems in the context of coupled multiuser
systems. Even when convexity cannot be exploited, sometimes solutions
can be derived within the framework of interference functions [56, 38]. This
interference calculus is based on a few elementary properties, which will be
outlined in the next section.

4.2 Interference Functions

Consider an interference-coupled system, where K users transmit with pow-
ers p = [p1, . . . , pK ]T . We say that I : RK

+ 7→ R+ is an interference function
if it fulfills the axioms

A1 (non-negativity) I(p) ≥ 0,

A2 (scale-invariance) I(αp) = αI(p) for α ≥ 0,

A3 (monotonicity) I(p′) ≥ I(p) if p′ ≥ p.

Property A1 is clear since I stands for a power level. Property A3 means
that if one component of p is increased then the resulting interference cannot
decrease. The same properties were used in Yates’ framework [56].

But A2 differs slightly from the definition in [56], where I(αp) < αI(p)
for all α > 1 was assumed. The difference lies in how receiver noise is
treated. In [56], the assumption of noise is part of the model. In order to
include noise in our model A1-A3, we first need to introduce an extended
power allocation p = [p1, . . . , pK , σ2

n]T , where σ2
n stands for noise power. If

the following condition (4.1) is fulfilled in addition to A1–A3, then we obtain
an interference model which is equivalent to Yates’ framework [56].

I(p′) > I(p) if p′K+1 > pK+1 and p′ ≥ p . (4.1)

The reason for choosing the model A1-A3 is its generality. The axioms A1–
A3 can be used as a basis for different interference functions, of which [56]
is a special case. In the following we will combine A1–A3 with various addi-
tional properties, each leading to efficient and globally optimal algorithmic
solutions.

As an example, consider K interference functions I1(p), . . . , IK(p) fulfill-
ing A1–A3 plus (4.1). The last component pK+1 = σ2

n > 0 is a constant noise
power. Then, the sum-power minimization problem

min
p>0

K∑

l=1

pl s.t. SINRk(p) =
pk

Ik(p)
≥ γk, ∀k , (4.2)
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with feasible SINR targets γ1, . . . , γK , can be solved by the fixed-point iter-
ation [56]

p
(n+1)
k = γkIk(p

(n)), k = 1, 2, . . . , K . (4.3)

The property (4.1) plays an important role for proving global convergence of
this iteration (see e.g. [38]). A1–A3 alone are insufficient for this purpose.

The goal of this chapter is a general discussion of properties of interference
function that allow for optimal algorithm designs. Property (4.1) is not the
only such property. Even though (4.1) is typically fulfilled in practice, it is
not always essential (some examples will be discussed in the following). By
adding further properties to A1–A3, more specific results will be shown. This
approach brings our clearly the underlying properties being responsible for
certain algorithmic behaviors observed in the literature.

4.2.1 Adaptive Receive Strategies

The aforementioned multiuser beamforming problem can be solved by using
the framework of interference functions. Consider an uplink scenario with
optimum receive beamforming, then the interference of the k-th user is

Ik(p) =
1

hH
k

(
σ2

nI +
∑

l 6=k plhlh
H
l

)−1
hk

. (4.4)

The interference function (4.4) fulfills A1–A3 plus (4.1), so we know from [56]
that problem (4.2) can be solved by the fixed-point iteration (4.3). This
approach was used in [36, 51].

However, the fixed-point iteration only achieves linear convergence [25,
23, 6]. A better convergence behavior is achieved by exploiting additional
properties of Ik. Namely, (4.4) is locally Lipschitz continuous and concave.
For such ‘semi-smooth’ functions, it was shown in [6, 35] that problem (4.2)
can be solved by a Newton-type iteration with super-linear convergence. If Ik

are semi-continuous of degree 2, then the convergence is even quadratic [35].
This explains the rapid convergence observed in [40].

The beamforming problem can be understood in a more general context.
As shown in [6, 37], the problem (4.2) can be solved with super-linear con-
vergence for all interference functions of the form

Ik(p) = min
zk∈Zk

[
pT vk(zk) + σ2

nnk(zk)
]

. (4.5)

Here, vk(zk) ≥ 0 is a coefficient vector, which models how the users are
coupled by interference. The coefficient nk(zk) > 0 stands for a possible noise
amplification, e.g., caused by the noise enhancement effect. These coefficients
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depend on a ‘receive strategy’ zk, which is chosen from a compact set Zk. For
the above beamforming example, zk would be a vector of filter coefficients
(the “beamformer”), chosen from a set {w ∈ C

K : ‖w‖ = 1}. This set can
be further restricted, e.g. by adding ‘shaping constraints’ as in [22]. Also,
Zk can be a discrete set, as in [55,24,36], where the interference is minimized
over a set of possible base station assignments. These examples can all be
interpreted as special cases of the interference model (4.5), for which the
power minimum (4.2) can be found by the iteration

p(n+1) = σ2
n

(
I − ΓV(z(n))

)−1
Γn(z(n)) (4.6)

where z
(n)
k = arg min

zk∈Zk

[
(p(n))T vk(zk) + σ2

nnk(zk)
]

(4.7)

Γ = diag{{} γ1, . . . , γK}
V(z) = [v1(z1), . . . , vK(zK)]T

n(z) = [n1(z1), . . . , nK(zK)]T .

With a feasible initialization p(0), the iteration (4.6) achieves the power min-
imum (4.2) with super-linear convergence. This shows the benefit from ex-
ploiting the special concave structure of the interference function (4.5).

The iteration (4.6) can also be used for the optimization of transmit
strategies. Under certain conditions (see e.g. [43, 44]), optimal transmit
strategies can be found by solving an equivalent problem involving ‘virtual
receive strategies’. Note, that the joint optimization of receive and transmit
strategies—as it occurs in the context of multiuser MIMO optimization—
cannot be solved within this framework. But the results can be used in order
to derive near-optimal algorithms, as in [43, 44].

4.2.2 Robust Designs

In analogy to (4.5), we can define a worst-case interference function

Ik(p) = max
xk∈Xk

[
pT vk(xk) + σ2

nnk(xk)
]

. (4.8)

Here, the maximum is taken instead the minimum. Such an approach is
typically used in the context of worst case designs. For example, xk can stand
for some channel uncertainty from a compact set Xk (the uncertainty region),
as in [52, 28]. Another example is the multicasting scenario in [20], where
a signal is received by a group of receivers, which should all fulfill a certain
SINR constraint. Most of the properties discussed in the previous section
can be transferred to these scenarios. In particular, the power minimization
problem (4.2) can be solved with super-linear convergence [39].
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Now, consider coupling coefficients vk(zk, xk). That is, interference de-
pends on a receive strategy zk (see Section 4.2.1) and an uncertainty xk.
Likewise, the noise coefficient is nk(zk, xk). The strategy xk is chosen so as
to minimize the worst-case interference, i.e.,

Ik(p) = min
zk∈Zk

max
xk∈Xk

[
pT vk(zk, xk) + σ2

nnk(zk, xk)
]

. (4.9)

The function (4.9) fulfills the properties A1–A3 so it is an interference func-
tion. However, it is neither convex nor concave, so we cannot expect to solve
the power minimization problem (4.2) with super-linear convergence. But
since (4.1) is fulfilled, the fixed-point iteration [56] can be applied, so linear
convergence can be achieved.

4.2.3 SIR Balancing and Feasible Sets

The theory of interference functions was originally motivated by power con-
trol problems of the form (4.2). But its scope is much more general. For
example, consider the SIR balancing problem

C(γ) = inf
p>0

(

max
1≤k≤K

γkIk(p)

pk

)

. (4.10)

If the interference functions I1, . . .IK are concave, like (4.4) and (4.5), and
if all users are coupled by interference, then the optimum C(γ) can be com-
puted by the globally convergent iteration proposed in [7].

Note, that this result does not rely on the scaling property (4.1), which
played an important role in the context of the power minimization problem
(4.2). This justifies our approach A1–A3, which provides a common basis for
different types of interference functions.

The function C(γ) can be regarded as an indicator function for feasibility.
Targets γ = [γ1, . . . , γK ] are feasible if C(γ) ≤ 1. So the SIR feasible region
is the sub-level set

S = {γ : C(γ) ≤ 1} . (4.11)

It can be observed that C(γ) itself fulfills the axioms A1-A3, so it can be
regarded as an interference function.

Further properties of C(γ) and the associated region S have been inves-
tigated in [9] under the assumption that the underlying interference func-
tions I1, . . . , IK are log-convex. We say that an interference function I(p)
is log-convex if log I(es) is convex on RK . Note, that every convex inter-
ference function is log-convex when using the substitution p = es. Thus,
log-convexity holds for all interference functions of the type (4.8). We will
see later how this can be generalized.
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It was shown in [9] that C(eq) is log-convex with respect to the QoS vec-
tor q ∈ RK . This means that our interference function C(γ) has a special
property: The log-convexity of the underlying interference functions Ik is pre-
served. This behavior seems to be a particularity of the min-max approach.
When taking the infimum over the maximum value, i.e.,

c(γ) = sup
p>0

(

min
1≤k≤K

γkIk(p)

pk

)

, (4.12)

it is not clear whether log-convexity is fulfilled or not. The techniques which
can be used to show this property for the min-max case cannot be applied
here.

Now, every log-convex function is convex. So C(eq) is convex with respect
to q. Since a sub-level set of a convex function is convex, it can be concluded
that the region

Q = {q : C(eq) ≤ 1} (4.13)

is a convex set if the underlying interference functions I1, . . . , IK are log-
convex. This result can even be extended to arbitrary bijective quality-of-
service mappings QoS = φ(SIR) for which the inverse mapping is log-convex.
Similar observations were made in the context of linear interference functions
based on a fixed coupling matrix V [46, 45].

This discussion shows that log-convexity is another important property
which leads to efficient algorithmic designs. If I1, . . . , IK fulfill A1–A3 and if
Ik(e

s) is log-convex, then the resulting QoS region is convex. If, in addition,
the interference functions are completely coupled (see [8]), then all points on
the boundary of Q can be attained and a proportionally fair operating point
can be computed by solving a convex optimization problem [11].

4.3 Elementary Representations and Bounds

In the previous section we have discussed the interference function C(γ),
which is composed by underlying interference functions I1, . . . , IK . This
has proved useful for the characterization of the region Q. This example
shows that the analysis of interference functions is closely connected with
the analysis of QoS regions. This will now be specified for different types of
interference functions.
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4.3.1 General Interference Functions

Consider level sets

L(I) = {p̂ > 0 : I(p̂) ≤ 1} (4.14)

L(I) = {p̂ > 0 : I(p̂) ≥ 1} . (4.15)

It can be shown that an arbitrary interference function I(p) (only character-
ized by A1–A3) can be represented as an optimum over elementary building
blocks. For arbitrary p > 0, the following representation holds

I(p) = min
p̂∈L(I)

max
k

pk

p̂k

= max
p̂∈L(I)

min
k

pk

p̂k

. (4.16)

So every interference function can be expressed as a point-wise minimum
over elementary interference functions maxk pk/p̂k. This reveals some basic
properties of the associated level sets. For example, consider the interference
function C(γ), for which the sub-level set is the SIR feasible region S, as
defined by (4.11). Although C(γ) is generally not convex, the result nev-
ertheless helps to characterize the SIR feasible region. It can be observed
from (4.16) that S has a certain monotonicity property: If γ̂ ∈ S, then all γ

fulfilling γ ≤ γ̂ are also contained in S. This holds for all SIR regions based
on interference functions fulfilling A1–A3.

4.3.2 Convex Interference Functions

If the interference function I(p) is convex, then it can additionally be repre-
sented as a maximum over linear elementary functions:

I(p) = max
v∈W0(I)

K∑

k=1

vk · pk , (4.17)

The maximization is over the set

W0(I) = {w ∈ R
K
+ : Ī∗(w) = 0} , (4.18)

where Ī∗(w) is the conjugate function of I(p).
The set W0(I) can be shown to be closed bounded convex. So every

convex interference function I is associated with a convex set W0(I). The
converse holds as well, i.e., every closed bounded convex set V leads to a
convex interference function of the form (4.17). This can be exploited in
order to derive a best-possible convex minorant for an arbitrary interference
function. As an example, consider again the SIR feasible region S, which is
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defined as the sub-level set of the interference function C(γ). While C(γ)
is generally non-convex, the set W0(C) is convex. This leads to a convex
minorant Cx(γ), such that

Cx(γ) ≤ C(γ), ∀γ . (4.19)

The sub-level set associated with Cx(γ) is convex and it contains the SIR
region S. Moreover, it can be shown that this is the smallest convex set
containing S. Such a best-possible convex approximation of an arbitrary SIR
region S can be useful for the development of resource allocation techniques
operating on the boundary of S.

Note that Cx(γ) = 0 can occur. In this case, RK
+ is the only convex set

containing S.
In analogy, there exists a representation for concave interference func-

tions. Every concave I(p) can be represented as a minimum of linear ele-
mentary functions, optimized over a closed convex set. This representation,
which is not discussed here, leads to a best-possible concave majorant.

Finally, it is interesting that the coefficients vk in the maximization prob-
lem (4.17) can be interpreted as utilities, which are optimized over an “util-
ity” region W0(I), with weighting factors pk. This shows a direct link to prob-
lems in resource allocation, where such an optimization strategy is commonly
used. This aspect will be further discussed in Section 4.4 (see also [42, 10]).

4.3.3 Log-Convex Interference Functions

It was shown in the previous section that even if the SIR region S is not
convex, efficient optimization is possible if the log-SIR region is convex. This
motivates the construction of log-convex approximations.

To this end, we use another representation result: Let I(p) be an arbi-
trary log-convex interference function, then

I(p) = max
w∈L(I)

(

fI(w) ·
K∏

l=1

(pl)
wl

)

(4.20)

where fI(w) = inf
p>0

I(p)
∏K

l=1(pl)wl

, w ∈ R
K
+ . (4.21)

L(I) =
{
w ∈ R

K
+ : fI(w) > 0

}
.

The set L(I) is convex. Conversely, starting with an arbitrary closed convex
set, we can use (4.20) in order to synthesize a log-convex interference function.

As in the previous section, we consider again the example of the feasible
region S, with C(γ) as defined by (4.11). With L(C) and (4.20), we obtain
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a log-convex minorant C l(γ) of the original function C(γ). This minorant is
the largest log-convex minorant, and it is tighter than the convex minorant
Cx(γ) studied in the last section, i.e.,

Cx(γ) ≤ C l(γ) ≤ C(γ), ∀γ . (4.22)

The first inequality follows from the fact that the convex interference function
Cx(γ) is necessarily log-convex (with the substitution eq), but the converse
is not true. That is, Cx(γ) also provides a log-convex minorant, but Cl(γ) is
the best-possible log-convex minorant. So the associated sub-level set is the
smallest log-convex region containing the SIR region S. Again, this region
can be used as an approximation of the original non-convex region S, which
is more difficult to handle.

4.4 Proportional Fairness and Bargaining

Proportional fairness was introduced in [27] in the context of stability and
fairness of rate control algorithms. The proportional fair equilibrium was
defined as the point at which the relative difference to any other QoS vector is
non-positive. This corresponds to a resource allocation strategy which favors
users with good channel conditions over those with bad channels. This is
desirable in the presence of elastic traffic, which is able to adapt to channel
fluctuations, as in a wireless communication system.

Another approach to resource allocation is the Nash bargaining theory [26,
34]. A bargaining solution can be seen as the unanimous agreement on some
QoS point q from a convex feasible set Q (e.g. rates from a capacity region).
The K users (denoted as players) cooperate in order to achieve a solution
outcome which is better than their minimum requirements (disagreement
point).

It was already observed in [27] (see also [41]) that the symmetric Nash
bargaining solution is achieved by proportional fairness, provided that the
underlying QoS region is convex. With the results of the previous sections,
we are now able to characterize systems for which this is fulfilled. If QoSk =
log SIRk, and the QoS region depends on log-convex interference functions,
then the region is convex and equivalence holds.

Next, we can exploit the structure of log-convex interference functions in
order to characterize the asymmetric weighted Nash bargaining game

N (w, d) = max
q∈Q:q>d

K∏

k=1

(qk − dk)
wk , d > 0 , (4.23)
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where d = [d1, . . . , dK] denote minimum QoS requirements. The weights
w = [w1, . . . , wK ]T , with

∑

k wk = 1, are chosen according to individual user
priorities.

This problem is closely connected with the elementary building blocks
of log-convex interference functions. In particular, we can use the function
fI1 , as defined by (4.21), in order to show that the weighted Nash bargain-
ing (4.23) is equivalent to a resource allocation strategy, known as weighted
proportional fairness

max
q∈Q:q>d

K∑

k=1

wk log(qk − dk) . (4.24)

This shows an interesting connection between two areas of research with
independent backgrounds and motivations. Bargaining theory was derived
in the context of economics, while proportional fair resource allocation has
a background in communications and networking. This result demonstrates
that the theory of interference functions has a wide range of applications and
is not restricted to power control.
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