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Executiv e Summary

This deliverable focuseson selectedtransceiver algorithms for multi-user (MU) MIMO commu-
nication systemswhich constitute a major implementation challenge. The report describesthese
key algorithms, introducessuitable optimizations for complexity reduction, proposessuitable
low-complexity hardware architectures, and discussesthe associated implementation trade-o�s.
To this end, this document is divided into three parts:

Part I is concernedwith algorithms for the e�cien t implementation of MU-MIMO detection
with (close-to) maximum-likelihood (ML) performance:

The �rst chapter in this section shows how spheredecoding can be usedas an e�cien t tool
to implement soft-output MIMO detection with 
exible trade-o�s betweencomputational com-
plexity and (error rate) performance. In particular, VLSI implementation results are provided
which demonstrate that single tree-search, sorted QR-decomposition, channel matrix regular-
ization, log-likelihood ratio clipping, and imposing runtime constraints are the key ingredients
for realizing soft-output MIMO detectors with near max-log performanceat a chip area that is
only 50%higher than that of the best-known hard-output spheredecoder VLSI implementation.

The secondchapter considersdesignof a VLSI decoder for a MIMO systemcoded with the
Golden Code which is an optimal space-timeblock code for 2� 2 MIMO systems.The presented
architecture is basedon a rearrangement of the spheredecoding algorithm that allows maximum
likelihood performance. The proposedcircuit exhibits an inherent 
exibilit y with respect to
di�eren t modulation schemes, which makes it particularly suitable for adaptive modulation
schemes. Two di�eren t implementations are proposed: a parametric implementation able to
achieve high decoding throughput (> 165 Mbps) while keeping low overall decoder complexity
(45k Gates) and a 
exible implementation able to dynamically adapt to the modulation scheme
(4,16,64QAM) retaining the low complexity and high throughput features. In addition, a deep
analysisof �nite precisione�ects on the performanceis presented in this work for both 16 QAM
and 64 QAM.

Part I I is concernedwith matrix-decomposition algorithms for channel-matrix preprocessing
in MU-MIMO systems. The two contributions to this part considerQR decomposition (QRD)
and singular value decomposition (SVD) and high-speedsorted minimum mean squarederror
(MMSE) QRD.

The �rst contribution provides a high-level design-spaceexploration, describesa minimum-
area matrix decomposition architecture that is programmable to perform QRD and SVD with
variable precision, and investigates the associated design and implementation trade-o�s. The
described referenceimplementation achieves a hardware e�ciency of up to 325k SVDs/s/mm 2

and 1.92M QRDs/s/mm 2 for complex-valued 4 � 4-matrices in 0.18 � m technology.
The secondcontribution is concernedwith devising a suitable VLSI architecture for MMSE

QRD with the abilit y to perform iterativ esorting. The work describesa suitable high-throughput
VLSI architecture basedon Givens rotations, implemented e�cien tly through a combination

6
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of CORDIC circuits with complex-valued multipliers. The report also discussesthe numeri-
cal requirements and presents an ASIC implementation that achieves a throughput of 1.87M
MMSE-QRDs/s in a 0.25 � m technology.

Part I I I introducesnew receiver algorithms for MU communication systemswhere the set of
currently active userschangesand where the transmission (channel) parameters are unknown
to the receiver.

The �rst chapter of this part considersthe performanceof optimum receiver architectures
which jointly identify both the active usersand the corresponding data. It is further shown how
random set theory can be employed to exploit information from a tra�c model to enhancethe
performanceof the described multi-user detector (MUD).

The secondchapter of this part dealsagain with MUD in a dynamic environment, in which
users can enter and leave the system. However, in addition to the preceding chapter, the
transmission/channel parameters of each user may also vary and must be estimated together
with the set of active usersand the corresponding data.

The third chapter of this part presents the derivation of MUD algorithms for systemswith
an unknown number of active users. In particular, an algorithm basedon spheredecoding is
proposedthat exhibits manageablecomplexity while achieving close-tooptimum performance.

The �nal (fourth) chapter of this part considersthe problem of neighbor discovery in wireless
networks.



Part I

Algorithms for MU-MIMO ML
Detection
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Chapter 1

Soft-Output Sphere Decoding:
Algorithms and Implemen tation

Christoph Studery, AndreasBurgy, and Helmut B•olcskeiz

y Integrated SystemsLaboratory
ETH Zurich, Switzerland

email: f studer, apburgg@iis.ee.ethz.ch

z Communication Technology Laboratory
ETH Zurich, Switzerland

email: boelcskei@nari.ee.ethz.ch

One of the main challengesin the practical realization of MU-MIMO wirelesssystemslies
in the e�cien t implementation of the detector which needsto separate the multiplexed data
streams. To this end, a wide range of algorithms o�ering various trade-o�s between perfor-
mance and computational complexity have been developed [1]. Linear detection producing
hard outputs constitutes one extreme of the complexity/p erformance trade-o� region, while
computationally demanding a posteriori probabilit y (APP) maximum-likelihood (ML) detec-
tion algorithms result in the opposite extreme. In general, the computational complexity of a
MIMO detection algorithm depends on the symbol constellation size and the number of spa-
tially multiplexed data streams,but often also on the instantaneousMIMO channel realization
and the signal-to-noiseratio (SNR). On the other hand, the overall decoding e�ort is typically
constrained by the system bandwidth, latency requirements, and the quest to keep chip area
and power consumption as low as possible.

A straightforward implementation would instantiate hardware for di�eren t algorithms, each
optimized for a maximum allowed decoding e�ort and/or a particular system con�guration or
channel state. However, such an approach would entail considerablechip area overhead and
in addition be highly ine�cien t since large portions of the corresponding application speci�c
integrated circuit (ASIC) would remain idle most of the time. Hence,an e�cien t and versatile
MIMO receiver designshouldbeable to cover a wide rangeof complexity/p erformancetrade-o�s
using a single tunable detection algorithm.

Con tributions

In this work we describe a tunable MIMO detector with performance ranging from that of
hard-output successive interferencecancellation (SIC) [2] to that of max-log APP detection [3].
The presented algorithm and the corresponding implementation is basedon the state-of-the-art
in sphere decoding [4, 5, 6, 7, 8, 9]. Complexity-reduction and adjustments of the complex-
it y/p erformancetradeo� are achieved through log-likelihood ratio (LLR) clipping, channel ma-
trix regularization, and by imposing constraints on the maximum computational complexity of

9



10 MASCOT D2.1.2

the decoder (i.e., run-time constraints). With a view towards VLSI implementation, we elabo-
rate on, and provide re�nements of, the tree-search algorithm outlined in [10] leading to what we
term the single tree-search (STS) approach. We describe how LLR clipping as proposedin [11]
can be incorporated into the STS algorithm. A framework for systematically characterizing the
complexity/p erformance trade-o�s of the resulting classof soft-output spheredecoders is for-
mulated. Finally, we present a suitable VLSI architecture and provide referenceimplementation
results for max-log soft-output spheredecoding with LLR clipping.

Notation

Matrices are set in boldface capital letters, vectors in boldface lowercaseletters. The super-
scripts T and H stand for transposeand conjugate transposition, respectively. We write A i;j

for the entry in the i th row and j th column of the matrix A and bi for the i th entry of the
vector b = [ b1 b2 � � � bN ]T . I N denotesthe N � N identit y matrix. Slightly abusing common
terminology, we call an N � M matrix A , where N � M , satisfying A H A = I M unitary. jAj
denotes the cardinality of the set A . E [�] stands for the expectation operator. The binary
complement of x is denoted by x.

Outline

The remainder of this chapter is organizedas follows: Section 1.1 reviewsthe transformation of
the max-log soft-output MIMO detection problem into a seriesof tree-search problems. In Sec-
tion 1.2, we review the repeatedtree-search (RTS) algorithm proposedin [12] and intro ducethe
STSalgorithm. In Section1.3, wedescribemethodsfor reducingthe tree-search complexity both
in the RTS and the STS algorithms. A framework for evaluating the complexity/p erformance
trade-o�s of the resulting family of soft-output spheredecoders is intro duced in Section 1.4.
Corresponding ASIC implementation results are summarized in Section 1.5. We conclude in
Section 1.6.

1.1 Soft-Output Sphere Decoding

Consider a MIMO system with M T transmit and M R � M T receive antennas. The coded bit-
stream is mapped to M T -dimensional transmit symbol vector s 2 OM T , whereO stands for the
set of underlying complex-valued scalarconstellation points. Each symbol vector s is associated
with a bit-level label vector x where, throughout the paper, symbol vectorsand their associated
labels will be used interchangeably. Slightly deviating from our notation rules, we denote the
entries of x asx j;b , where the indices j and b refer to the bth bit in the label of the constellation

point given by the j th entry of s =
�

s1 s2 � � � sM T

� T . The resulting complex basebandinput-
output relation is given by

y = Hs + n (1.1)

where H denotes the M R � M T channel matrix and n is an i.i.d. proper complex Gaussian
distributed M R -dimensionalnoisevector with varianceNo per complex entry. Throughout this
paper, we assumethat the receiver hasperfect knowledgeof the channel matrix realization and
the SNR per receive antenna is 1=No.

1.1.1 Computation of the Max-Log LLRs

Soft-output MIMO detection requires the computation of LLRs, denoted as L(�), for all bits
in the label x. In order to reducethe corresponding computational complexity, we employ the
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max-log approximation [3]

L
�
x j;b

�
= min

s2X (0)
j;b

ky � Hsk2 � min
s2X (1)

j;b

ky � Hsk2 (1.2)

where X (0)
j;b and X (1)

j;b are the sets of symbol vectors that have the bth bit in the label of the
j th scalar symbol equal to 0 and 1, respectively. Note that the max-log approximation entails
a performance loss compared to using the exact LLRs. For the simulation setup considered
in Section 1.4, this loss, in terms of SNR, is found to be around 0.25dB over a large range of
SNRs. We emphasizethat the LLRs in (1.2) are normalized for algorithmic reasonsto avoid
large LLR magnitude in the high-SNR regimeas well as for the sake of simplicit y of exposition.

For each bit, one of the two minima in (1.2) is given by the metric � ML = ky � Hs ML k2

associated with the ML solution of the MIMO detection problem

sML = arg min
s2O M T

ky � Hsk2: (1.3)

The other minimum in (1.2) can be written as

� ML
j;b = min

s2X

�
x ML

j;b

�

j;b

ky � Hsk2 (1.4)

where the counter-hypothesis xML
j;b denotesthe binary complement of the bth bit in the label of

the j th entry of sML . With (1.3) and (1.4) the max-log LLRs can be written as

L
�
x j;b

�
=

(
� ML � � ML

j;b ; xML
j;b = 0

� ML
j;b � � ML ; xML

j;b = 1 :
(1.5)

From (1.5) we can concludethat e�cien t max-log APP MIMO detection reducesto e�cien tly
identifying sML , � ML , and � ML

j;b for j = 1; 2; : : : ; M T and b = 1; 2; : : : ; Q [12].

1.1.2 Max-Log APP MIMO Detection as a Tree Search

Transforming (1.3) and (1.4) into tree-search problemsand using the spheredecoding algorithm
[4, 5, 6, 7, 8, 9] allows to e�cien tly compute the LLRs in (1.5). To this end, the channel matrix
H is �rst QR-decomposedaccording to H = QR , wherethe M R � M T matrix Q is unitary, and
the M T � M T upper-triangular matrix R has real-valued positive entries on its main diagonal.
Left-multiplying (1.1) by QH leadsto the modi�ed input-output relation

~y = Rs + QH n with ~y = QH y

and hence,noting that QH n has the samestatistics as n, to the equivalent characterization of
� ML and � ML

j;b as

� ML = min
s2O M T

k~y � Rsk2 (1.6)

� ML
j;b = min

s2X

�
x ML

j;b

�

j;b

k~y � Rsk2: (1.7)

We next de�ne the partial symbol vectors (PSVs) s(i ) = [ si si +1 � � � sM T ]T and note that
they can be arranged in a tree that has its root just above level i = M T and leaves, on level
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i = 1, which correspond to symbol vectors s. In the following, the label associated with s(i ) is
denotedby x (i ) . The Euclidean distancesd(s) = k~y � Rsk2 in (1.6) and (1.7) can be computed
recursively as d(s) = d1 with the partial Euclidean distances(PEDs)

di = di +1 + jei j2 ; i = M T ; M T � 1; : : : ; 1; (1.8)

the initialization dM T +1 = 0, and the distance increments (DIs)

jei j2 =
�
�
� ~yi �

M TX

j = i

Ri;j sj

�
�
�
2
: (1.9)

Since the dependenceof the PEDs di on the symbol vector s is only through the PSV s(i ) ,
we have transformed ML detection and the computation of the max-log LLRs into a weighted
tree-search problem: PSVs and PEDs are associated with nodes, branches correspond to DIs.
For brevity, we shall often say \the node s(i ) " to refer to the node corresponding to the PSV
s(i ) . Each path from the root down to a leaf corresponds to a symbol vector s 2 OM T . The
solution of (1.6) and (1.7) corresponds to the leaf associated with the smallest metric in OM T

and X

�
xML

j;b

�

j;b , respectively. The basic building block underlying the two tree traversal strategies
described in the next section is the Schnorr-Euchner (SE) spheredecoder (SESD) with radius
reduction [13, 14], brie
y summarizedas follows: The search in the tree is constrained to nodes
which lie within a radius r around ~y and tree traversal is performed depth-�rst, visiting the
children of a given node in ascendingorder of their PEDs. The basic idea of radius reduction is
to start the algorithm with r = 1 and to update the radius according to r 2  d(s) whenever a
leaf s has beenreached. This avoids the problem of choosing a suitable initial radius and still
leadsto e�cien t pruning of the tree.

1.2 Tree-T raversal Strategies

Computing the LLRs in (1.5) requires determining the metrics � ML
j;b , which, for given j; b, is

accomplishedby traversing only those parts of the tree that have leaves in X

�
xML

j;b

�

j;b . Since this
computation hasto becarried out for every bit, it is immediately obvious that LLR computation
results in an order of magnitude increasein computational complexity comparedto hard-output
spheredecoding. The situation is further exacerbatedby the fact that forcing the SESD into
subtrees,when computing the minima in (1.7) leads to signi�cantly lesse�cien t tree pruning
behavior, which �nally results in an overall complexity increase(over hard-output SESD) of two
ordersof magnitude. The STS algorithm introducedbelow is key in reducing the computational
complexity.

In the following, we discusstwo tree traversal strategies for solving (1.6) and (1.7). The
�rst approach described below was introduced in [12] and will be referred to as repeated tree
search (RTS). The secondalgorithm builds on a tree traversal strategy outlined in [10]. With
a view towards VLSI implementation, we proposere�nements of the approach in [10] resulting
in what we call the single tree-search (STS) strategy.

1.2.1 Rep eated Tree Search (RTS)

The basic idea of the RTS algorithm described in [12] is to start by solving (1.6) (using the
SESD) and to then rerun the SESD to solve (1.7) for each bit (i.e., QM T times) in the symbol
vector. When rerunning the SESD to determine � ML

j;b in (1.7), the search tree is prepruned by
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forcing the decoder to excludeall nodesfrom the search for which x j;b = xML
j;b . For BPSK, this

prepruning procedure is illustrated in Fig. 1.1. Following the proposal in [12] and initializing
the SESD with r = 1 in each of the QM T runs required to obtain � ML

j;b , will lead to signi�cant
computational complexity. It is therefore important to realize that (without compromising
max-log optimalit y) the search radius r j;b can be initialized by setting it equal to the minimum

value of k~y � Rsk over all s 2 X

�
xML

j;b

�

j;b found during precedingtree traversals.

0

1

1

1

0 0

0 0 0 0

�����

� � �

��	�


� � 
 �����

� � �

����� � ��� � ���! 

Figure 1.1: Example, assuminga BPSK-constellation, of the prepruning procedurein the RTS
approach. Counter-hypothesesto the ML solution are found by forcing the sphere decoder
through the dashedbranches.

The main disadvantagesof the RTS are:

i) the repeatedtraversal of large parts of the tree which entails a large number of redundant
computations;

ii) signi�cantly lesse�cien t pruning behavior when computing the � ML
j;b causedby the need

to minimize over the subsetsX

�
xML

j;b

�

j;b .

As noted in [15], the problem in ii) can partly be mitigated by changing the detection order in
each run. Unfortunately, the resulting needfor multiple QR decompositions leadsto an overall
increasein terms of hardware complexity.
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1.2.2 Single Tree Search

The key to more e�cien t (compared to RTS) tree traversal is to ensurethat every node in the
tree is visited at most once. This can be accomplishedby searching for the ML solution and
all counter-hypothesesconcurrently. The basic idea behind such an approach hasbeenoutlined
in [10]. In the following, with a view towards VLSI implementation, we provide re�nements of
the idea outlined in [10]. Speci�cally , we formulate update rules and a pruning criterion based
on a list containing the metric � ML , the corresponding label x ML , and the metrics � ML

j;b . The
main idea is to search the subtree originating from a given node only if the result can lead to
an update of at least one of the metrics in the list, i.e., either � ML or one of the � ML

j;b . In the
ensuing discussion, the current ML hypothesis and the corresponding metric are denoted by
xML and � ML , respectively.

List Administration

The algorithm is initialized with � ML = � ML
j;b = 1 (8 j; b). Whenever a leaf with corresponding

label x has beenreached, the decoder distinguishesbetweentwo cases:

i) If a new ML hypothesis is found, i.e., d(x) < � ML , all � ML
j;b for which x j;b = xML

j;b are set
to � ML followed by the updates � ML  d(x) and xML  x . In other words, for each
bit in the ML hypothesis that is changed in the processof the update, the metric of the
former ML hypothesisbecomesthe metric of the new counter-hypothesis, followed by an
update of the ML hypothesis. This procedureensuresthat at all times � ML

j;b is the metric
associated with a valid counter-hypothesis to the current ML hypothesis.

ii) In the casewhere d(x) � � ML , only the counter-hypotheseshave to be checked. For all j
and b such that x j;b = xML

j;b and d(x) < � ML
j;b , the decoder updates � ML

j;b  d(x).

Pruning criterion

The second key aspect of the STS algorithm is the following tree pruning criterion. Con-
sider a given node s(i ) (on level i ) and the corresponding label x (i ) consisting of the bits x j;b

(j = i; i + 1; : : : ; M T , b = 1; 2; : : : ; Q). Assumethat the subtree originating from the node un-
der considerationand corresponding to the bits x j;b (j = 1; 2; : : : ; i � 1, b = 1; 2; : : : ; Q) has not
beenexpandedyet. The pruning criterion for s(i ) along with its subtree is compiled from two
conditions. First, the bits in the partial label x (i ) are compared with the corresponding bits
in the label of the current ML hypothesis x ML . All metrics � ML

j;b with x j;b = xML
j;b found in

this comparison may be a�ected when searching the subtree of s(i ) . Second,the metrics � ML
j;b

(j = 1; 2; : : : ; i � 1, b = 1; 2; : : : ; Q) corresponding to the counter-hypothesesin the subtree of
s(i ) may be a�ected as well. In summary, the metrics which may be a�ected during the search
in the subtree emanating from the node s(i ) are given by the set

A
�

x (i )
�

= f al g =
n

� ML
j;b

�
� �

j � i; b = 1; 2; :::; Q
�

^ (x j;b = xML
j;b )

o

[
n

� ML
j;b

�
� j < i; b = 1; 2; :::; Q

o
:

The node s(i ) along with its subtree is pruned if its PED d
�

s(i )
�

satis�es

d
�

s(i )
�

> max
al 2A

�
x ( i )

� al : (1.10)
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This pruning criterion (illustrated in Fig. 1.2) ensuresthat a given node and the entire subtree
originating from that node are explored only if this could lead to an update of either � ML or of
at least one of the � ML

j;b . Note that � ML doesnot appear in A
�
x (i )

�
as � ML < � ML

j;b (8 j; b).

���������
	��

max

x (i )

1

0

?

xML

1

1 0

1 0

� ML
MT ;1 � ML

MT ;2

� ML
MT � 1;2

� ML
i;2

� ML
i � 1;1 � ML

i � 1;2

� ML
1;1� ML

1;2

0

?

? ?

counter-hypotheses

� ML
MT � 1;1

� ML
i;1

0

0

0

0 0

0

0 > ?

0

level i

Figure 1.2: Example of the STS pruning criterion (M T = 5 and two bits per symbol): The
partial label x (i ) determineswhich counter-hypothesesmay be a�ected during the search of the
subtree emanating from the current node.

1.3 Metho ds for Complexit y Reduction

So far, we discussedstrategies which solve (1.2) exactly and hencedo not compromiseperfor-
manceof the max-log APP decoder. The goal of this section is to describe methods, again with
a view towards VLSI implementation, that allow to trade-o� decoder complexity with (error
rate) performance.

The complexity measureemployed throughout this paper is the number of nodes(including
the leaves, but excluding the root) visited by the decoder. This simple complexity measure
provides a good indication for the complexity of a corresponding VLSI implementation.

1.3.1 LLR Clipping

The dynamic range of LLRs is typically not bounded. However, practical systems need to
constrain the magnitude of the LLR values to enable �xed-p oint implementation. Evidently
this will lead to a performancedegradation. A straightforward way of ensuring that LLR values
are bounded is to clip them after the detection stageso that

�
�L (x j;b )

�
� � L max 8 j; b: (1.11)
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We emphasizethat the constraint in (1.11) refers to the normalized LLRs L(x j;b ) as de�ned in
(1.2) so that L max is a normalized maximum LLR value.

Figure 1.3: LLR clipping reducesthe search radius to r max = � ML + L max around the received
point ~y .

LLR Clipping for RTS It hasbeennoted in [11] that (1.11) can be built into the RTS algo-
rithm asa constraint leading to a reduction in search complexity. The basic idea is to recognize
that (1.5) together with (1.11) results in an upper bound on the radius r j;b (as illustrated in
Fig. 1.3). To this end, r j;b is initialized as described in Section 1.2.1 followed by an immediate
update according to

r j;b  min
�

r j;b ; � ML + L max
	

(1.12)

which ensuresthat (1.11) is satis�ed. Note that as a consequenceof (1.12), metrics associated
with counter-hypothesesfor which no valid lattice point is found equal � ML + L max .

LLR Clipping for STS LLR clipping canbebuilt into the STSalgorithm by simply applying
the update

� ML
j;b  min

n
� ML

j;b ; � ML + L max

o
8 j; b (1.13)

after carrying out the steps in Case i) of the list administration procedure described in Sec-
tion 1.2.2. The remaining stepsof the STS algorithm are not a�ected.

Both in the RTS and the STS algorithm, for L max = 1 , we obviously get the exact max-
log LLRs, whereasfor L max = 0, we obtain hard-output SESD performance as the decoder
output is xML , � ML , and L(x j;b ) = 0 for all j and b. Smaller values of L max lead to more
aggressivepruning of the tree and henceto reducedsearch complexity. Weshall seein Section1.4
that as we reduce L max , the decoder performancedegradesgracefully, eventually resulting in
hard-output ML performance. L max can therefore be used to e�cien tly adjust the detection
complexity/p erformancetrade-o�. We concludeby noting that LLR clipping asdescribedabove
goesbeyond the initial motivation of constraining the word-width usedto represent LLR values
in binary logic.
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1.3.2 Sorting and Regularization

Sorting: A common approach to reducecomplexity in spheredecoding without compromising
performanceis to adapt the detection order of the spatial streamsto the instantaneouschannel
realization by performing a QR-decomposition on HP (rather than H ), where P is a suitably
chosenM T � M T permutation matrix. More e�cien t pruning of the search tree is obtained if
sorting is performedsuch that \stronger streams" (in terms of e�ectiv eSNR) correspond to levels
closerto the root, i.e., if P is chosensuch that the main diagonal entries of R in HP = QR are
sorted in ascendingorder. Solving this problem exactly would result in prohibitiv e complexity.
A heuristic algorithm resulting in a good complexity/p erformance trade-o� was proposed in
[16] and will be referred to as sorted QR-decomposition (SQR) in the following.

Regularization: Poorly conditioned channel realizations H lead to high search complexity
due to the low e�ectiv e SNR on oneor more of the e�ectiv e spatial streams. An e�cien t way to
counter this problem is to operate on a regularized channel matrix by computing the (sorted)
QR-decomposition of

�
H

� I M T

�
P = QR (1.14)

where � is a suitably chosenregularization parameter, Q is a unitary (M R + M T ) � M T matrix

and R is of dimension M T � M T . Partitioning Q according to Q =
h

QT
1 QT

2

i T
, where Q1 is

of dimension M R � M T and Q2 is of dimension M T � M T , the max-log LLRs in (1.2) can be
approximated as

L
�
x j;b

�
� min

~s2X (0)
j;b

k~y � R~sk2 � min
~s2X (1)

j;b

k~y � R~sk2 (1.15)

where ~y = QH
1 y and ~s = Ps. The LLRs in (1.15) need to be reordered at the end of the

detection processto account for the permutation induced by P.
Note that even though Q is unitary, Q1 will, in general,not be unitary, which is the reason

for the LLRs in (1.15) being an approximation to the exact (max-log) LLRs in (1.2). The basic
idea underlying this approximation is to perform the QR-decomposition on the regularized
channel matrix and to apply the result to the physical channel matrix. In the following, we
provide a qualitativ e discussionof the error incurred by this procedure. We start by noting
that, as a consequenceof (1.14), we have

~y = R~s + ~n (1.16)

with the e�ectiv e noise-plus-(self)-interference(NPI) vector

~n = � � QH
2 s + QH

1 n:

Eq. (1.16) showsthat the approximation in (1.15) amounts to pretending that ~n is i.i.d. circularly
symmetric complex Gaussianthereby neglecting that i) ~n dependson s, ii) the self-interference
term � � QH

2 s is not Gaussian(as we are using �nite constellations), and iii) Q 1 is, in general,
not unitary. Nevertheless,computing the covariance matrix of ~n, by averaging over n and s,
allows to identify good choicesfor the regularization parameter � . Assuming, for simplicit y of
exposition, that E[ssH ] = 1

M T
I M T , straightforward manipulations reveal that

K = E
�
~n ~nH �

=
�

RR H
� � 1

j� j2
 

j� j2

M T
� No

!

+ NoI M T :
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Setting � = �
p

NoM T corresponds to an MMSE regularization [17], results in K = NoI M T ,
and was found to yield a good performance/complexity tradeo�. We emphasize,however, that
setting � = �

p
NoM T will not render the e�ectiv e NPI vector ~n Gaussian. In the reminder

of the paper, we denote the QR-decomposition in (1.14) with � = �
p

NoM T as MMSE-SQR.
An important practical aspect of MMSE-SQR results from the fact that the noisevariance N o

has to be estimated. We found that even slight overestimation of N o will lead to a noticeable
performancedegradation,whereasslight underestimation doesnot seemto constitute a problem.

1.3.3 Run-Time Constrain ts

The computational complexity (required to �nd the ML solution and the LLR values) of the
algorithms discussedso far depends on the realization of the random channel matrix as well
as on the noise realization. Consequently, the decoder throughput is variable, which consti-
tutes a problem in many practical application scenarios. Moreover, the worst-casecomplexity
corresponds to an exhaustive search. In order to meet the practically important requirement
of a �xed throughput, the algorithm run-time must be constrained. This, in turn, leads to
a constraint on the maximum detection e�ort or, equivalently, a constraint on the maximum
number of nodesthe spheredecoder is allowed to visit. Clearly, this will, in general,prevent the
detector from achieving ML or max-log APP (error rate) performance. It is therefore important
to �nd a way of imposingrun-time constraints while keepingthe resulting performancedegrada-
tion at a minimum. Moreover, in practice, it is highly desirable to have a smooth performance
degradation as the run-time constraint becomesmore stringent.

In the following, we restrict ourselves to the STS algorithm. A straightforward way of
enforcing a run-time constraint is to terminate the search, on a symbol vector by symbol vector
basis,after a maximum number of visited nodes. The STSdecoder then returns the bestsolution
found so far, i.e., the current ML and counter-hypotheses. A better solution is to imposean
aggregaterun-time constraint of N D avg visited nodesfor an entire block of N symbol vectors1

[18]. The maximum number of visited nodesallocated to the detection of the kth symbol vector
can, for example,be chosenaccording to the maximum-�rst (MF) scheduling strategy as

Dmax (k) = N Davg �
k� 1X

i =1

D(i ) � (N � k)M T ; k = 1; 2; :::; N (1.17)

where D(i ) denotesthe actual number of visited nodesfor the i th symbol vector. The concept
behind (1.17) is that decoding a given symbol vector is allowed to useup all of the remaining
run-time within the block of N symbol vectors up to a safety margin of (N � k)M T visited
nodes. This margin allows to �nd at least the hard-output SIC solution for all remaining
symbol vectors. Setting D avg = M T maximizesthe throughput, but reducesthe performanceto
that of hard-output SIC. We emphasizethat, under run-time constraints, there may be LLRs
at the end of the decoding processthat have not been updated from their initial value of 1
and henceneedto be set to L max .

1.4 Performance/Complexit y Trade-o�s

System engineerstypically face the problem of designinga receiver that achieves a prescribed
target frame error rate (FER) at a prescribed throughput. The quality of the receiver imple-
mentation can then be measuredby the minimum SNR required to achieve this target FER at
the speci�ed throughput. In the following, we assessthe complexity/p erformancetrade-o�s of

1 In an OFDM-based MIMO system, N would, for example, be the number of OFDM tones.
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the receiver conceptsdescribed in Sections1.2and 1.3 by plotting the average(over independent
channel and noise realizations) number of visited nodes as a function of this minimum SNR.
Sincethe number of visited nodes is related to the required chip area per throughput [14], the
corresponding results allow to associate a reduction in hardware complexity (e.g., chip area) to
an SNR penalty.

All simulation results below are for a rate R = 1=2 (generator polynomials [133o 171o] and
constraint length 7) convolutionally encoded MIMO-OFDM system [19] with M T = M R = 4,
16-QAM constellation (using Gray mapping), N = 64 tones, and soft-input Viterbi decoding
[20]. Note that for L max = 0, one has to employ a hard-input Viterbi decoder. One frame
consists of 1024 randomly interleaved (across spaceand frequency) bits and a TGn type C
channel model [21] is used. In all simulations SNR is the per receive antenna SNR.

1.4.1 Comparison of Tree-Search Strategies
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Figure 1.4: Comparison of repeated tree search (RTS), single tree search (STS), and the list
spheredecoder (LSD) as proposedin [3], all using SQR preprocessing. The numbers next to
the curvescorrespond to L max for RTS and STS and to the list size in the caseof the LSD.

Fig. 1.4 comparesthe performance of RTS and STS max-log APP decoders, and the list
spheredecoder (LSD) [3] for di�eren t target FERs and di�eren t valuesof L max . In the caseof
the LSD, changing the list sizeallows to adjust the complexity/p erformancetrade-o�.



20 MASCOT D2.1.2

The STS algorithm is seento outperform the RTS strategy in terms of averagecomplexity
by a factor of 4 to 8.

The implementation of the LSD requiresmemory and logic, not accounted for in this compu-
tation, for the administration of the candidate list. Fig. 1.4 shows that even whenthis additional
complexity is ignored, the STS is still superior to LSD. Under stringent complexity constraints
the STS shows SNR advantagesover the LSD of up to 1.5 dB.

1.4.2 Impact of Sorting and Regularization

Fig. 1.5 compares the impact of sorting and regularization on the complexity/p erformance
trade-o� of the STS algorithm. Speci�cally , we show the trade-o� curves corresponding to
SQR, MMSE-SQR, and standard (unsorted) QR at a target FER of 0.01. It can be seenthat
the improvement resulting from sorting (i.e., SQR vs. QR) becomessigni�cant for stringent
(but realistic) complexity constraints. Further improvements, in the low-complexity regime,
are obtained from regularization using MMSE-SQR. In the high-complexity regime, the perfor-
mancepenalty incurred by regularization (seethe discussionin Section 1.3.2) eventually renders
MMSE-SQR inferior to SQR.

1.4.3 LLR Clipping

Both Fig. 1.4 and Fig. 1.5 show that, as discussedin Section 1.3.1, adjusting the LLR clipping
level L max allows to sweep an entire family of sphere decoders ranging from the exact max-
log APP SESD (L max = 1 ) to hard-output SESD (L max = 0). It is interesting to observe
that aggressive clipping according to L max = 0:2 yields close to max-log APP performance.
Increasing the LLR clipping level beyond this value increasescomplexity without a noticeable
performance improvement. Furthermore, we observe that the decoder performance degrades
gracefully as we decreaseL max thereby reducing the averagesearch complexity. In summary,
the LLR clipping level can be used to conveniently adjust the decoder at runtime to a given
complexity constraint.

1.4.4 Run-time Constrain ts

In Fig. 1.6, we demonstrate the impact of imposing a run-time constraint according to a maxi-
mum of N Davg visited nodesfor a block of N = 64 symbol vectors using the strategy described
in Section 1.3.3. The resulting curvesessentially consist of two regions:

� If the LLR clipping level L max is high (corresponding to high averagesearch complexity),
the run-time constrained detector is not able to compute accurate LLR values, which
results in (very) poor performance,unlessD avg is large. For Davg = 128, the performance
is, indeed, very closeto that of the unconstrained max-log APP SESD.

� For small L max , the performanceis dominated by the impact of clipping rather than by
the impact of the run-time constraint.

In summary, we can concludethat for a given run-time constraint there exists an optimum LLR
clipping level, in the senseof minimizing the SNR required to achieve a certain target FER. It
is therefore important to choosethe LLR clipping level in accordancewith the averagerun-time
constraint.
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Figure 1.5: Comparison of unsorted QR, SQR and MMSE-SQR preprocessingapplied to STS.
The numbers next to the curves correspond to L max . For L max = 0, the performanceequals
that of hard-output SESD.

1.5 ASIC Implemen tation Results

In order to assessthe true silicon complexity (chip area and achievable clock frequency) of the
proposedSTS-basedsoft-output SESD, we implemented the algorithm in a 0.25� m technology
for a MIMO system with M T = M R = 4 using 16-QAM modulation. The resulting chip layout
is shown in Fig. 1.7. The designparametersof the decoder are summarizedin Table 1.1 which,
for reference,also contains the design parameters of an ` 2-norm hard-output SESD similar to
the one described in [14].

Hardw are Complexit y

We can seefrom Table 1.1 that the chip area required by the soft-output STS SESD is only
50% higher than that required by a corresponding hard-output SESD. A more detailed area
breakdown shows that most of the area increase results from the list administration, from
the computation of the pruning criterion, and from the arithmetic unit that computes the
LLRs. Further area increaseis due to the need to store the LLRs in the output bu�er of the
ASIC. Further modi�cations of the one-node-per-cycle VLSI architecture on which our STS
implementation is basedaccount for only 1.9 KGEs of the overall area increasecomparedto a
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Figure 1.6: Impact of imposing run-time constraints with maximum-�rst scheduling on STS
SESD with MMSE-SQR preprocessing.

Table 1.1: Design parameters of hard-output SESD and soft-output STS ASICs in 0.25� m
technology

Hard-output SESD Soft-output STS

Gate equivalentsa 34.4KGE 56.8KGE

Core area 1.2mm2 1.9mm2

Max. clock frequencyb 73MHz 71MHz

AT-pro ductc 0.164� m2s 0.268� m2s

a To provide technology-independent area characterization, the number of gate equivalents (GEs) is speci�ed.

One GE corresponds to the area of a two-input driv e-oneNAND gate.

b The results on clock frequency are extracted from a post-layout static timing analysis and are representativ e

for the manufactured ASIC within an accuracy of a few percent.

c The area-timing (AT) product of a VLSI circuit is a measure for its true silicon complexity. It is given by the

product of the chip area divided by the maximum allowed clock frequency.
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Figure 1.7: Layout of an STS-basedsoft-output SESD ASIC in 0.25� m technology.

hard-decisionSESD. In terms of clock frequency, the soft-output STS SESD ASIC shows only
slightly lower maximum clock frequencythan the corresponding hard-output SESD.The reason
underlying this negligible performanceloss is that most of the additional logic required by the
STS SESDASIC can be kept o� the critical path and has thus little in
uence on the maximum
clock frequency.

Detection Throughput

Fig. 1.8shows the complexity/p erformancetrade-o� of the referencè 2-norm hard-output SESD
and the soft-output STS implementation in terms of the throughput

� =
RQM T

E [C]
f clk [bit =s]

measuredin information -bits per secondasa function of the minimum required SNR to achieve
a FER of 0.01. Here, f clk is the maximum clock frequencyof the circuit under considerationand
E[C] denotesthe average(over channel and noiserealizations) number of clock cyclesrequired
to detect a symbol vector. Note that the dedicatedhard-output SESDimplementation achieves
a slightly higher throughput than the STS SESD implementation with 2 L max = 0. This is
due to the slightly higher maximum clock frequency of the corresponding hard-output SESD
(seeTable 1.1).

1.6 Conclusions

Spheredecoding is a suitable tool to implement MIMO detection with variable complexity/p erformance
trade-o�. In particular, adjusting the LLR clipping level in the spheredecoder is an e�cien t
way of realizing an entire family of decoders with (error rate) performance ranging from ex-
act max-log soft-output to hard-output SIC. The keys to achieving low hardware complexity

2Recall that for L max = 0, the (error rate) performance of the STS SESD algorithm corresponds to that of a
hard-output SESD.
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Figure 1.8: Throughput characteristics of the soft-output STS SESD and the referencehard-
output SESD VLSI implementation with MMSE-SQR preprocessing.

are the single tree-search strategy described in Section 1.2.2, MMSE-SQR preprocessing,LLR
clipping, and imposing run-time constraints with maximum-�rst scheduling. Our VLSI imple-
mentation results indicate that the silicon area required by a soft-output STS SESD is only
about 50% higher than the area required for a corresponding hard-output SESD implementa-
tion. This paves the way for a VLSI implementation of iterativ e MIMO detection based on
spheredecoding.
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Traditionally , MIMO systemswereconceived with the purposeof either increasingthrough-
put through spatial multiplexing or for improving reliabilit y of communicaiton by mitigating
the detrimental e�ects of fading through diversity signalling. More recently great e�orts have
been made in unifying both goals and somenew space-timecodes are now able to reach the
best tradeo� between data rate and diversity gain, although they require more sophisticated
detection schemesat the receiver [15, 4, 21, 1, 26, 6]. The recently proposedGolden code is
such an optimal full-rate and full-div ersity space-timeblock code for 2 � 2 MIMO systems.

Con tribution

The main contribution of this work is a VLSI decoder for a 2� 2 MIMO systemcoded with the
Golden code [1]. The maximum-likelihood decoding algorithm for the Golden code is basedon
the Sphere Decoder, algorithm which has beenemployed for soft-output ML MU-MIMO detec-
tion in Chapter 1. In this work we proposetwo novel architectures for spheredecoding designed
with VHDL as a reusable intellectual property (IP) macrocells: the �rst one is parametrized
with respect to the �xed-p oint representation of data and is implemented for 16 QAM modula-
tion to enablescomparisonswith previous implementations. The secondarchitecture is 
exible,
meaning that it can be dynamically con�gured to cover multiple modulation schemes.We note
that both these hardware implementations can be equivalently used in a 4 � 4 MIMO system
basedon V-BLAST architecture.

Outline

In section 2.1 we brie
y explain the properties, the construction and the detection of Golden
code. Section2.2 is dedicatedto reviewing the SphereDecoding algorithm. In section 2.3 e�ects
of �xed-p oint precisionon the code performanceare derived. A short introduction to the overall

27
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scheme of the MIMO receiver is given in Section 2.4, with particular attention to QR decom-
position preprocessingunit; the detailed descriptions of the two hardware implementations are
then carried out in 2.5 and 2.6. In the last two sectionsresults and conclusionsare presented.

2.1 Golden code

The Golden code is a Space-Time code for a 2 � 2 coherent MIMO channel, it was found
independently by [1, 26, 6].

Number theoretical methods have been widely employed to construct full-rate and full-
diversity codes for coherent MIMO systems. These methods are based on the rank and the
determinant criteria. In a Rayleigh fading channel the pairwise error probabilit y (PWEP) ex-
pression[22] shows that the error probabilit y canbeminimized operating mainly on two aspects:
diversity and coding gain. In [22] it wasproved that theseparametersare related to the socalled
codeword di�erence matrix D , which is constructed as the di�erence between two codewords.
In order to maximize the diversity gain, the space-timecode must be designedso that the dif-
ferencematrix betweenany two codewords is full rank (rank criterion ). On the other hand, the
coding gain, dependson the determinant of DD y and high coding gain is achieved maximizing
the minimum of this determinant over all input codeword pairs (determinant criterion ).

Golden code satis�es both the rank and the determinant criterion and in particular, di�er-
ently from previously known codes, presents the non-vanishing determinant property, i.e., its
minimum determinant is 1/5 and does not depend on the size of the signal constellation. For
this reasonit can besuccessfullyemployed in systemswith adaptive selectionof the modulation.

Besidestheseproperties, the Golden code has also the peculiarity to be energy e�cien t. It
is constructed using a rotated version of the Z[i ]4 complex lattice, so that there is no lossdue
to shaping [1].

The codewords X of the Golden code are 2 � 2 complex matrices of the following form :

X =
1

p
5

�
� [a + b� ] � [c + d� ]

i� (� )[c + c� (� )] � (� )[a + b� (� )]

�
(2.1)

where a;b;c;d are the information symbols chosen in a Q2-QAM constellation, i =
p

� 1; � =
(1 +

p
5)=2 = 1:618: : : (Golden number), � (� ) = (1 �

p
5)=2 = 1 � � ; � = 1 + i � i� =

1 + i� (� ); � (� ) = 1 + i � i� (� ) = 1 + i� , [25].

2.1.1 The 2 � 2 MIMO System Mo del

Golden code is applied to 2-transmit 2-receive antenna MIMO systemsand requirestwo channel
usesto transmit a codeword. In order to model the 2 � 2 MIMO channel, its impulse response
can be used. Assuming hij as the time-varying channel fading coe�cien ts between the j -th
transmit antenna and the i -th receive antenna, the MIMO channel is described through a 2� 2
matrix:

H =
�

h11 h12

h21 h22

�
(2.2)

wherehij � Nc(0; 1). Assuming the \Blo ck Fading" channel model, each transmitted codeword
will be a�ected by an independently varying channel matrix H . Then, the 2� 2 received matrix
is

Y = H X + Z

where Z is the additiv e white Gaussiannoisematrix with entries � N c(0; N0).
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We note that each codeword is sent in two channel usesof the two transmit antennas, for
a total of four component signals. It is convenient to represent the codeword X in vectorized
form where, furthermore, real and imaginary components are separated, resulting in a 8 � 1
real vector x . Channel matrix H consequently can be rearranged in a 8� 8 real-valued matrix
H . It can be seenthat x = B s, where B is a 8 � 8 orthogonal matrix (B � 1 = B T ) and
s = (< a;= a;< b;= b;< c;= c;< d;= d), [25].

The vectorized Golden coded system model can so be expressedas:

y = H x + z = H B s + z (2.3)

where y is the 8� 1 received real vector and z is a 8-dimensional i.i.d. (independent and
identically distributed) zero mean Gaussiannoisereal vector.

2.1.2 Decoding the Golden code

Decoding the Golden code is equivalent to decoding an 8-dimensional lattice with generator
matrix M = H B . Provided that H is perfectly known at the receiver, the optimal detector for
a MIMO channel, which minimizes the codeword error rate, is the maximum likelihood (ML)
detector. It solves the following equation:

ŝ = arg min
s2 Qn

ky � M sk2 (2.4)

where Qn is the cardinality of the search spaceand n = 8.
The above expressionrepresents a discrete least-square(LS) minimization problem. Ex-

haustive search of the ML solution has exponential complexity and in this particular caseit
has 2n log2 Q possiblesolutions. Spheredecoding algorithms have then beenproposedwith the
purposeof decreasingthe decoder complexity.

2.2 Sphere Decoding Algorithm

Sphere Decoding Algorithms denote a family of algorithms, which aim at lowering the com-
plexity of the minimization (2.4) by analyzing only a subset of the solution space[5]. These
algorithms, in a certain range of parameters which is not too far from those of real systems,
show a polynomial averagecomplexity.

Although other work [16] denies this theoretical proof, computer simulations still con�rm
the practical result. This behavior is due to the fact that y is not an arbitrary vector, but it is
given by the transmitted vector H x with a little changeof position owing to additiv e noisez.

SphereDecoding algorithms look at the set of possiblesolutions as points of a lattice and
try to �nd the closestpoint to the received vector. In particular, a hypersphereis constructed
around the received vector and only points inside it are taken into account, sincethe others are
actually too far. This constraint can be written as:

ky � M sk2 � C0 (2.5)

where C0 is the square radius of the hypersphere[9, 23, 24]. In the following we describe a
method to easily compute distancesbetweenreceived signalsand lattice points.

Tree construction

With a linear transformation of the M matrix, such as QR or Cholesky decomposition, it is
possibleto rewrite M as a product of two matrices, one of which upper triangular [5]. In this
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Figure 2.1: Two level tree for QPSK modulation, where a1 = j~y2 + R22j2, a2 = j~y2 � R22j2,
b1 = j~y1 + R12 + R11j2, b2 = jj ~y1 + R12 � R11j2, b3 = j~y1 � R12 + R11j2, b4 = j~y1 � R12 � R11j2

work, QR decomposition hasbeenemployed sothat, imposingM = QR , (2.4) can be rewritten
as:

arg min
s2 Qn

ky � QRs k2 = arg min
s2 Qn




 QT y � Rs




 2

= arg min
s2 Qn

k~y � Rs k2 (2.6)

where we have exploited the orthogonality of Q and ~y = Q T y represents the zero-forcing
solution. The upper triangular structure of the factored matrix enablesto take every component
separately into account for the computation of the distance between the two points. The
distance d2(s) = k~y � Rs k2 can also be computed recursively as follows. Let us de�ne the
partial metric [2]

T (l ) (s(l ) ) =

8
>>>>>>><

>>>>>>>:

0 if l = n + 1

T (l+1) (s(l+1) ) + j ~yl �
P n

j = l Rl j sj j2

= T (l+1) (s(l+1) ) + j ~yl �
P n

j = l+1 Rl j sj � Rl l sl j2

= T (l+1) (s(l+1) ) + j (l+1)
l � Rl l sl j2

if l = 1; : : : ; n

(2.7)

where s(l ) = [sl sl+1 : : : sn ], and  (l+1)
l = ~yl �

P n
j = l+1 Rl j sj , in particular  (n+1)

n = ~yn .
Then we can write T (1) (s) = d2(s).

One of the most interesting consequencesof this interpretation is that the exploration of the
lattice can be thought as a tree traversal. This tree has n levels and every node at each level
has Q sons. At every level the radius constraint (2.5) must be veri�ed and satis�ed, otherwise
the branch is pruned. Figure 2.1 depicts a two level tree for a QPSK modulation. T (l ) is the
distance metric at level l in (2.7); at the lowest level, �nal metrics are explicitly calculated for
this simple case.
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Tree exploration

Several algorithms have beenstudied in order to make the tree traversal e�cien t. First algo-
rithm, proposedby Pohst in [9], needsto choseexplicitly an initial radius. This is a very critical
choice: if a too large radius is chosen,too many points fall into the hypersphere,while for a too
small radius no points are left inside it. A moree�cien t algorithm hasbeenproposedby Schnorr
and Euchner (SE) [20]. SE algorithm hasintrinsically variable throughput and this makesit not
very suitable for hardware implementation. The key to make this algorithm e�cien t or, at least,
with predictable throughput, is to make an e�ectiv e pruning. A lot of theoretical studies can
be found in recent literature, which aim at �nding techniques to reach this goal [28]. Although
someof them give very interesting ideas,none of them seemsto be e�ectiv e nowadays, with a
strong theoretical demonstration and a simple realization.

2.3 Fixed-p oin t analysis

The study of �nite precisione�ects is a mandatory preliminary step in the designand hardware
implementation of complex processingtasks. Although several implementations of the Sphere
Decoding algorithm have beenproposed,studies on �nite precision e�ects are not available in
literature. In this work, a wide rangeof simulations have beencarried out in order to determine
the e�ects of di�eren t �xed-p oint representations on the performancefor both 16 and 64-QAM
modulation schemes.

A 16 bit data representation has beenchosenas a starting point, becauseit was adopted in
most of the literature for the 16-QAM modulation, soit represents a good choicefor comparisons.
The �rst objective of thesesimulations was to �nd the optimal partitioning betweenfractional
and integer parts within the 16 bits.

Figure 2.2 shows the results of our investigation for 16 and 64 QAM cases. In the legend,
#I indicates the number of bits of the integer part and #F those of the fractional one. The
best position of the decimal point also depends on the gain exhibited by the whole receiving
chain, including RF front-end, analog-to-digital converter and automatic gain control (AGC).
So the main conclusionsthat can be derived from Figure 2.2 are:

� The required number of bits changeswhen di�eren t modulations are consideredand a
larger number of bits must be allocated in the fractional part with higher order modu-
lations, where the minimum Euclidean distance between constellation points decreases:
seven bits in the fractional part lead to performancevery closeto the 
oating-p oint case
for the 16 QAM, while eight bits are required to achieve the sameresult with the 64 QAM.

� As signal amplitudes are higher in higher order modulations, �v e bits are enoughfor the
integer part in the detection of a 16 QAM signal and six bits are required in the 64 QAM
case.

More relevant is the total number of bits required to achieve satisfactory BER performance.
Further simulations have then been carried out for lower numbers of bits, in order to explore
possibletrade-o�s betweenhardware cost and detection performance.

Obtained results are reported in Figure 2.3: a total of 12 bits, �v e for the integer part and
seven for the fractional one, lead to good performancefor 16 QAM modulations; 14 bits, six for
the integer part and eight for the fractional one, are a good choice for the 64 QAM.

Finally, Figures 2.4 shows that the �xed-p oint approximation does not a�ect signi�cantly
the number of visited nodesof the algorithm.
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Figure 2.2: System bit error rate (BER) using 16 and 64 QAM: partitioning between integer
and fractional part.

2.4 Prepro cessing

In this sectionwe discussthe implementation issuesrelated to pre-processing,which is required
before the tree-search. This computation operates on the lattice generator matrix M = HR ;
since the code generator matrix is constant, the computation must be repeated at the channel
estimation update frequency.

The update frequency for the channel estimation can changesigni�cantly according to the
scenario, but it is generally one or two orders of magnitude lower than the signalling rate.
Figure 2.5 depicts a block diagram of a MIMO system adopting the Golden code; dashed
blocks implement modulation and demodulation functions in a genericMIMO-OFDM system.
The Golden code decoding phaseis mainly constituted by three functions: QR decomposition,
column reordering and tree search.

While column reordering is an optional operation able to reducethe tree-search complexity,
QR decomposition is mandatory becauseit allows constructing the tree and �nding the ZF
solution of the minimization problem. In the following paragraph,possibletechniquesto perform
the QR decomposition in hardware are reviewed in order to estimate the overall complexity of
the receiver.
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Figure 2.3: System bit error rate (BER) using 16 and 64QAM: lowering the total number of
bits.

2.4.1 QR decomp osition

As already outlined, a linear transformation of the H channel matrix, such as QR or Cholesky
decomposition is neededin order to construct the tree.

QR decomposition is a numerical algorithm well studied and widely used in many applica-
tions such as matrix inversion, adaptive beamforming and �ltering. QR decomposition based
- Recursive Least Squares(QRD-RLS) methods are routinely adopted in applications such as
multiuser detection in CDMA communications, adaptive equalization of radio channelsetc. The
method is well suited to VLSI realization and it can be implemented in a stable manner using
relatively short word length arithmetic.

Hardware realization of this technique implies the choice betweenHouseholderTransforma-
tion and GivensRotation basedalgorithms [10]. This secondapproach can be accomplishedby
a sequenceof rotation operations to annihilate elements under the main diagonal of the matrix.
Givens Rotation requires a larger number of 
ops compared to Householdermethod in order
to compute QR decomposition, neverthelessthey may be implemented using highly parallel
systolic arrays and for this reasonthey are usually preferred for hardware implementation.

These arrays typically present linear, triangular, or squareorganization; the angle is com-
puted in boundary or diagonal processorsand dispatched to other processorsfor rotation. The
choice of the organization can be made on the basis of area and throughput considerations.
The main parametersof this architecture are listed in Table 2.1, for a n � n matrix: number of
processingelements, latency and throughput. It is assumedthat every processingelement takes
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one or more clock cyclesto perform its computation.
Every single processingelement must perform the angle calculation and the rotation to

annihilate the matrix elements. Several alternatives exist to accomplish these two tasks, and
the two main onesare:

1. Sine and cosine of the angle are computed by meansof operations including also square
root and division.

2. Direct calculation of the angle and then rotation using a CORDIC processor[12].

The main advantage of the �rst approach is that primitiv es can be optimized resulting in
an e�cien t although expensive implementation. The secondtechnique is less expensive, but
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Table 2.1: QR decomposition: di�eren t array organization parameters - number of processing
elements (PE), latency and throughput

Arc hitecture # of PEs latency of single QR Throughput

Triangular n(n + 1)=2 n(n + 1)=2 1=n
2n2 � n 1=(2n2 � n)

Linear n � �
(2n � 1) +

�
n
2 � 1

�
(n + 1) 1=[(2n � 1) +

�
n
2 � 1

�
(n + 1)]

Single Element 1 n2(n + 1)=2 1=[n2 (n + 1)=2]

outputs are generated with longer latencies and data-dependency between operations slows
down the CORDIC algorithm. A lot of strategieshave beenintroduced in order to alleviate the
e�ects of data-dependencies,such as reordering look-ahead[17, 3, 14] or redundant arithmetic
[8].

For lower data-rates, architectures that reusethe processingelements on di�eren t data have
been proposed in [7, 13]. These architectures represent probably the best tradeo� for the
applications addressedin this work.

2.5 First Hardw are Implemen tation:
Parametrizable Solution

The tree-search algorithm is consideredas the most computationally intensive processingblock
in a MIMO detector, although column reordering and QR decomposition can also be heavy
processingtasks. However, sincethe rate of updating for channelestimation is usually oneor two
ordersof magnitude lower than the signalling rate, designconstraints tend to be more stringent
for the tree-search unit than for column reordering and the QR decomposition. Thus the focus
of this work is on the hardware realization of the tree-search algorithm, with application to the
decoding of the Golden code.

As guidelines for the design of the implementation architecture, two main objectives have
beentaken into account. The �rst requirement wasa certain degreeof 
exibilit y in the choiceof
both modulation schemeand sizeof the search space.The secondmain designobjective was a
high decoding throughput, compliant with needsof modern wirelesscommunication standards.

In the developed architecture, the datapath width, the sizeof the search tree and the mod-
ulation scheme are tunable parameters that can be statically con�gured to make the detector
adaptable to di�eren t systems. Although the system is here described with referenceto the
special caseof the Golden code, it can be also usedto decode 4 � 4 MIMO V-BLAST scheme.
The key elements of the developed architecture are described in the following paragraphs.

2.5.1 A 
exible hardw are solution

The key processingtask in the tree exploration algorithm is given by equation (2.7); here the
 (l+1)

l amount, de�ned as

 (l+1)
l = ~yl �

nX

j = l+1

Rl j sj

can be computed step by step through the following recursive expression

 (l )
i =

8
<

:

~yi � Ril sl if l = n

 (l+1)
i � Ril sl if l < n

(2.8)
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where both i and l are in the range 1; : : : ; n. In order to minimize the �nal metric d2(s) with
a greedyalgorithm, at each level of the tree the minimum  (l+1)

l � Rl l sl value betweenall sons
must be selected. More precisely, at each tree node, placed at level l , three main operations
have to be accomplished:

1. for each i = 1; : : : ; n,  (l )
i is evaluated for all sl values,according to (2.8)

2. the sl that minimizes the di�erence  l+1
l � Rl l sl is selected

3. the partial metric T l (s(l )) is calculated according to (2.7).

Thus the straightforward minimization of partial metrics T l (s(l ) ) requires the di�erence com-
putation for all the possiblevalues of sl . This technique becomesincreasingly expensive with
high order modulations, due to the large number of required operations.

In the proposedarchitecture, the minimization of T l (s(l ) ) is rearranged in two steps. In
the �rst processingstep, the value of sl that minimizes the di�erence  (l+1)

l � Rl l sl is directly
selectedby meansof a division; the obtained sl is then used to generate l

i amounts in equa-
tion (2.8), for all i = 1; : : : ; n. At the secondstep, (2.7) is �nally evaluated to obtain the actual
metric value T (l ) for the selectedson. Two functional blocks, U psi and Metric compute
units, are allocated to perform the indicated processingsteps.

In order to �nd the value of sl able to minimize above expression,U psi unit (shown in
Figure 2.6) receives as inputs the  (l+1)

l derived at the upper tree level, together with the l l

element of R matrix. The result of the division  (l+1)
l =Rl l is approximated to the closestinteger

value that derives from the projection of the constellation point onto the real or imaginary
axis: as the tree processesseparately real and imaginary components of received signals, this
approximation is equivalent to the selection of the closestpoint in a PAM (Pulse Amplitude
Modulation) constellation.

The resulting value directly provides the desired sl for the analyzed node. The new  (l )
i

values are then evaluated in parallel, to be used at the lower tree level. In the notation of
Figure 2.6, the  (l ) vector contains the n  (l )

i valuesand the update operation can be expressed
as

 (l ) =  (l+1) � R l sl (2.9)

The initial value is given by  (n+1) = ~y . As the  (l ) vector will be usedat the lower tree level,
it is stored in a dedicatedmemory, which will be later referred to asPsi memory in the global
architecture given in Figure 2.11.

The � output in Figure 2.6 is de�ned as

� = sl �
 (l+1)

l

Rl l

and it represents the correction term to be applied to the division result in order to take the
closestpoint in the equivalent PAM constellation. The useof � will be described later in this
Section.

The Metric compute unit realizesthe secondprocessingstep, evaluating the new value of
the metric T (l ) for the selectedson. Figure 2.7 shows the block architecture: from the upper
tree level, T (l+1) is received as input, together with the  (l )

l value generatedby U psi unit; the
obtained T (l ) is propagated to the lower tree level.
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Figure 2.6: U psi Unit datapath

The described approach, and particularly the use of a division to obtain the optimal sl ,
allows avoiding multiple metric computations; thus it o�ers low complexity and, at the same
time, 
exibilit y in terms of supported modulation schemes. As a matter of fact, a parallel
architecture tailored on a given search tree is able to achieve high processingspeed, while
the sequential computation of a single metric at each cycle makes easier for the decoder to
adapt to di�eren t structures of the search tree, so providing support to multiple modulation
schemes.Similarly to what is donein a software implementation, sequential operations compute
a singlemetric at every cycle, so that the sameprocessingplatform can easily adapt to di�eren t
structures of the search tree by simply varying the number of search steps in the tree.

On the other hand, di�eren tly from what wasimplemented in other detectors,multiplications
cannot bereducedto add and shift proceduressinceoperandsarenot �xed and asa consequence
generalpurposemultipliers have beenallocated.

It is worth noting that, although the described technique introducesthe division  (l+1)
l =Rl l ,

only a few values of this ratio are of interest for the algorithm, those that correspond to the
equivalent PAM constellation points � 1; � 3; : : :. As a consequence,a generalpurposehardware
divisor is not necessaryand the required operation can be executedby meansof a simpli�ed
component able only to �nd the closest integer solution of this division and to determine if
the approximation is by defect or by excess:the �rst log2 Q steps of a successive subtraction
divider [18] can be employed to this purpose,where Q2 is the number of signals in the QAM
constellation. This divider has a very simple architecture that employs only shifts and subtrac-
tions; although it tends to be very slow for a complete division, this solution can be e�ectiv ely
used when only a few shift and add steps are required. The divider employs a dichotomous
processto �nd the requestedvalue after log2 Q steps. In the block diagram of Figure 2.8, the
multiplexer selectsthe dividend at the �rst step and the subtraction result in the following ones;
the n-bit variable shifter is usedto shift the divider by a number of positions that changesfrom
the initial value of log2 Q � 1 down to 0. The subtractor returns the evaluated result one bit
per iteration, starting from the most signi�cant one.
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+

T (l)(s)

T (l+1) (s)

j � j2

 (l)
l

Figure 2.7: Architecture of the Metric compute unit
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Sign bit

First_iteration

10

Figure 2.8: Block diagram of the divisor

2.5.2 Parallelism and pip elining

The desiredfunctional 
exibilit y cannot be achieved at the expensesof processingthroughput,
but the �nal architecture must properly conjugateboth featuresof 
exibilit y and high data rates.
Among e�ectiv e techniques that can be usedto increasethroughput, parallelism and pipelining
have beenconsidered.In previous published approaches,high throughput is obtained resorting
to parallel architectures and two di�eren t kinds of parallelism are usually employed:

� Parallelism at the level of tree exploration

� Parallelism at the level of the metric computation for all sonsof a given node and in the
selectionof the most probable son.

The �rst technique can be used only with some suboptimal algorithms [28] and it becomes
unfeasible when optimal algorithms are adopted, since it requires large amounts of hardware
resources. The second approach is feasible only with low order QAM modulation schemes
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Figure 2.9: Architecture of the U psi step unit

as it implies many concurrent multiplications. Thus these techniques are not viable for the
implementation of parametric architectures. As a consequence,in this work, the pipelining
technique has beeninvestigated.

In order to assurethat a new node is expandedat each clock cycle, a new, alternative metric
must be available also after a pruning operation has taken place; as a consequence,when the
metrics of a given father node are evaluated, two \candidate" nodesare concurrently computed:
the �rst one is a direct son of the considerednode and it is processedby the already described
U psi unit, while the alternative node, placed at a higher level in the tree, is concurrently
computed by the U psi step sub-circuit (see Figure 2.9); both of them generate novel  (l )

valuesfor the next step in the tree traversal.
U psi and U psi step units sharea very similar architecture, however the latter doesnot

need to perform the division, as the secondbest choice for sl (and thus for the alternative
node) can be easily derived as follows. When U psi unit computes the division, the result is
approximated either by defect or by excessto the nearest PAM constellation point: the best
choice for sl is given by

sl (1)
=

 (l+1)
l

Rl l
+ � (2.10)

where � is the correction term provided as output by the U psi unit (Figure 2.6).
The sign of � is usedby U psi step unit to take the second(and following) nearestpoint

in the PAM constellation, according to the following rule, implemented in the top block of
Figure 2.9

sl ( k )
= sl ( k � 1)

� (� 1)ksign(�) (k � 1) A (2.11)

whereA is the distancebetweentwo consecutive points and the initial value, sl (1)
, is the closest

point given in equation (2.10).
Figure 2.10 shows the sequenceof alternative nodes selectedat a given tree level, after

the occurrenceof pruning. Depending on the values assumedby the father node metric, the
algorithm descendsalong the tree, reaching the son node, or it moves to the alternative node
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A �

sl (1) sl (3)

 (l+1)
l
Rl l

sl (4) sl (2)

Figure 2.10: Method usedto selectalternative nodesin U psi step unit

on the samelevel. It is worth noting that the computations of the  (l ) valuesfor both son and
alternative nodesare performedconcurrently with the elaboration of the Tl metric for the father
node. In other words, while the current metric is computed for the father node, the next node
to be visited is identi�ed choosing betweenthe son and the alternative node. Additionally , the
related  (l ) value is computed to be used at the following step in order to obtain the proper
metric Tl � 1 .

This approach also provides a signi�cant speed-up to the inherently serial SE SphereDe-
coding algorithm and has a limited impact on complexity.

2.5.3 Global architecture

The block scheme of the SE tree-traversal circuit showing the architecture derived from the
design criteria outlined in previous paragraphs is depicted in Figure 2.11. Four fundamental
processingblocks can be identi�ed in this architecture:

� U psi unit, which selectsthe most probablesonof the current nodeand computesupdated
 (l ) through expression(2.9) (seealso Figure 2.6);

� U psi step unit, which selectsthe alternative node to be expandedand computesfor this
node the sameamount;

� Metric compute unit, which computesmetric of the current nodeT (l ) = T (l+1) (s(l+1) )+
j (l+1)

l � Rl l sl j2, as in equation (2.7);

� C.U. , control unit devoted to the proper selectionof the tree search direction.

The C.U. constitutes the coreof the tree traversalalgorithm and it must alsocarry-out two
further tasks: to verify the pruning condition and, on the basisof this veri�cation, to properly
dispatch data between the other units. Symbols given in Figure 2.11 are related to the case
of a node expandedin the depth-�rst mode, with no pruning: as a consequence,inputs of the
Metric compute unit are fed with outputs provided by U psi block. When a pruning occurs,
multiplexers are switched and metrics related to the alternative node are selected.

Finally, Psi Memory stores  (l ) vectors from one step to the following one.

2.6 Second Hardw are Implemen tation: Flexible Mo dulation So-
lution

The capability of managingmore than onemodulation schemein order to adaptively selectthe
most e�cien t oneaccording to user needsand channel conditions, is oneof the most important
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Figure 2.11: Sphere Decoder block scheme (caseof a node expanded in the depth-�rst mode,
with no pruning).

requirements of modern wirelesscommunications systems. Golden code, thanks to its charac-
teristic of non-vanishing determinant, is very well suited for such application. In order to take
full advantage of theseGolden Code features,an enhancedimplementation hasbeenrealized to
allow run-time choice of the modulation scheme.

This implementation relies on the samearchitecture described in the previous section, with
an additional parameter that allows the run-time selectionof the constellation. The requirement
of supporting multiple modulation schemesbasically impacts on the control logic, while the other
architecture components remain the sameas in the �rst hardware implementation.

At each level of the tree, the C.U., besidesthe pruning condition veri�cation, also carries
out a secondveri�cation task, related to the mapping constraint: it veri�es if a certain value of
sl still belongsto the speci�ed constellation and usesthis information to drive the processing.

This mapping constraint must also be taken into account in the division  (l+1)
l =Rl l . As the

number of acceptablevaluesfor this operation dependson the adopted modulation, the constel-
lation parameter is usedto dynamically drive the iterations of the dichotomic division algorithm.

Although the described architecture dealswith the implementation of the Golden Code, it
is also scalablein terms of n, which is the sizeof the search tree, growing with the number of
transmitting and receiving antenna: a larger value of the n parameter can be set in the VHDL
code to synthesize detectors for larger channel matrices. Of coursea larger n implies a more
expensive architecture: particularly the value of n mainly a�ects:

� the number of psi metrics to be evaluated in parallel in Figures 6 and 9

� the depth of the tree



42 MASCOT D2.1.2

Table 2.2: Synthesis results and comparisons(16 bits)
This work

Reference ASIC-I [2] ASIC-I I [2] [11] PARAMETRIZABLE IMP . FLEXIBLE IMPL.

Antennas 4� 4 2� 2 per two channel uses

Modulation 16-QAM 16-QAM 16-QAM 16-QAM 4,16,64-QAM

Detector depth-�rst K-b est depth-�rst

sphere sphere sphere sphere

BER Perf. ML Close to ML Close to ML ML

Tech. [� m] 0.25 0.25 0.35 0.25 0.13 0.13

Core Area [GE] 117K 50K 91K 56K 45K 55K

+prepro c. +prepro c. +prepro c. +prepro c. +prepro c. +prepro c.

Max. Clock 51 MHz 71 MHz 100 MHz 109 MHz 250 MHz 217 MHz

Throughput 73 Mbps 169Mbps 52 Mbps 73 Mbps 167 Mbps 146 Mbps

@SNR=20 dB @SNR=20 dB @SNR=20 dB @SNR=20 dB @SNR=20 dB

� the sizeof psi memory.

The complexity of processingblocks in Figures 2.6 and 2.9 grows almost linearly with n; the
memory sizeincreasesasn2, becausen  (l ) valueshave to be stored for n tree levels; �nally the
throughput is expected to decreasewith n, since the number of visited nodes grows, but this
e�ect is strongly dependent also on the supported code.

2.7 Synthesis results

The �rst proposed architecture, tailored to processthe 16 QAM case, has been synthesized
on both 0:13� m and 0:25� m CMOS Standard Cell technologies, using the SynopsysVersion
Z-2007.03-SP1;synthesis on 0:13� m technology has been performed for the second 
exible
architecture. A commercial low-power library has beenchosen.

In order to enable the direct comparison with existing hardware realizations [2], I and I I
ASIC, [11], a 16 bit datapath has beenchosenand the overall decoder has also beensimulated
with the V BLAST 4� 4 MIMO system and throughput �gures reported in Table 2.2 refer to
this con�guration.

The comparisonof the described architectures to existing implementations tend to be quite
di�cult to carry out, becausedi�eren t approacheshave beenadopted: particularly , our solution
implements the ML detection algorithm by meansof a serial architecture, while the �rst ASIC
in [2] maps the same algorithm onto a parallel structure and the secondASIC in [2] makes
use of a serial scheme to realize a closeto ML algorithm. These di�erences must be carefully
evaluated while reading results in Table 2.2.

Comparing the parameterizable architecture to parallel implementations in Table 2.2, the
solution described in [11] and the �rst ASIC presented in [2], it can be observed that a single
metric computation is performedat each cycle, insteadof multiple parallel metric computations.
This characteristic justi�es both the reduced complexity and the inherent 
exibilit y of the
proposed architecture. At the same time, thanks to the adopted pipelined architecture, a
remarkable averagedecoding throughput is achieved without any highly specializedstructure.

Implementation cost is slightly higher than for the secondASIC proposedin [2], where a
serial approach is also adopted, in conjunction with a closeto ML algorithmic approach.
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Table 2.3: Di�eren t datapath width synthesis results
DP Width Area[kG] Period[ns] Freq.[MHz] Through.[Mbps]

12 41 4.3 232 155 (16-QAM)
14 47 4.45 224 150 (16-QAM)
16 55 4.6 217 146 (16-QAM)

On the other hand, the 
exible implementation in the last column of Table 2.2 prove the lim-
ited complexity and performanceoverheadassociated to the capability of dynamically adapting
to di�eren t modulations (4, 16 and 64-QAM).

Finally, the results presented in Section 2.3 on the �nite precision analysis of the decoding
algorithm have beenexploited to derive additional post synthesis �gures for the 
exible archi-
tecture: theseresults, referred to di�eren t datapath widths, are given in Table 2.3. A total of 14
bits are enoughfor the 64 QAM modulation (6 bits for the integer part and 8 for the fractional
one) and the two saved bits grant a complexity reduction of 8 Kgates.

2.8 Conclusions

A new approach basedon a rearrangement of the original algorithm has beenpresented for the
hardware implementation of a SphereDecoder detector: it usesa singlemetric computation per
cycle and is well suited for pipelining, breaking the sequential nature of SD algorithm.

The proposedapproach exhibits an inherent 
exibilit y and results in low complexity archi-
tectures. Two di�eren t hardware implementations have beenrealized, which exploit the main
features of this structure. The �rst implementation is a parametrizable one, while the second
is able to adapt on the 
y to di�eren t modulation schemes.

The data representation format adopted in both implementations is basedon an exhaustive
analysis of �nite precision e�ects collected for 16 and 64 QAM modulations.

Final synthesis results of the proposed architectures are listed in Table 2.2 and show a
signi�cant complexity reduction (approx. 50%for 16 QAM modulation) with respect to parallel
structures. This is mainly due to the singlemetric computation per cycle. A remarkable average
decoding throughput can be achieved with both implementations, thanks to the pipelining
technique, even if the hardware was not tailored on a single modulation scheme as previously
proposedsolutions.
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Singular value decomposition (SVD) and QR decomposition (QRD) are two prominent ma-
trix decomposition algorithms used in various signal processingapplications. In the �eld of
MU-MIMO communication systems, the SVD and the QRD are employed for beamforming,
user selection,scheduling, and for channel-matrix preprocessingfor multi-user and MU-MIMO
detection. In particular, the QRD is a key prerequisite for many advanced MIMO detectors,
such as the spheredecoder implementations described in Chapters 1 and 2 and employed by
the algorithms described in Chapter 7 of this report.

Con tributions

This work discussesthe complexity and performance trade-o�s associated with the VLSI im-
plementation of QRD and SVD for the referencecaseof a 4 � 4 (MU-)MIMO system. To
this end, general architectural considerationsare discussedand two architecture variants are
presented together with correponding ASIC implementation results: one unit has been op-
timized for throughput and the other o�ers enhanced 
exibilit y by allowing to control the
precision/throughput trade-o� at runtime.

Outline

The remainder of this paper is organizedasfollows. In the next section,we shall provide a high-
level design-spaceexploration that provides the basis for the work presented in the subsequent
sections. In Section3.2 the SVD and QRD algorithms are described and all required operations
are identi�ed. A time-shared matrix decomposition archtecture is described in Section 3.3 and
the associated designand implementation trade-o�s are explored in Section 3.4. In Section3.5,
we provide VLSI implementation results and concludein Section 3.6.

47
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3.1 Resource Sharing and Designspace Exploration

Both the SVD and the QRD can be implemented e�cien tly in hardware baseon Givens rota-
tions [1] implemented as CORDIC (coordinate rotation digital computer) circuits. Since the
QRD only requires a subset of operations required for the SVD, an architecture which allows
to compute the SVD would also provide all the functionalit y to compute the QRD. Hence, a
programmable matrix decomposition architecture based on CORDIC arithmetic results in a
single matrix decomposition unit (MDU) and is suitable for both decomposition algorithms.

Due to the relatively high computational complexity of the SVD, systolic arrays basedon
the Jacobi method have been proposed[2, 3, 4]. As illustrated in Fig. 3.1, systolic arrays lie
on one end of the area/delay trade-o� and are usually designedto achieve short computation
time at the cost of large circuit area. However, in MIMO-OFDM systems[5], multiple problems
needto be solved concurrently, wherethe number of parallel taskscorrespondsto the number of
tones. Fast but largearchitectures (such assystolic arrays) are di�cult to match the throughput
to an arbitrary number of problems, e.g., one systolic array might be insu�cien t in terms of
throughput but two might exceedthe available circuit area. Low-area architectures can be
obtained by the use of time-sharing and lie on the other end of the area/delay trade-o� (see
Fig. 3.1). Ideally, time-shared architectures are equally e�cien t as systolic arrays and have
the key advantage to be easily adaptable to individual throughput requirements by the use
of parallel instantiation, i.e., the target throughput can be achieved by replication of a low-
area instance. Additional area savings, while not reducing the decomposition throughput, can
be obtained by iterativ e decomposition of each instance (seeFig. 3.1) to improve the overall
e�ciency .

log(Time)

log(Area)

time
   sharing

replication

1

2
systolic array

ideal effect

1

2
time-shared
architecture

constant
efficiency

iterative
decomposition

Figure 3.1: Ideal impact of architectural transformations [6] on systolic arrays and time-shared
architectures. The dashedbox corresponds to the investigated design-spaceexploration for the
MDU by the useof iterativ e decomposition.

3.2 Matrix Decomp osition Algorithms

To identify all required arithmetic operations and the underlying computational sequences,
the SVD and QRD algorithms are brie
y summarized below. More details for both matrix
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decomposition algorithms can be found in [1].

3.2.1 Singular Value Decomp osition

The SVD of a complex-valued M � N -dimensional matrix A is de�ned 1 as [7]

A = USV H (3.1)

whereU and V are complex-valued unitary matrices of dimensionM � M and N � N , respec-
tiv ely. The real-valued diagonalM � N -matrix S = diagf � 1; � 2; : : : ; � r g, wherer = minf N ; M g
and S contains the ordered singular values: � 1 � � 2 � : : : � � r . The SVD procedure under
consideration baseson the Golub-Kahan algorithm described in [1] and mainly performs the
SVD in two phases:
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Figure 3.2: Illustration of the bidiagonalization and diagonalization phasesof the SVD according
to [1] for a complex-valued 3� 3 matrix. The entries a�ected in the corresponding update have
beenhighlighted.

1The superscript H stands for conjugate transposition
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First, a memory is initialized with M = f I M ; A ; I N g where I L stands for a L � L identit y
matrix. During the bidiagonalization phase,Givensrotations are successively applied to A from
the left-hand side(LHS) and from the right-hand side(RHS), such that the M � N -dimensional
inner matrix A gets bidiagonal and real-valued (denoted by B 0) as illustrated in Fig. 3.2. All
Givensrotations applied to A from the LHS and RHS are applied to the corresponding identit y
matrices. The resulting unitary matrices are denoted by ~U and ~V H and the memory content
after the bidiagonalization phasecorresponds to M =

� ~U ; B 0; ~V H
	

where A = ~U B 0 ~V H .

Diagonalization

The diagonalization phaseconsistsof multiple diagonalization steps (indicated with k) and is
illustrated in Fig. 3.2. Givens rotations are subsequently applied from the LHS and from the
RHS to the bidiagonal matrix B k such that all o�-diagonal entries f i (for i = 1; 2; : : : ; r � 1)
of B k becomezero. The diagonalization phaseis stopped whenever all f i are consideredto be
zero and all di (for i = 1; 2; : : : ; r ) correspond to the unordered singular values. Analogous to
the bidiagonalization phase,all Givens rotations are also applied to the corresponding unitary
matrices such that �nally , M =

�
U ; S; V H

	
is the SVD in (3.1).

In order improve the convergenceof the diagonalization phase, and hence, to reduce the
overall computation time of the SVD, the �rst Givens rotation of each diagonalization step
(indicated with RHS� in Fig. 3.2) is adjusted by the Wilkinson shift [1]

� = an + d � sign(d)
q

d2 + b2
n� 1 (3.2)

where d = 1
2(an� 1 � an ) and

T (n � 1 : n; n � 1 : n) =
�

an� 1 bn� 1

b�
n� 1 an

�
(3.3)

corresponds to the trailing non-zerosubmatrix of T resulting from computing T = B H
k B k .

3.2.2 QR-Decomp osition

The QR decomposition of a M � N -dimensional complex-valued matrix A is [7]

A = QR (3.4)

whereQ is a complex-valued M � N -matrix with orthonormal columsand the upper-triangular
N � N -matrix R has real-valued entries on its main diagonal. The QRD is performed in a
similar fashion as the bidiagonalization phaseof the SVD (seeFig. 3.2) where only the LHS
Givensrotations are applied. This minor modi�cation results in an upper-triangular matrix R
with real-valued entries on its main diagonal. All Givensrotations applied to A are alsoapplied
to the orthonormal matrix Q such that M = f Q; R ; I N g corresponds to the QRD in (3.4).

3.3 VLSI Arc hitecture

In contrast to a systolic array implementation, we describe a low-area matrix decomposition
architecture, which is designedto operate on complex-valued 4 � 4 matrices. The time-shared
architecture is depicted in Fig. 3.3 and consists of tree main components described in the
following.
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64x20 bit

48x32 bit SRAM

CORDIC MAC

Arithmetic Unit

FSM

input/output interface

Figure 3.3: Matrix decomposition architecture overview: the instruction-based sequencercon-
trols the arithmetic unit and the matrix memory, in order to perform the decomposition sequence
stored in the instruction RAM.

3.3.1 Matrix Memory

The matrix memory providesstoragefor three complex-valued4 � 4 matricesM =
�

M 1; M 2; M 3
	

,
which is su�cien t to store the result of an SVD and of a QRD (seeSection 3.2). A complex
value in M is stored at a single memory adress,is 32bits wide, and each real and imaginary
part requires16bits. The matrix memory consistsof a two-port 48� 32bit SRAM and requires
0:06mm2. The matrix memory interface allows to read or write two di�eren t real or imaginary
values in at most two clock cycles.

3.3.2 Arithmetic Unit

In order to designa high-level VLSI architecture of the arithmetic unit (AU), Givensrotations,
square-roots, multiplications, and additions/subtractions are required to compute the SVD and
the QRD (cf. Section 3.2). Givens rotations and the square root can e�cien tly be computed
by CORDIC, whereasmultiplications and additions/subtractions are computed in a dedicated
multiply-accumulate (MA C) unit.

CORDIC Unit

CORDICs can e�cien tly compute two-dimensionalrotations [8] by performing a seriesof micro-
rotations with the aid of shifts and additions/subtractions (cf. Fig. 3.4). To keep the circuit
area low, a single CORDIC is used by the means of time sharing and has been designedto
support vectoring and rotation. Rounding is performed after each add/subtract stagein order
to reduce quantization errors. A complex Givens rotation is performed by three real-valued
vectoring CORDICs (denoted by C1, C2, and C3), i.e.,

�
C
C

� C1!
�

R
C

�

C2!

�
R
R

�
C3!

�
R
0

�
:
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In order to perform the corresponding rotation on a complex-valued 2-dimensionalvector, four
rotation CORDICs are required: the �rst two (C1 and C2) rotate each complex entry indepen-
dently, whereasthe third and fourth CORDICs rotates the real and imaginary part of both
complex valuesby C3.

register

multiplexer

arith. shift right

add/subtract unit

unroll factor: 1unroll factor: 3

+/-+/-
+/-

+/- +/-

+/- +/- +/- +/-

ASR

ASR ASR

ASR ASR

ASR ASR

ASR ASR

MUX

MUXMUXMUX MUX

Figure 3.4: CORDIC architecture overview: iterativ e decomposition can (ideally) reduce the
area without a�ecting the computation time per CORDIC. The unroll factor corresponds to
the number of micro-rotations per clock cycle.

The square-root required to compute the Wilkinson shift in (3.2) can e�cien tly be obtained

with the CORDIC in vectoring mode. Note that
q

d2 + b2
n� 1 corresponds to the nonzeroresult

of the CORDIC with d and bn� 1 applied to the input.

Multiply-Accum ulate Unit

To compute the trailing submatrix of T = B H
k B k as described in (3.3), a real-valued multiply-

accumulate (MA C) unit has been instantiated. The multiplier can be switched o� in order to
perform additions or subtractions required in (3.2).

3.3.3 Instruction-Based Sequencer

The programmable MDU contains a micro-code controlled sequencer.This sequencerconsists
of a 64� 20bit instruction RAM (of size0:04mm2 with storagefor 64 instructions) and a �nite
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state machine (FSM), which decodes instructions, generatatesmemory adresses,and provides
control signals for the AU.

Instruction Set

The SVD and QRD mainly baseon a speci�c rotation sequenceapplied to the matrices in M
(cf. Section 3.3.1). To this end, a set of eight instructions has beende�ned. Four instructions
are used to apply CORDICs from the left-hand side (LHS) or the right-hand side (RHS) to
one complex-value or two real/imaginary-valued entries of M 2 and to update all other a�ected
entries in M . One instruction is usedto initialize the diagonalization phaseof the SVD which
subsequently performs all required diagonalization steps in a self-controlled manner. The re-
maining instructions are reserved to con�gure the number of CORDIC micro-rotations (seeSec-
tion 3.4.1) or to control the program 
o w. The SVD of a complex-valued 4 � 4 matrix requires
27 instructions, whereasa QRD of equal sizerequires only 17 instructions.

SVD-Algorithm Mo di�cations

To simplify the diagonalization phaseof the SVD and to obtain a �xed throughput, the following
modi�cations have beenapplied to [1]:

� O�-diagonal entries of B k (seeFig. 3.2) are consideredto be zero, whenever f i < 2� " for
i = 1; 2; : : : ; r � 1.

� Since the computational complexity of the diagonalization phase is data dependent, an
early-stopping criterion has beenintroduced to obtain a �xed decomposition throughput.
Whenever k = K max , the diagonalization phaseis stopped and the current M is usedas
an estimate of (3.1).

Note that " and K max can be de�ned in the SVD-initialization instruction, which allows to
recon�gure the arithmetic precision and the decomposition throughput at run time.

3.4 Implemen tation Trade-o�s

To reduce the area of the MDU and to improve the overall e�ciency , implementation trade-
o�s associated with arithmetic precision, circuit area, and throughput are investigated in the
following.

3.4.1 Fixed-P oin t Implemen tation Trade-o�s

The arithmetic precision of a �xed-p oint implementation is assessedby the bit error rate
(BER) of an IEEE 802.11n-basedMIMO-OFDM system with beamforming employed. The
basebandinput-output relation of the wirelesschannel is y = Hs + n where H corresponds to
the M � N -dimensional channel matrix, s denotesthe M T -dimensional transmit signal, n the
M R -dimensionalGaussiannoisevector, and y the M R -dimensionalreceive signal. Beamforming
is simulated by computing the �xed-p oint SVD of the channel matrix H and by transmitting
~s = Vs . The receiver converts the input-output relation into N single-input single-output
channels

~yi = � i si + ~n i for i = 1; 2; : : : ; N

where ~y = U H y, � i is the i th singular value, and the noise vector ~n has equal statistics as n.
Finally, a soft-output demapper producesreliabilit y information for the subsequent soft-input
channel decoder.
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Fixed-P oin t Implemen tation

To convert the 
oating-p oint model in a �xed-p oint implementation, the 
oating-p oint SVD has
beensimulated to determine the threshold parameter " and the required maximum number of
diagonalization steps. Simulations have shown that setting " = 7 and K max = 7 doesnot result
in a signi�cant BER performanceloss. Note that reducing " or increasingK max only increases
the computational complexity of the SVD and does not improve the error rate performance.
Further simulations have shown that a near-optimal BER is achieved by using 16 fractional bits
within the CORDIC. Finally, the required number of micro-rotations in the CORDIC has been
evaluated. Figure Fig. 3.5 shows the impact of micro-rotations to the BER of a beamformed
MIMO-OFDM simuation2. At least 12 micro-rotations are required to acheive a BER lessthan
10� 6. Reducing the number of micro-rotations results in a BER 
o or, which is not suitable for
the scenariounder consideration.
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Figure 3.5: Fixed-point SVD performance (16 fractional bits in the CORDIC, " = 7, and
K max ), measuredin a beamformedMIMO-OFDM system. The number of micro-rotations in
the CORDIC (denoted by m) have a signi�cant impact on the BER.

2A convolutionally encoded (rate 1=2, generator polynomials [133o 171o ], constraint length 7, random inter-
leaving) MIMO-OFDM system with four transmit and receive antennas, 16-QAM (using Gray mapping), 64
tones, and soft-input Viterbi decoding is considered. One codeblock corresponds to 1024bits, a TGn type C [9]
channel model is used, and perfect channel state information at the transmitter and receiver is assumed.
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Precision/Throughput Trade-o�

The number of micro rotations in the CORDIC directly in
uences the arithmetic precision of
the MDU (seeFig. 3.5) and has also a signi�cant impact on the throughput. A lower number
of micro-rotations requireslessclock cycles,which results in lowered computational complexity.
We emphasizethat the arithmetic precision requirements of a QRD for MIMO detection are
usually lower than the precision for the SVD in the scenario consideredabove. Hence, it is
bene�cial to lower the precision of the QRD in order to increasethe decomposition speed. To
this end, we proposean arithmetic unit architecture (denoted by AU I I), where the number
of micro-rotations is programmable and allows to adjust the precision/throughput trade-o� at
run time. The maximum number of micro-rotations has been set to 12 to support su�cien t
precisionfor computing the SVD. An unroll factor of two hasbeenchosenwhich allows to chose
the number of micro-rotations from 12, 10, 8, and 6, depending on the application and precision
requirements. Note that all BERs achievable by AU I I are shown in Fig. 3.5.

3.4.2 Area/Dela y Trade-o�

Replication of a low-areaunit canbeusedto achievea given throughput. Lower areaimplies that
the target throughput can be obtained more accurately. Hence,additional reduction in terms
of area per decomposition unit, without a signi�cant throughput decreaseis highly desirable.
To this end, iterativ e decomposition has been applied to the CORDIC unit to determine the
optimum choice of the unroll factor. Sinceonly the area of the AU is a�ected, the area/delay
trade-o� associated with the maximum number of micro-rotations and the CORDIC unroll
factor is shown in Fig. 3.6. Two di�eren t MDUs have beendesigned:MDU I usesof the faster
but less-
exible AU I (using 12 micro rotations and an unroll factor of six), whereasMDU I I
employs the slightly slower but con�gurable AU I I (using an unroll factor of two with 12, 10, 8,
and 6 micro rotations), which allows to control the precision/throughput trade-o� at run time.
Note that the critical path is not only determined by the CORDIC, but also by the MAC unit.
Thus, to align the critical paths of both units, one pipelining register has beeninserted in the
multiplier if the CORDIC unroll factor is lessthan four.

3.5 Implemen tation Results

Fig. 3.7 shows the fabricated ASIC (containing MDU I and MDU I I) in 0.18� m technology.

Table3.1: Referenceimplementation resultsof a complex-valued 4� 4 SVD for 0.18� m (1P/6M)
technology

MDU I I I

Number of CORDIC micro-rotations 12 12 10 8 6
Core area [mm2 ] 0.41 0.37
Maxim um clock frequency [MHz] 133 272
Power Consumptiona [mW] 160 106 113 119 130
Maxim um SVD time [� s] 11.57 15.83 13.29 10.75 8.2
E�ciency [SVDs/s/mm 2 ] 210K 166K 198K 244K 325K
Bit error rate 
o or [BER] < 10� 6 < 10� 6 � 5 � 10� 6 � 2 � 10� 4 � 7 � 10� 3

a Power consumption has beenmeasuredat the maximum clock frequency of the corresponding MDU with 1.8V

core voltage.
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Figure 3.6: Area/delay trade-o� achievable by iterativ e decomposition of the CORDIC: the fast
AU I computes the SVD with high precision (i.e., 12 micro-rotations). The precision of AU I I
can be adjusted at run time to 12, 10, 8, and 6 micro-rotations. The numbersnext to the curves
correspond to the CORDIC unroll factor.

SVD

The VLSI implementation results for the SVD for each MDU are given in Table 3.1. Note that
for highestprecision(i.e., 12micro-rotations), the �rst unit achievesa slightly higher throughput
than the MDU I I and only requires 0.04mm2 more area. However, the secondunit is able to
achieve 55%higher e�ciency (in terms of SVDs per secondper mm2) than MDU I by reducing
the arithmetic precision down to six micro-rotations per CORDIC (seeFig. 3.5). At highest
precision (i.e., using 12 micro rotations), MDU I and MDU I I consume160mW and 106mW,
respectively.

QRD

The implementation results for a complex-valued QRD executed on each MDU are given in
Table 3.2. At maximum precision (i.e., 12 micro-rotations which, however, is only desirable
for the SVD computation), MDU I achieves the higher throughput than MDU I I. Note that
approximately six time moreQRDs per secondper mm2 than SVDsareachievable. Reducingthe
precisionof MDU I I to six micro-rotations per CORDIC, allows to achieve 1.92MQRDs/s/mm 2,
which is 51% more e�ciency than the less-
exible MDU I. Note that the power consumption
increasesby reducing the precision. Hence, tuning the precision/throughput trade-o� at run
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Figure 3.7: MDU ASIC in 0.18� m (1P/6M) technology. The top left corresponds to MDU I
and the top right corresponds to MDU I I. The matrix memories and instruction RAMs are
denoted by M and C, respectively.

Table 3.2: Implementation results of a complex-valued 4 � 4 QRD
MDU I I I

CORDIC rots. 12 12 10 8 6
QRD time [� s] 1.92 2.82 2.35 1.88 1.41
QRDs/s/mm 2 1.27M 0.96M 1.15M 1.44M 1.92M
Powera [mW] 155 105 112 118 128

time can improve the overall e�ciency of MDU I I.

3.6 Conclusion

We described designand implementation trade-o�s of two programmablematrix decomposition
units (MDUs), able to compute the SVD and the QRD. Low area is achieved through extensive
use of time sharing of a single CORDIC unit. The low-area MDUs have been shown to be
suitable for MIMO-OFDM systems,sincethey can be easily adapted to individual throughput
requirements by the use of replication. One unit has been optimized for throughput, where
the throughput of the secondunit is tunable at run time by reducing the arithmetic precision.
The programability and con�gurabiliy of both units allow to use the same architecture for
di�eren t systemrequirements, which avoids the designof dedicatedarchitectures for individual
algorithms and requirements.
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minimum mean squared error sorted QR decomposition is one of the key algorithms em-
ployed for channel-matrix preprocessingin MU-MIMO communication systems. In particular,
the application of this algorithm rangesfrom orderedsuccessive interferencecancellation(OSIC)
to tree-search algorithms [1, 2] with close-tomaximum likelihood bit error rate (BER) perfor-
mance(cf. Chapters 1 and 2).

Con tribution

In this work, we present - to the best of our knowledge - the �rst VLSI implementation of a
4� 4 matrix preprocessorperforming iterativ e sorted minimum mean squared error (MMSE)
QR decomposition for OSIC or for tree-search algorithms. The described VLSI architecture
incorporatesoptimized �xed-p oint arithmetic and shows how a combination of CORDIC circuits
and complex-valued multipliers allows to achieve a very high throughput with low silicon area.
The implemented referencedesign in a 0.25 � m technology processes1.56 million complex-
valued 4� 4 channel matrices per secondmaintaining close-to 
oating-p oint BER performance
for OSIC detection up to a signal to noiseratio (SNR) of 40 dB.

Outline

The remainder of this section introducesthe systemmodel and motivates the development of a
high-speedQR decomposition circuit. Section 4.1 introducesthe sorted MMSE QR decompo-
sition algorithm under consideration. Section 4.2 describes the high-level VLSI architecture of
the SQRD unit and the corresponding micro-architectural choicesfor the implementation of the
arithmetic units. Complexity/p erformance trade-o�s associated with di�eren t sorting strate-
giesand �xed-p oint considerationsare discussedin Section 4.3 and implementation results are
presented in Section 4.4.
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Notation

Bold uppercaseand lowercaseletters represent matrices and column vectors, respectively. The
i th column vector of H is denoted by h i , and H i;j stands for the element in row i and column
j of H .

4.0.1 System Mo del

The systemunder considerationis a MIMO systemwith M T transmit and M R receive antennas.
The matrix H describes the MIMO channel, the M T � 1 transmit signal vector is denoted by
s = [s1 : : : sM T ]T , and the vector n represents the additiv e zero-meani.i.d. Gaussiannoisewith
variance � 2

n per complex dimension. The transmitted vector symbol is normalized such that
E f ssH g = I M T . The corresponding receive signal vector y = [y1 : : : yM R ]T is given by

y = Hs + n (4.1)

and the signal to noiseratio is de�ned as SNR = 1=� 2
n .

4.0.2 MIMO Detection based on QR Decomp osition

The task of the MIMO receiver is to recover s from y, assumingknowledgeof the channel H .
To this end, many computationally e�cien t MIMO detection algorithms start by decomposing
H into a unitary matrix Q and an upper-triangular matrix R using QR decomposition such
that H = QR . The transformation ŷ = QH y then transforms the problem in (4.1) into

ŷ = Rs + ~n; (4.2)

which is fully equivalent, but can be solved with signi�cantly reducedcomputational complexity
(for example through back-substitution or spheredecoding).

The MMSE QR decomposition is a slight modi�cation to the QR decomposition of H re-
quired for example for zero-forcing linear or OSIC detection. The basic idea is to take the
additiv e noiseinto account by consideringan augmented channel matrix �H =

�
H T � n I

� T
to

obtain Q = Qa and R such that
�

Qa Qc

Qb Qd

� �
R
0

�
=

�
H

� n I

�
: (4.3)

The QR decomposition of the augmented channel matrix has a computational complexity that
is roughly 50% higher compared to the QR decomposition of H [3]. However, the algorithm
achievesan improvement in BER performancewith linear detection and a signi�cant complexity
reduction with tree-search basedMIMO detection algorithms.

4.1 Sorted MMSE QR Decomp osition Algorithm

The MMSE QR decomposition of �H can be performed through the Gram-Schmidt [4] orthog-
onalization or through a sequenceof unitary transformations. The main advantage of unitary
transformations residesin the fact that one can employ vector rotations as atomic operations
which preserve the total power of the operands. Hence, the dynamic range of all variables is
tightly bounded and the algorithm is well suited for �xed-p oint arithmetic.

To simplify the notation, the composite matrix

Z (0) =
�

H I M R

� n I M T 0

�
(4.4)
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Algorithm 1 MMSE-SQRD basedon Givensrotations

1: Z = Z (0) ; p = [1: : : M T ]
2: for j = 1; : : : ; M T do
3: � j = kh j k2 initial column norms
4: end for
5: for i = 1; : : : ; M T do
6: k = arg min j = i;::: ;M T

� j

7: exchangecolumns i and k in order array p and in the �rst M R + i � 1 rows of Z
8: compute a seriesof Givens rotations � u such that rows i + M R ; : : : ; i + 1 of column zi

becomezero:
Z =

� Q iM R
u=( i � 1)M R +1 � u

�
Z

9: for j = i; : : : ; M T do
10: � j = � j � kZ i;j k2 update column norms
11: end for
12: end for

is introduced. Each Givens rotation, described by the matrix � i , is designedto selectively
zero a single entry of Z (i ) . In order to upper-triangularize the left half of Z (0) , the iteration
Z (i ) = � i Z (i � 1) is applied, which ultimately yields

Z (N ) = � N : : : � 1Z (0) =
�

R QH
a

0 QH
c

�
; (4.5)

wherethe nulling proceeds�rst row-by-row and then column-by-column asillustrated in Fig. 4.1
for i = 1; 2; : : : ; N . The relevant parts of Z (N ) for further MIMO processingare R and Q H

a .
The sorting follows the original SQRD algorithm proposedin in [5]. However, while the original
description was based on a modi�ed Gram-Schmidt procedure, it is adapted in Alg. 1 to be
usedwith Givensrotations.

4.2 VLSI Arc hitecture

The application �eld of the circuit developed in this paper are MIMO-OFDM systemswhere
SQRD must be performed on a large number of channel matrices in a short time [6]. The
subsequent architectural considerations target therefore the high-speed region of the design-
space.

4.2.1 Resource Allo cation and Scheduling

For the designof a suitable high-level VLSI architecture, we start by identifying the two types
of atomic operations required for Givens rotations, in order to �nally constitute the QR de-
composition algorithm described in the previous section: Vectoring subsumesthe computation
of � i and the associated nulling of the corresponding entry in Z (i ) . Rotation refers to the ap-
plication of � i to an individual column of Z (i ) , in which only two entries are a�ected by the
transformation.

As can be seenfrom the illustration in Fig. 4.1a, each vectoring operation is followed by
multiple rotation operations. Hence,the number of vector rotations exceedsby far the number
of vectoring operations, even if explicit rotation is avoided when the a�ected entries of Z (i )

are a-priori known to be zero. Since a VLSI architecture for high-speed matrix processing
needssuper-scalarexecutionunits, dedicatedhardware resourcesare allocated for vectoring and
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rotation, allowing both operations to be carried out concurrently asillustrated in Fig. 4.1b. The
rotation circuit is optimized for speedsincethe number of operations to be carried out is large.
The vectoring circuit needsto perform fewer operations, it can therefore be designedto require
lesssilicon area by applying iterativ e decomposition. These dedicated VLSI optimizations do
not a�ect the overall throughput of the QR decomposition unit, becausethe total processing
time for the area-optimized vectoring operations can be hidden behind the large number of
rotation operations.

C C C 0 0 1
C C C 0 1 0
C C C 1 0 0
R 0 0 0 0 0
0 R 0 0 0 0
0 0 R 0 0 0

R C C C C C
0 R C C C C
0 0 C C C C
0 0 R C C 0
0 0 0 C C 0
0 0 0 C 0 0

cycles

i = 1 i = N

Vectoring

Rotation

i = 1

C C C 0 0 1
C C C 0 1 0
R C C C 0 0
0 C C C 0 0
0 R 0 0 0 0
0 0 R 0 0 0

� � �

� � �

� � �

R C C C C C
0 R C C C C
0 0 R C C C
0 0 0 C C C
0 0 0 C C 0
0 0 0 C 0 0

completei = 2a)

b)

i = 2 i = 3 i = N

Figure 4.1: a) Illustration of the MMSE QR decomposition sequence.The initial matrix Z (0) is
shown at the left, the �nal result Z (N ) of the decomposition at the right. b) Parallel processing
of vectoring and rotation in the proposedVLSI architecture.

4.2.2 Implemen tation of Giv ens Rotations

The two basic operations for Givens rotations, vectoring and rotation, can both be imple-
mented using conventional arithmetic or dedicated CORDIC circuits [7]. CORDICs are a
well-establishedmethod to implement Givens rotations in hardware. In short, the concept of
the CORDIC algorithm is to decompose the rotation of a vector into a seriesof micro rota-
tions by applying shift and add operations. This sequenceof shift and add operations is �rst
determined by the vectoring block, and afterwards executedsimilarly by the rotation block. A
more detailed analysis shows that CORDICs are particularly well suited for the area-e�cien t
implementation of vectoring using iterativ e decomposition, while fast rotation can be realized
more e�cien t by using conventional complex-valued multipliers [3], but this implies the avail-
abilit y of the corresponding complex-valued rotation coe�cien ts. A solution to this problem
is to attach an area-optimized slave CORDIC in rotation mode to the vectoring CORDIC as
shown in Fig. 4.2. The input to this slave CORDIC is a unit vector, prescaledby the CORDICs
constant scaling factor � . The corresponding output valuesare the coe�cien ts required for the
multipliers which carry out the vector rotation.

4.2.3 High-lev el Arc hitecture

The overall VLSI architecture of the QR decomposition unit is shown in Fig. 4.3. The dedicated
vectoring and rotation circuits (using CORDIC and conventional arithmetic, respectively) are
extended to handle complex-valued matrix entries. The memory which stores the original and
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Figure 4.2: Enhancedvectoring CORDIC, computesdirectly cos(x) and sin (x) for subsequent
vector rotations using standard multiplications.
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Figure 4.3: VLSI architecture of the low latency iterativ e sorted MMSE QR decomposition with
super-scalarvectoring and vector rotation.

intermediate matrices Z (i ) is shown as QR Cache and is realized using RAMs with a dedicated
read and write port. To satisfy the high memory bandwidth requirements of the rotation block
(two read and two write accessesper cycle), the cache is split into two independent memory
banks. One bank holds the even rows, the other holds the odd rows of Z (i ) . Sincethe rotation
block always requiresthe full memory bandwidth, the vectoring block is fed by a separateFIFO
and an additional shadow memory. This solution prevents the rotation block from being stalled
by memory accesscon
icts.
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4.2.4 Iterativ e Sorting

The iterativ e sorting described in Alg. 1 is a key feature of this circuit. The sort metrics are the
column normsof Z (i ) , which arecompletely calculatedfor Z (0) at the beginningof Alg. 1 in line 3,
and which are then iterativ ely updated for Z (i ) , i � 1 in line 10. The recursive column-norm
update procedurerequires few additional hardware resources1 and reordering of the columnsof
Z (i ) can be implemented e�cien tly with simple addressremappersshown in Fig. 4.3. However,
the sorting occasionallyhinders the parallel processingof vectoring and rotation. The problem
ariseswhen the update of one column norm needsto wait for the completion of outstanding
rotation operations. In this case,alsothe next vectoring operation needsto bedelayed, until the
next column to be processedcan be identi�ed basedon the updated norms. As a consequence,
iterativ e sorting introduces an additional delay compared to QR decomposition with a �xed
column order. Speculative vectoring of the �rst element in a new column of Z (i ) helps to reduce
the associated performancepenalty. However, ascan be seenfrom the comparisonin Table 4.1,
a small increasein the number of cyclescomparedto unsorted or one-time (a-priori) sorted QR
decomposition remains.

Table 4.1: Processingtime of di�eren t modes

Mode
Processingtime
per 4� 4 matrix

unsorted MMSE-QRD 67 cycles/ 536 ns
one-time sorted MMSE-QRD 67 cycles/ 536 ns
iterativ e sorted MMSE-QRD 80 cycles/ 640 ns

4.3 Implemen tation Trade-O�s

Implementation trade-o�s comprise the sorting strategy and the choice of the �xed-point pa-
rameters. For the subsequent analysis,considera MIMO systemwith M T = M R = 4, 16-QAM
modulation and MMSE-(O)SIC detection.

4.3.1 Impact of the Sorting Strategy

The BER simulation results for di�eren t sorting strategies are shown in Fig. 4.4. Clearly, a
simple one-time sorting as usedin [6] already provides a signi�cant performancegain compared
to unordered SIC. The iterativ ely sorted QR decomposition closesthe gap betweenthe highly
complex, but optimal V-BLAST [8] ordering and the very simple, but less e�ectiv e one-time
sorting.

4.3.2 Fixed-P oin t Considerations

A critical aspect for the e�cien t implementation of the QR decomposition unit is a conservative
choice of the �xed-p oint parameters. The ultimate performancemeasureis the implementation
loss which relates the BER performanceof a �xed-p oint receiver implementation to the BER
achieved with a corresponding 
oating-p oint receiver. Unfortunately, analytical expressionsfor
this implementation lossas a function of the number of integer and fractional bits usedfor the
intermediate variables and for the number of CORDIC iterations usedfor the vectoring are not

1 In order to reduce hardware complexity, the squared ` 2-norm in Alg. 1 can be approximated for example by
the `1-norm or by the `1 -norm.
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Figure 4.4: BER performance of di�eren t MIMO detection methods for uncoded 16-QAM,
M T = M R = 4, and perfectly known H and � n ([x y] denotestotal number of bits including the
sign bit, and fractional bits, respectively)

available. Hence,we must resort to Monte-Carlo simulations. Corresponding results are shown
in Fig. 4.4, where only the QR decomposition has been implemented in �xed-p oint, while the
detection stageperforming SIC hasbeenimplemented using 
oating-p oint arithmetic to clearly
separate the two units. Moreover, the input matrix is assumedto be scaled such that the
maximum absolutevalue of real and imaginary parts doesnot exceedone(block 
o ating-point ).

4.4 Implemen tation Results

The presented circuit has been implemented in a 0:25� m 1P/5M technology. It supports all
possiblecon�gurations deductedfrom M T � M R � 4. The sort mode can either be disabled,or
set to one-timeor iterativ e sorting. To achieve closeto 
oating-p oint performanceup to an SNR
of 40 dB, an internal quantization setting of 3 integer and 10 fractional bits has been chosen
together with 9 CORDIC iterations for vectoring. With iterativ e sorting basedon the ` 2-norm,
the corresponding design requires only 54k gates (2:1mm2; 0:25� m) and a suitable detection
unit [6] would occupy an additional 23k gates(0:9mm2; 0:25� m).

In comparison,the MMSE V-BLAST described in [9] hasa footprin t of 9:0mm2 in a 0:35� m
technology which corresponds to roughly 190k gates. A �rst reason for this signi�cant area
penalty is the fact that the V-BLAST algorithm employs two sequential sets of unitary trans-
formations instead of one, which translates either into a twofold area or into a twofold increase
in processingtime. A secondreasonlies in the higher sensitivity of the V-BLAST algorithm to
quantization e�ects, which ultimately calls for more complex arithmetic units.
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Figure 4.5: Layout of the iterativ e sortedQR decomposition ASIC in 0:25� m 1P/5M technology:
125 MHz maximum clock frequencyand �nal core area of 2.61 mm2 at 83% core utilization.

4.5 Conclusions

MMSE-SQRD is a key preprocessingstep for many relevant MIMO detection algorithms, in-
cluding successive interferencecancellation and spheredecoding. The key to an area e�cien t,
high-throughput VLSI architecture is the joint consideration of algorithmic and VLSI imple-
mentation aspects. The implemented MMSE-SQRD algorithm employs Givens rotations. The
corresponding rotation matrices are obtained with CORDIC circuits and are applied through
complex-valued multipliers. The iterativ e sorting adds only a small penalty in terms of silicon
area and throughput, but provides a considerableBER performanceimprovement with OSIC
and potential for complexity reductions in numerousadvancedMIMO detection schemes.
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5.1 In tro duction

In typical random-accesscommunication systems,the number of active users,their location, as
well as the parameters that characterize their channel state, vary with time. Thus, techniques
aimed at identifying not only the data transmitted, but also the userparameters,play a central
role in analysis and design of those systems. Examples of application of these techniques can
be found in multiuser detection (MUD), spatial multiplex schemes,and ad hoc networks. In
MUD, it has long beenrecognizedthat oneof the important issuesis that the set of active users
at any time may not be known to the receiver. For conventional (matched-�lter) receivers,
this dearth of information doesnot a�ect performance,while for other receivers the simplistic
assumption that all usersare active will causesigni�cant degradation. 1 In addition, certain
detectors basedon interference cancellation must know the strongest active users in order to
perform satisfactorily [6]. Moreover, as observed in [24], \iden ti�cation of active userswill help
the systemto promptly processrequestsand e�cien tly allocate channels. In such a way, system
capacity can be increased."

The problem of detecting active usersin a multiuser system has beenaddressedby several
authors in a CDMA context [3, 6, 15, 16, 17, 23]. Typically, the resulting multiuser receiver
is a combination of two separatemodules, namely, the active-user identi�er and the multiuser

1See,e.g., [4, 15, 23]. As an example, if a decorrelator detector [20, Chapter 5] doesmore nulling than needed,
its performance is impaired. Ref. [7] describes a casewhere a multiuser detector su�ers from catastrophic error
if a new user becomesactive.

69
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detector. The treatment in [6, 15, 16] focuseson the problem of detecting a singleuser entering
or leaving the system. Ref. [23] advocates a subspace-basedmethod (MUSIC algorithm) for
identifying the active users,under the assumptionthat the receiver knows the pool of all possible
spreadingcodesthat may beusedin transmission. In [9], the active-user-identi�cation algorithm
is subspace-based,as in [23]; the receiver is not interested in decoding all active users, but
only those transmitting a messageto it. Ref. [24] addressesthe problem of estimating the
number of activeuserswhensynchronousand asynchronoususersco-existin the system. Further
performanceimprovement can be expectedif the receiver can exploit a priori information about
users entering and exiting the system. The knowledge of a tra�c model is exploited in [4],
whoseauthors useit to improve the detection of active users. They model bursty tra�c for an
individual sourceas a two-state Markov chain.

Other systemsin which user identi�cation is necessaryinclude spatial multiplexing schemes,
where the total system throughput can be optimized by properly selecting a subset of users
to which the power is allocated [10, 25]. Thus, optimum power-control strategy requires the
identi�cation of this bestsetof users. In ad hoc networks, optimal transmissionstrategiesrequire
the identi�cation and localization of active nodesin the neighborhood of the transmitter.

In this chapter, we examine the general problem of detecting the identities of active users
and their data. Unlike previous work done in this area, which advocates a two-stagereceiver,
we focus on optimal design of a receiver which estimates simultaneously the number of users
and their parameters and data. The receiver performancecan be enhancedif one usesthe a
priori information o�ered by a tra�c model, i.e., a dynamic model for the number of active
usersand for their parameters. In fact, information from the past history of the parameters
may bring a considerableamount of extra information if their changesare not overly abrupt
(for example, if the number of active usersdoesnot changeconsiderably from frame to frame).

Having to deal with random sets, i.e., with sets comprising a random number of random
vectors (those including what is unknown about each user), a tool that can be usedis Random
Set Theory (RST: see the Appendix and the referencestherein). RST, recently applied in
the context of multitarget tracking and identi�cation (see, e.g., [5, 11, 12, 13, 14, 21, 22]) is
basedon a probabilit y theory of �nite sets that exhibit randomnessnot only in each element,
but also in the number of elements. RST (and in particular its formulation, referred to as
Finite Set Statistics, or FISST [11, 12, 13], speci�cally tailored to problems in whoseclasslie
those we are considering in this Report) develops conceptswhich are not part of conventional
probabilit y theory. In fact, a central point in FISST is the generation of \densities" which are
not the usual Radon-Nikod�ym derivativesof probabilit y measures,but rather \set derivatives"
of nonadditive \b elief functions." On the other hand, these densities, which capture what is
known about measurement state space,usersstate space,and usersdynamics, can be derived
in a rather straightforward way from the system model by using the FISST toolbox. RST is
a tool that has considerablegenerality and 
exibilit y, is consistent with engineeringintuition,
and is easyto use.

To illustrate the application of RST to random-accesscommunication, we focus on MUD
problems,and derive Bayesian-�lter equationsdescribingthe evolution with time of the a poste-
riori probabilit y density of the unknown user parametersand data. Speci�cally , in this chapter
we restrict ourselves to interferer identi�cation and data detection, while in next chapter we
examine the problem of estimating users' parameters as well. We hasten to claim that the
applications consideredhere do not exhaust the potential of RST for the analysis of random-
accesssystem: thus, many of the simplifying assumptionsare not made becausemore realistic
models cannot be dealt with using our theory, but rather becausewe do not want to muddle
the intrinsic simplicit y of the RST tool with marginal details. This chapter is organized as
follows. Section 5.2 describesthe channel model, while Section 5.3 states the MUD problem in
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the context of RST. Section 5.4 describesan application to CDMA, while Section 5.5 provides
somenumerical results illustrating the theory.

5.2 Channel mo del and statemen t of the problem

We assumeK + 1 userstransmitting digital data over a common random-accesschannel. Let
s(x (0)

t ) denote the signal transmitted by the referenceuser at discrete time t, t = 1; 2; : : :, and
s(x (i )

t ), i = 1; : : : ; K , the signals that may be transmitted at the sametime by K interferers.
Each signal has in it a number of known parameters, re
ected by the deterministic function
s( � ), and a number of random parameters,summarizedby x (i )

t . The index i re
ects the identit y
of the user, and is typically associated with its signature. The observed signal at time t is a
sum of s(x (0)

t ), of the signals generatedby the usersactive at time t, which are in a random
number, and of stationary random noisezt . We write

y t = s(x (0)
t ) +

X

x ( i )
t 2 X t

s(x (i )
t ) + zt (5.1)

whereX t is a random set, encapsulatingwhat is unknown about the active users. The notations
of (5.1) implicitly assumethat user 0 is active with probabilit y 1 and its parameters (but not
its data) are known (this restriction can be easily removed).

To motivate the development presented in this chapter, and in particular our use of RST,
we proceed to formulate the general problem through three intermediate steps. Speci�cally ,
we examine three scenariosof increasing complexity, under the assumptions that the users'
parametersare all known, that the number of interferers is random and unknown to the receiver,
and that we are interested in detecting the data transmitted by the referenceuser:

À The receiver hasno information about the a priori probabilities that the individual interfer-
ers are active. Two options we may considerhereare maximum-likelihood (ML) detection
of the referenceuser'sdata under the assumption that all potential interferers are active,
or joint ML detection of the number of active interferers and of the referenceuser's data.
Consider binary transmission for simplicit y. In the �rst case,detection implies choosing
among 2 � 2K hypotheses.In the secondcase,the choice is among 2 � 3K hypotheses,as
every interferer may transmit onebetweentwo binary symbols, or be inactive. The di�er-
encein performancebetweenthe two situations is illustrated in Fig. 5.1, which compares
the two detectors described above. The ordinate shows the bit error probabilit y of the
referenceuser in a multiuser system with 2 independent interferers transmitting binary
antip odal signalsover an additiv e white Gaussiannoise(AWGN) channel with the samea
priori probabilit y of activit y � , spreading-sequencesconsisting of Kasami sequenceswith
length 15 [12, p. 240], and perfect power control. The single-userbound is also shown as
a reference. It is seenthat RST yields a detector much more robust than classicMUD
to variations in the usersactivit y factor. We also observe that classicMUD can outper-
form RST for high values of � , as this situation corresponds to its having reliable side
information about the number of active users.

Á The receiver knows the a priori probabilities that the individual interferers are active.
System performancecan be further improved if the receiver is able to exploit additional
side information in the form of a priori probabilities of user activit y. By assumingthat
the activit y factor � is known, maximum a posteriori (MAP) detection yields the results
shown in Fig. 5.2.
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Figure 5.1: Bit error probabilit y of the referenceuser in a multiuser system with 2 interferers,
independently active with probabilit y � . Lines with diamond markers: Classic multiuser ML
detection, assumingthat all usersare active. Lines with circle markers: ML detection of data
and interferers number. Dashedcurve: Single-userbound.

Â The receiver has a dynamic model of users' activity. The receiver performance can be
further improved by using additional information about the interferers, in the form of a
model of their dynamic behavior. This information can be generated once a model of
users' mobilit y is available.

Observe again that the information carried by the interferers is contained in the set

X t = f x (1)
t ; : : : ; x (k)

t g

whoseelements are random vectors,and k is itself a random integer. RST developsa probabilit y
theory on random setsof this form, which are modeled as single entities. Roughly speaking, a
random set is a map X betweena samplespaceand a family of subsetsof a spaceS. This is the
spaceof the unknown data and parametersof the active interferers. For example, if everything
about the interferers is known, except for their number and identit y, then X takesvaluesin the
power set 2K , where K , f 1; : : : ; K g. We may also consider a situation in which one or more
parameters(the interferer power, etc.) are also unknown in addition to the interferers' number
and identities, while the transmitted data are known (for example, in a training phase). In
mathematical terms, S is generally a hybrid space S , Rd � U, with U a �nite discrete set, and
d the number of parameters to be estimated for each user. In the remainder of this chapter
we shall restrict ourselves to the cased = 0, and leave to Chapter 6 the discussionof the case
d 6= 0.

With channel model (5.1), the receiver detects only a superposition of interfering signals.
Thus, the random set describing the receiver, denoted Y t , is the singleton f y t g, where y t has
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Figure 5.2: Bit error probabilit y of the referenceuser in a multiuser system with 2 interferers,
independently active with probabilit y � . Lines with diamond markers: ML detection of active
usersand data. Line with circle markers: MAP detection using a priori knowledgeof the value
of � . Dashedcurve: Single-userbound.

conditional probabilit y density function

f Y t jX t (y t j B ) = f z(y t � � (B )) (5.2)

whereB = f b1; : : : ; bkg is a realization of X t , that is, a realization of a random set of usersand
their parameters/data. Moreover, f z( � ) is the probabilit y density function (pdf ) of the additiv e
noise,and

� (B ) ,
X

b i 2 B

s(b i ) (5.3)

5.2.1 De�ning estimators

Development of estimators with our model must take into account the peculiarities of RST. For
example,expectations cannot be de�ned, becausethere is no notion of set addition, and hence
estimators basedon a posteriori expectations do not exist (this point is discussedthoroughly
and eloquently in [15]). A possibleestimator maximizes the a posteriori probabilit y (APP) of
X t given y1:T , the latter denoting the whole set of observations corresponding to a data frame
transmitted from t = 1 to t = T. Another possibility is to restrict oneselfto a causalestimator,
which searches for the maximum probabilit y of X t given y1:t . In a delay-constrained system,
onemay estimate X t on the basisof the observations y t � �: t+� , with � a �xed interval duration
(sliding-window estimator).



74 MASCOT D2.1.2

5.2.2 Consideration of a dynamic environmen t

Sincef X t g1
t=1 forms a random set sequence,the statistical characterization of X t is neededfor

all discrete time instants t. If a dynamic model of the transmission system is available (which
is what we assumein this report), then the APPs can be updated recursively, thus allowing
one to take advantage of the information gathered from the past evolution of the system. We
observe in passingthat the concept of an adaptive receiver was examinedpreviously by several
authors (see,e.g., [19] and referencestherein), while the e�ects on analysisof a dynamic model
were touched upon, among others, by the authors of [2, 6, 15, 16].

We make the assumption that f X t g1
t=1 forms a Markov set sequence,i.e., that X t depends

on its past only through X t � 1. This allows us to useBayesian-�lter recursionsfor bX t [16]:

f X t +1 jY 1: t (B j y1:t )

=
Z

f X t +1 jX t (B j C)f X t jY 1: t (C j y1:t ) � C (5.4)

f X t +1 jY 1: t +1 (B j y1:t+1 )

/ f Y t +1 jX t +1 (y t+1 j B )f X t +1 jY 1: t (B j y1:t ) (5.5)

The integrals appearing in the equationsare set integrals, de�ned in the senseof RST (seethe
Appendix). The notation � for the di�eren tial re
ects this de�nition.

Thus, the causalmaximum-a-posteriori estimate of X t is obtained by maximizing, over B ,
the APP f X t jY 1: t (B j y1:t ), which is tantamount to minimizing

m(B ) , (y t � � (B ))2 � " (B )

where "(B ) , N0 ln f X t jY 1: t � 1 (B j y1:t � 1). The �rst term in the RHS of de�nition above is the
Euclidean distance between the observation and the sum of the interfering signals at time t.
Its minimization yields ML estimates of X t . The secondterm in the RHS, generatedby the
uppermoststep of iterations, re
ects the in
uence on X t of its past history, and its consideration
yields MAP estimates.

The Bayesian-�lter recipe (5.4)-(5.5) requires two ingredients. The �rst one is the channel
model, through the pdf f z(y t j X t ). For example, assumingreal signals, and the noise to be
Gaussianwith mean 0 and known variance N0=2, we have

f z(y t j X t ) / expf� (y t � � (X t ))2=N0g

The second ingredient is the dynamic model of the random set sequenceX t , described by
the function f X t +1 jX t ( � j � ) that describes the time evolution of data and parameters of the
system. Examplesof this modeling procedureare available for the problem of tracking multiple
targets [16, 22].

From now on we restrict ourselves to the detection of the number and identit y of active
interferers, and of the data they carry, under the assumption that the remaining parameters,
which werepreviously estimated by the receiver in a training phase,do not changein any appre-
ciable way during the tracking phase. Estimation of these parametersusing RST is described
in next chapter.

5.3 Detection

5.3.1 Activ e users

We assume�rst that we are only interested in detecting which interferers, out of a universeof
K potential system users,are present at time t. This information may be used for example to
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do decorrelation detection, under the assumption that the signaturesof all usersare known at
the receiver. In our theory, X t takesvaluesin 2K . Sincethis set is �nite, a probabilit y measure
for X t can be de�ned by assigningall probabilities P(A ), A 2 2K .

Static mo del

At any �xed time t, supposethat the probabilit y of interferer x (i )
t to be active is � , independent

of t and i . In this casethe probabilit y of the interferer set X t dependsonly on its cardinality
jX t j, and we can write

f X t (B ) = � jB j(1 � � )K �j B j (5.6)

To derive this result, we useRST by �rst computing the belief function

� X (S) , P(X � S)

=
jSjX

j =0

X

B :B � S & jB j= j

P(X = B )

=
jSjX

j =0

�
jSj
j

�
� j (1 � � )K � j (5.7)

and subsequently computing its set derivative, which, in the discrete case,becomesthe M•obius
inversion formula (5.50).

Dynamic mo del

Consider now the evolution of X t . We assumethat from t � 1 to t somenew users become
active, while someold usersbecomeinactive. We write

X t = St [ N t (5.8)

whereSt is the setof surviving usersstill active from t� 1, and N t is the setof newusersbecoming
active at t. The condition N t \ X t � 1 = ; is forced, becausea user ceasingtransmission at time
t � 1 cannot re•enter the set of active users at time t. We proceedby constructing separate
dynamic models for St and N t , which will be eventually combined to yield a model for X t .

Consider �rst St . Supposethat there are k active usersat t � 1, the elements of the random
set X t � 1 = f x (1)

t � 1; : : : ; x (k)
t � 1g. Then we may write, for the set of surviving users,

St =
k[

i =1

X (i )
t (5.9)

where X (i )
t denoteseither an empty set (if user i has becomeinactive) or the singleton f x (i )

t g
(user i is still active). Let � denotethe \p ersistence"probabilit y, i.e., the probabilit y that a user
survivesfrom t � 1 to t. We obtain, for the conditional probabilit y of St given that X t � 1 = B :

f St jX t � 1 (C j B ) =
�

� jC j(1 � � ) jB j�j C j; C � B
0; C * B

(5.10)

For new users,a reasonablemodel has

f N t jX t � 1 (C j B ) =
�

� jC j (1 � � )K �j B j�j C j; C \ B = ;
0; C \ B 6= ;

(5.11)
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Finally, by assuming that births and deaths of users are conditionally independent given
X t � 1 = B , the conditional pdf of the union of the random setsSt and N t is obtained from the
generalized convolution [5]

f X t jX t � 1 (C j B )

=
X

W � C

f St jX t � 1 (W j B ) f N t jX t � 1 (C n W j B )

= f St jX t � 1 (C \ B )f N t jX t � 1 (C n (C \ B )) (5.12)

Bayesian-�lter recursions

In our context, recursions(5.4)-(5.5) can be implemented as follows. Determine �rst:

À The a priori probabilit y distribution of X 0 at the beginning of the detection process.
Description of this distribution consists of assigningprobabilities to all the elements of
2K . This canbedonefor exampleby assumingindependent userswith the samestationary
activit y factor.

Á The set of observations y t , t = 1; : : : ; T .

Â The conditional pdf 's f Y t jX t , depending on the channel model.

Ã The \evolution" pdf 's f X t +1 jX t , depending on the dynamic model.

The recursion goesas follows: omitting the subscripts for notational simplicit y here, and iden-
tifying random setswith their realizations, we have

f (X 1) =
Z

f (X 1 j X 0)f (X 0) � X 0

With this, we can compute
f (X 1 j y1) / f (y1 j X 1) f (X 1)

which allows the calculation of the causalMAP estimate bX 1. Next, we compute

f (X 2 j y1) =
Z

f (X 2 j X 1) f (X 1 j y1) � X 1

and hence
f (X 2 j y1:2) / f (y2 j X 2) f (X 2 j y1)

which allows the calculation of bX 2. The generalrecursion has, for t = 2; : : ::

f (X t+1 j y1:t ) =
Z

f (X t+1 j X t ) f (X t j y1:t ) � X t

f (X t+1 j y1:t+1 ) / f (y t+1 j X t+1 ) f (X t+1 j y1:t )

and, in the caseexamined in this section,

f (X t+1 j y1:t )

=
X

X t 2 2K

f (X t+1 j X t ) f (X t j y1:t ) (5.13)

f (X t+1 j y1:t+1 )

/ f z(y t+1 � � (X t+1 )) f (X t+1 j y1:t ) (5.14)
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5.3.2 Activ e users and their data

Assumebinary information data, independent from time to time and acrossusers,and a discrete-
time unit such that from t to t + 1 each user transmits N binary symbols. In this caseX t takes
values in a set with

KX

k=0

�
K
k

�
2kN = (1 + 2N )K

elements, that we denote (1 + 2N )K . Eq. (5.6) becomes

f X t (B ) = 2� N jB j � jB j(1 � � )K �j B j (5.15)

where the new factor 2� N jB j accounts for the fact that there are N jB j equally likely binary
symbols transmitted at time t by jB j interferers.

Similarly, (5.10) is transformed into

f St jX t � 1 (C j B )

=
�

2� N jC j � jC j(1 � � ) jB j�j C j; C � B
0; C * B

(5.16)

and (5.11) into

f N t jX t � 1 (C j B )

=
�

2� N jC j � jC j (1 � � )K �j B j�j C j; C \ B = ;
0; C \ B 6= ;

(5.17)

5.3.3 Possible scenarios

We recall that throughout this chapter we assumethat the only unknown signal quantities may
be the identities of the usersand their data. Speci�cally , we may distinguish four casesin our
context:

À Static channel, unknown identities, known data. This corresponds to a training phase
intended at identifying users,and assumesthat the user identities do not change during
transmission. In this casewe write X in lieu of X t .

Á Static channel, unknown identities, unknown data. This may correspond to a tracking
phasefollowing À above. We write again X in lieu of X t , and assumethat X contains
the whole transmitted data sequence.

Â Dynamic channel, unknown identities, known data. This corresponds to identi�cation of
userspreliminary to data detection (which, for example,may be basedon decorrelation).

Ã Dynamic channel, unknown identities, unknown data. This corresponds to simultaneous
user identi�cation and data detection in a time-varying environment.

5.4 Application to DS-CDMA

Assumenow the speci�c situation of a DS-CDMA systemwith signature sequencesof length L
and additiv e white Gaussiannoise. At discrete time t, we may write, for the su�cien t statistics
of the received signal,

y t = RAb t (X t ) + zt ; t = 1; : : : ; T (5.18)
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where X t is now the random set of all active users,R is the L � L correlation matrix of the
signature sequences(assumedto have unit norm), A is the diagonal matrix of the users' signal
amplitudes, the vector b t (X t ) has nonzeroentries in the locations corresponding to the active-
user identities described by the components of X t , and zt � N(0; (N0=2)R) is the noisevector,
with N0=2 the power spectral density of the received noise. We further assumeN = 1, i.e., that
at every discrete time instant only one binary antip odal symbol is transmitted.

5.4.1 Static channel

The a posteriori probabilit y of X , given the whole received sequence(we omit the time subscript
for simplicit y), is

f (X j y1; : : : ; yT )

/ f X (X ) f (y1; : : : ; yT j X ) (5.19)

= exp

(

�
1

N0

TX

t=1

(y t � RAb t (X ))0R � 1 (y t � RAb t (X ))

)

� f X (X )

Thus, the MAP estimator of users' identities is

bX = arg max
X 2 2K

f (X j y1:T ) (5.20)

where, as usual, y1:T , y1; : : : ; yT . The MAP estimator of users' identities and data is

bX = argmax
X

f (X j y1:T ) (5.21)

where the set of possible realizations of X includes (1 + 2T )K elements: in fact, in T time
interval the number of transmitted binary symbols is 2jX jT , and

KX

jX j=0

�
K
jX j

�
2jX jT = (1 + 2T )K

The expressionabove can be rewritten in such a way that the presenceof the sequenceof
transmitted data is made more explicit. Speci�cally , we may write, in lieu of X , the sequence
(X ; b1(X ); : : : ; bT (X )). Doing so, we may expressthe MAP estimator of users' identities and
data in the more explicit form

( bX ; bb1(X ); : : : ; bbT (X ))

= argmax f (X ; b1(X ); : : : ; bT (X ) j y1:T ) (5.22)

where the maximum has to be taken with respect to X and b t (X ), t = 1; : : : ; t . The introduc-
tion of this \�ne-grain" notation for the random set suggeststhat the MAP detector may be
implemented in the form of a sequential detector, thus simplifying its operation (more on this
infr a).

5.4.2 Dynamic channel

Considernow a dynamic channel, and examine�rst the caseof known data. Wehave, accounting
for the Markov property of our channel model,

f (X 1; : : : ; X T j y1:T ) (5.23)

/ f (y1:T j X 1; : : : ; X T ) � f (X 1)
TY

t=2

f (X t j X t � 1)
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with f (X 1) a density whoseassignment is basedupon prior knowledgeof the channel state at
the beginning of the transmission. The MAP estimator here maximizes the RHS of the above
(or its logarithm) with respect to the values taken on by the sequence(X 1; : : : ; X T ). Even in
this casewe may think of a sequential detector, which searches for the maximum-APP path
traversing a trellis having T stagesand a number of states at stage i equal to the number of
realizations of the random set X i .

Implemen ting a sequential detector. Implementation of the sequential detector through
a version of Viterbi algorithm leadsto the following consequences:

À The decision on the whole sequenceof users' identities and their data should be taken
only after the whole sequenceof observations y 1; : : : ; yT has beenrecorded.

Á The decisionon the users' identities and their data at time t dependsnot only on the past
observations, but also on observations that have not beenrecordedyet at time t.

Â A suboptimum version of the optimum sequential algorithm, the sliding-window Viterbi
algorithm (see,e.g., [1, p. 133�.]) can be implemented. This consistsof forcing a decision
on X t , b t (X t ) basedon a sliding window of observations that includesy t , but whoselength
is smaller than T.

5.4.3 PEP analysis

We now evaluate the performance of the detectors described above. We assumeN = 1 for
simplicit y, and derive boundsand approximations to error probabilities using the pairwise error
probabilit y (PEP) P(X t ! bX t ). This is the probabilit y that, when X t is the true value of the
random set to be detected, the receiver assignsa higher APP to bX t 6= X t (see,e.g., [1, p. 43]) 2

Static channel

De�ning

St (X ; bX ) (5.24)

, R � 1
h�

y t � RAb t ( bX )
��

y t � RAb t ( bX )
� 0

i �
�
�
�
y t = RAb t (X )+ zt

we have
St (X ; X ) = R � 1zt z0

t (5.25)

and
St (X ; bX ) = R � 1��

RAd t (X ; bX ) + zt
��

RAd t (X ; bX ) + zt
� 0� (5.26)

whered t (X ; bX ) , b t (X ) � b t ( bX ). Basedon the above, the PEP with ML detection of unknown
user identities can be written as

P(X ! bX ) = P

(

tr

"
TX

t=1

St (X ; bX ) � St (X ; X )

#

< 0

)

(5.27)

2 It might be worth observing here that, contrary to a fairly widespread misconception, P (X t ! bX t ) is not
the probabilit y of mistaking bX t for X t , unless X t and bX t are the only possible alternativ es.
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Now, observe that

tr
h
St (X ; bX ) � St (X ; X )

i

= tr
�
R � 1 �

RAd td0
t AR + zt d0

tAR + RAd t z0
t

��

= tr
�
Ad td0

t AR + R � 1zt d0
t AR + Ad tz0

t

�

= tr
�
Ad td0

t AR + zt d0
tA + Ad tz0

t

�

= tr
�
RAd t d0

tA
�

+ 2tr
�
Ad t z0

t

�

Denoting by a(i ) the i th diagonal element of matrix A , by dt (i ) the i th entry of d t , by r j;k the
entry in row j and column k of R , and by zt (i ) the i th entry of vector zt , we have

tr
�
RAd td0

t A
�

=
KX

i =1

KX

j =1

a(i )a(j )dt (i )dt (j )r i;j (5.28)

tr
�
Ad t z0

t

�
=

KX

i =1

a(i )dt (i )zt (i ) (5.29)

Finally, sincewe are assumingzt � N(0; (N0=2)R), we have

tr

"
TX

t=1

�
St (X ; bX ) � St (X ; X )

�
#

� N(� T ; 2N0� T ) (5.30)

where

� T ,
TX

t=1

KX

i =1

KX

j =1

a(i )a(j )dt (i )dt (j )r i;j (5.31)

In conclusion,we obtain

P(X ! bX ) = Q

 r
� T

2N0

!

(5.32)

where Q( � ) denotesthe Gaussiantail function.
Before proceedingfurther, we comment brie
y on the structure of vectors d t . They have

the following nonzeroentries:

À The jX \ bX j terms corresponding to userspresent in both sets: theseterms may take on
values in f 0; � 2g.

Á The j bX n X \ bX j terms corresponding to userspresent in bX only: these terms may take
on valuesin f� 1g.

Â The jX n X \ bX j terms corresponding to userspresent in X only: these terms may take
on valuesin f� 1g.

Similarly, the PEP with MAP detection has the form

P(X ! bX ) = Q
�

� T � �
p

2N0� T

�
(5.33)

where

� , N0 ln

"
f X ( bX )
f X (X )

#
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Observe here that, with R a positive de�nite matrix, we have

(Ad t )0R(Ad t ) > 0 for Ad t 6= 0

which entails
lim

T !1
P(X ! bX ) = 0

Notice also that, for given signal-to-noiseratio, (5.33) also suggestsa minimum length of the
data frame in the form of the \op en-eye" condition T � Tmin , where

Tmin , inf

(

T : min
X ; bX

�
� T (X ; bX ) � � (X ; bX )

�
> 0

)

The PEP for the caseof detection of user identities and data can be dealt with with similar
techniques, and we shall not delve in this issueany further here.

Dynamic channel

In this case,de�ning the true state sequenceX , (X t )T
t=1 and the competing state sequence

bX , ( bX t )T
t=1 , we obtain the PEP for the MAP detection of unknown identities:

P(X ! bX ) = Q

0

@� T (X ; bX ) � � T (X ; bX )
q

2N0� T (X ; bX )

1

A (5.34)

and the PEP for the MAP detection of unknown identities and data:

P
�
X ; (b t (X t ))T

t=1 ! bX ; (b t ( bX t ))T
t=1

�

= Q

0

@� T (X ; bX ) � ~� T (X ; bX )
q

2N0� T (X ; bX )

1

A (5.35)

where

� T (X ; bX ) ,
TX

t=1

d0
t ARAd t (5.36)

� T (X ; bX ) , N0

TX

t=1

ln

"
f X t jX t � 1 ( bX t j bX t � 1)

f X t jX t � 1 (X t j X t � 1)

#

(5.37)

~� T (X ; bX ) , � T (X ; bX )

+ N0

TX

t=1

h
jX t j � j bX t j

i
ln 2 (5.38)

Similar arguments, which we omit here for brevity's sake, apply to ML detection.

5.4.4 Error probabilities

Several approximations to error probabilities are possible, based on the union bound (see,
e.g.,[1]), on the PEP derivations outlined supra, and on assumptionson userstatistics, spreading
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codes, and users' amplitudes. We obtain, for the union bound to the probabilit y of mistaking
the set of active users,

P(e) �
2KX

i =1

f (X i )
X

j 6= i

P(X i ! X j ) (5.39)

which, under maximum prior uncertainty as to the channel occupancy, becomes:

P(e) �
1

2K

2KX

i =1

X

j 6= i

P(X i ! X j ) (5.40)

where X i ; X j 2 2K . This union bound can be simpli�ed by restricting the inner summation to
those pairs of realizations of the random setsthat are most likely to contribute signi�cantly to
error probabilit y. For example, if we restrict it to the pairs that di�er in at most n entries, we
obtain an approximation depending on n:

P(e) � P (n) (e) ,
1

2K

2KX

i =1

X

j :� i;j � n

P(X i ! X j ) (5.41)

where
� i;j , jX i n X i \ X j j + jX j n X i \ X j j � n

Likewise,for a dynamic scenario,we have that the union bound for user identi�cation is written
as:

P(e) �
X

X 2 (2K )T

f (X )
X

X 6= bX

P(X ! bX ) (5.42)

where f (X ) can be easily determined by applying the chain rule to the Markov set sequenceX .
Approximations similar to (5.41) can be developed; likewise,the caseof joint user identi�cation
and data detection can be handled by noticing that the con�gurations of X becomenow 3K T ,
and the joint density f (X ) is written as:

f (X ) = 2�j X 1 j f (X 1)
TY

t=2

2�j X t j f (X t j X t � 1) (5.43)

The above relationships also suggesta semi-analytical method to evaluate the approxima-
tions without summing up an exponential number of terms: indeed, sincean averageover the
joint density (5.43) is to be performed, this can be e�cien tly evaluated through Monte-Carlo
counting by generating a substantially smaller number of independent set sequencepatterns
obeying the Markov law (5.43).

5.5 Numerical results

In this section we show somenumerical examplesthat illustrate the theory developed before.
Fig. 5.3 shows how the knowledgeof the channel dynamics can improve the performanceof

a multiuser detector.
Fig. 5.4 refers again to a static channel and to the casethat the active users transmit a

known sequenceof bits in order to be identi�ed: we assumehere that all users(including the
referenceuser) are active with probabilit y � = 0:5. Now K = 6, the transmitted signals are
binary antip odal, spreading is done through m-sequenceswith length 7, the power control is
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Dynamic Channel: a=0.2, m=0.8

Figure 5.3: Bit error probabilit y of the referenceuser in a multiuser system with 2 interferers,
following a dynamic model described above with � = 2 and � = 0:8. Line with diamond
markers: Classic multiuser ML detection, assumingthat all usersare active. Line with circle
markers: MAP detection basedon the knowledge of � alone. Line with star markers: causal
RST detector, based on Bayes recursions. Line with square markers: Viterbi RST detector.
Dashedcurve: Single-userbound.

perfect (hence,A is a scalarmatrix) and the data-frame length variesfrom T = 1 to T = 3. Here
we evaluate the accuracyof the union bound to the probabilit y of an error in the identi�cation
of active users (set-error probabilit y, or SEP), and of its approximation P (1) (e) (obtained by
assuming that the errors can only be generatedby the event, denoted E(1), of mistaking an
active-user set by another di�ering by only one of its elements). Simulation results are also
shown for reference'ssake. It can be observed how, especially for large valuesof signal-to-noise
ratio, the error probabilit y is dominated by the event E(1).

Fig 5.5 refers to a system with the same con�guration as in Fig. 5.4, but on a dynamic
channel with K = 3, � = 0:2 and � = 0:8. The system dynamics are tracked over an interval
with length T = 10. The ordinate shows the set error probabilit y (SEP), i.e., the probabilit y of
an erroneousestimate of the active-usersequence.Here a comparison is made betweena non-
causalViterbi set estimate and a causalestimate, obtained through Bayesian-�lter recursions.
To elicit the impact of the causality constraint, we represent the SEP for the set X 1, where the
causality constraint prevents sequencedetection, and for the set X 10, where such a constraint
has no e�ect: as expected, the performancesof the Viterbi algorithm and of the Bayesian
recursionscoincidewhen estimating X 10, while the causality constraint has a perceivable e�ect
on the performancewhen X 1 is estimated.

In order to provide global �gures of merit of both trained and untrained systemsin a dynamic
environment, we use the \Set SequenceError Probabilit y"(SSEP). For trained systems,this is
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Figure 5.4: Set-error probabilit y with ML detection basedon RST with K = 6, L = 7. Com-
parison among\exact" probabilit y (obtained by simulation), union-bound to it (denoted P(e)),
and approximation (5.41) to the union bound.

the probabilit y that for somet, 1 � t � T , the estimated set bX t di�ers from the true set X t

either in its cardinality or in its elements. For untrained systems,it is the probabilit y that at
somet the estimated and the true set di�er either in the cardinality and/or in the identities of
the active usersand/or in the transmitted data. Plots of the SSEP are shown in Fig. 5.6 for a
trained system with K = 6 maximum number of active users: also shown in the �gure is the
curve obtained through the semi-analytical approximation suggestedin the previous section,
which apparently follows the numerical results quite closely.

The casethat not only the identities, but alsothe data of the active usersare to beestimated
is shown in Fig. 5.7, assuminga maximum of K = 3 active usersand, again, L = 7; the data-
frame length is T = 10. Here we compare a Viterbi-algorithm receiver with one based on
Bayesianrecursionsfor estimating the set of interferers and the transmitted bits. The ordinate
shows the bit-sequenceerror probabilit y, at time t = 1 and at time t = T = 10, de�ned as the
probabilit y that the estimated and the true set do not coincide: the term "bit sequenceerror
probabilit y" is tied here to the fact that an error in estimating the identities of the active users
automatically implies an error in estimating the stream b(X t ), while the converseis not true.
Onceagain, the e�ect of the causality constraint on the performanceis elicited, and the results
are in accordancewith the intuition as well as with the curvesof Fig. 5.5.

APPENDIX: Random-set theory

This appendix describes,in a rather qualitativ e fashion, the fundamentals of Random-SetThe-
ory. For a rigorous approach and additional details, see[5, 21, 22] and the referencestherein.
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Figure 5.5: Trained acquisition of the set of active users through the Viterbi Algorithm and
Bayes recursion: e�ect of the causality constraint

Given a samplespace
 (the spaceof all the outcomesof a random experiment), a probabilit y
measurecan be de�ned on it. If a random variable (i.e., a mapping from 
 to another space
S) is de�ned, it is convenient to generate a probabilit y measuredirectly on S. This can be
given in terms of a density function, oncecertain mathematical operations, such as integration,
are de�ned on S. Random sets can be viewed as a generalization of the concept of a random
variable. A �nite random set is a mapping X : 
 ! F(S) from the sample space
 to the
collection of closed sets of the spaceS, with jX (! )j < 1 for all ! 2 
. For our purposes,
the spaceS of �nite random sets is assumedto be the hybrid space S = Rd � U, the direct
product of the d-dimensional Euclidean spaceRd and a �nite discrete spaceU. The elements
of S characterize the users' parameters, someof which continuous (d real numbers) and some
discrete (for example, the users' signaturesand their transmitted data). An element of S is the
pair (v ; u), v a d-dimensional real vector, and u 2 U.

Belief mass functions

A fairly natural probabilit y law for X is the probabilit y distribution PX , de�ned for any (Borel)
subsetT of F(S) by

PX (T) , P(X 2 T)

However, RST is based on a probabilit y law given di�eren tly. Speci�cally , the belief mass
function of a �nite random set X is de�ned as

� X (C) , P(X � C) (5.44)



86 MASCOT D2.1.2

0 2 4 6 8 10 12 14
10

�3

10
�2

10
�1

10
0

E
b
/N

0
  [dB]

S
S

E
P

Dynamic Channel, m=0.8, a=0.2, K=6, T=3, L=7

P(1)(e) (computed semi�analytically)
Viterbi�based MAP
Bayes Recursion

Figure 5.6: Set sequenceerror probabilit y with K = 6, L = 7. Also, the curve corresponding
to a semi-analytical performanceevaluation under trained acquisition of the set of the active
users.

where C is a closed subset of S. As observed in [22, p. 42], the belief function corresponds
to the cumulativ e distribution function of a real random variable, and di�ers from it because
subsetsare only partially orderedby the inclusion relation � . The belief function characterizes
the probabilit y distribution of a random �nite set X , and allows the construction of a density
function of X through the de�nition of a set integral and a set derivative. Speci�cally , the belief
density, i.e., the set derivative of the belief function, plays the role of a probabilit y density
function in ordinary probabilit y calculus (for this reason,in this report we refer to it simply as
a density). The belief density is obtained as

f X (Z) =
� � (S)

� Z

�
�
�
�
S= ;

(5.45)

where � denotesthe set derivative, to be de�ned below. As observed in [5, p. 163], the value
� X (Z) of the belief density speci�es the likelihood with which the random set X takes the set
Z as a speci�c realization.

Notice how, in the special caseof a random set consisting of a singleton, X = f xg, x a
random vector, we have

� X (C) , P(X � C) = P(x 2 C) = P(C)

with P( � ) the ordinary probabilit y measureof x.
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Figure 5.7: Bit-sequenceerror probabilit y of the referenceuser. Data estimated with Viterbi
algorithm and Bayesian recursions.

Set deriv ativ e

Let C(S) denote the collection of closedsubsetsof S. If F is a set function de�ned on C(S), then
its set derivative at x is de�ned as the set function

� F (S)
� x

= lim
j !1

lim
i !1

F
�
(S n Bx (1=j ))

S
Bx (1=i)

�
� F (S)

m
�
Bx (1=i)

�

whereBx (1=j ), Bx (1=i) arean openball of radius 1=j and a closedball of radius 1=i, respectively,
both centered at x, and m(�) denotes the hybrid Lebesguemeasure, i.e., the product of the
ordinary measurein Rd and of the counting measure. The set derivative of F at a �nite set
X = f x1; : : : ; xng is de�ned by the recursion

� F (S)
� X

,
�

� xn

�
� F (S)

� f x1; : : : ; xn� 1g

�

In particular, the belief density of the random set X is given by

f X (B ) =
� � X (S)

� B

�
�
�
�
S= ;

(5.46)

Two useful rules of derivation are the following (seealso [18, p. 386 �.]). Let F , G be set
functions, and a;b 2 R. Then

� (aF (S) + bG(S))
� B

= a
� F (S)

� B
+ b

� G(S)
� B

(5.47)



88 MASCOT D2.1.2

and
� F (S)G(S)

� B
=

X

C � B

� F (S)
� B

� G(S)
� (B n C)

(5.48)

Set in tegral

Let f denote a set function de�ned by

f (X ) =
� F (S)

� X

�
�
�
�
S= ;

The set integral of f over the closedsubsetS � S is given by
Z

S
f (X ) � X (5.49)

= f (f;g ) +
1X

k=1

1
k!

Z

Sk
f (f x1; : : : ; x kg)d �m(x1) � � � d �m(x k )

wheref (f x1; : : : ; x kg) = 0 if x1; : : : ; x k are not distinct. Sincewe are dealing with �nite random
sets, the summation above contains only a �nite number of terms.

Special case: d = 0

The special cased = 0 (which corresponds to making S a discrete �nite set) reducesthe set
derivative to the M•obius inversion formula [22, p. 43]:

f X (A ) =
X

B � A

(� 1)jA nB j � X (B ) (5.50)

and the set integral to

f (f;g ) +
1X

k=1

1
k!

X

x 16= :::6= x k

f (f x1; : : : ; x kg) (5.51)

where the summation is extended to all possiblecombinations of k distinct elements x k 2 S
(in this case, the hybrid Lebesguemeasurereducesto the counting measure,and hence the
Lebesgueintegrals in (5.49) becomesummations).

Generalized fundamen tal theorem of calculus

Set derivativesand set integrals turn out to be the inverseof each other: we have

f (X ) =
� F (S)

� X

�
�
�
�
S= ;

( ) F (S) =
Z

S
f (X ) � X (5.52)

By using the above result, belief functions and belief densitiescan be derived from oneanother.
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6.1 In tro duction

The estimate of the identities and the parametersof usersin a dynamic environment has sev-
eral applications to communication systems,e.g.,user localization in wirelesssystems,neighbor
discovery in ad hoc networks, and power-control strategy optimizations. Several approaches
for tracking single-userevolution have been proposed in the literature under diverse models
[19, 14], while in [4] a joint detection-estimation problem is formulated through Bayesiantheory
and solved by Sequential Monte Carlo (SMC) method, yielding better performancethan tradi-
tional approaches (most of them basedon extended Kalman �ltering [13] or sum of Gaussian
approximation [1]) in nonlinear and nongaussianenvironment. The present chapter aims at
presenting a new theoretical framework for multiuser tracking in a dynamic scenario,whereby
usersmay appear and disappear in a random manner, while the parametersof persisting users
are themselves time-varying: as a consequence,tracking involves on-line estimation of the user
number, their identities, possibly their data, and of a number of channel parameters, typically
a�ected by users' mobilit y. The object of interest is thus the set of parametersof all users;the
cardinality of this varies with time, whereasin single-usertracking the object of interest (the
single user's parameters) has a �xed dimension.

As in previous chapter, the mathematical tool we use is random-set theory (RST), which
provides a natural, 
exible, and mathematically consistent framework for the problem under
study. The key concept is to treat the collection of users as a single set-valued state. After
introducing appropriate notions of probabilit y density for random sets, known as Finite Sets
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Statistics (FISST) [15, 9, 22], [18, Chap. 11] the multiuser tracking problem can be rigorously
formulated as a Bayesian set-valued �ltering problem. Since exact solution of this problem is
not practical due to the lack, even for linear-Gaussianproblems [2], of closed-formexpressions
for the relevant densities,a Sequential Monte Carlo (SMC) approximation of the Bayesian�lter
is used.

The balance of this chapter is organized as follow. Section 6.2 de�nes the signal model
and states the problem, while Section 6.3 de�nes optimal set-estimators. Section 6.4 describes
the Sequential Monte Carlo approximation of the Bayesrecursive �lter. Section 6.5 presents an
application of our methodology to joint multiuser detection and channel tracking in synchronous
DS-CDMA systems;somenumerical results are also described. The Appendicesare devoted to
sometechnicalities of random-set theory, and to a model for the evolution with motion of user
powers.

6.2 Channel mo del and statemen t of the problem

We assumeK users transmitting digital data over a common channel. Let s(x (i )
t ) denote the

signal transmitted by the active user i , i = 1; : : : ; K , at discrete time t, t = 1; 2; : : :. Each signal
has in it a number of known parameters, included in the deterministic function s( � ), and a
number of random parameters,summarizedby the vector x (i )

t . The index i re
ects the identit y
of the user, and is typically associated with its signature. The observed signal at time t is a
sum of the signalsgeneratedby the usersactive at time t, which are in a random number, and
of stationary random noisezt . We write

y t =
X

x ( i )
t 2 X t

s(x (i )
t ) + zt (6.1)

where X t is a random set, encapsulating what is unknown about the active users. The set
X t , f x (1)

t ; : : : ; x (k)
t g, whosek elements are random vectors (k is a random integer denoting

the number of active users), is a �nite random set de�ned over a hybrid space S (see [9, 22]
and referencestherein). This is a map between a sample spaceand a family of subsetsof S,
where the hybrid spaceS is the Cartesian product S = U � Rd consisting of all pairs (u; d),
with d 2 Rd and u 2 U. Rd contains the values of the d real parameters of the active users,
and U is a discrete set. In our context, we may have, for example,U = f 1; : : : ; K g , K, the set
of the identities of the interferers, or U = K � f +1 ; � 1g, the set of interferers each transmitting
binary antip odal data.

Formally, at time t the random set that concernsus is given by the union of singleton-or-
empty sets

X t =
[

k2 K

X (k)
t

where

X (k)
t =

(
f x (k)

t g; if user k is active at time t
; ; otherwise

We may consider two distinct situations, namely:

(a) Known-data (\trained") systems,where U = K, S = K � Rd, and x (k)
t = [k; a(k)

t ]T , with
a(k)

t a d-dimensional random vector.

(b) Unknown-data (\un trained") systems,where U = K � M, S = K � M � Rd, with M an
M -ary symbol alphabet, and x (k)

t = (k; d(k)
t ; a(k)

t )T , d(k)
t the transmitted symbol.
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For future use, we introduce the notation � (G) to denote the �nite discrete random set
containing the identities of the usersin G. This is the projection of G onto K i.e., the set of
indicesof the active users. Similarly, � 0(G) is the projection of G onto Rd, so that, in a trained
system, the elements of set G have the form (� (g); � 0(g)).

6.2.1 Measuremen t Mo del

With measurement model (6.1), the receiver observesonly a superposition of signals. Thus, the
random set describing the receiver, denoted Y t , is the singleton f y t g, where y t has conditional
probabilit y density function (pdf ) given by1

f Y t jX t (y t jX t ) = f z

�
y t �

X

x ( k )
t 2 X t

s(x (k)
t )

�
(6.2)

with f z(�) the pdf of the additiv e noise.

6.2.2 Dynamic Mo del

The multiuser set can be expressedin the general form

X t = St [ N t (6.3)

with St the set of userssurviving from time t � 1 into time t, and N t the set of newly born
users. Thesetwo setsare related by

� (X t � 1) \ � (N t ) = ; and � (St ) � � (X t � 1)

The �rst condition expressesthe fact that no user being active at t � 1 can migrate to the set
of new users;the secondstates that the surviving usersat t are a subsetof those active at t � 1
(seeFig. 6.1). SinceX t = St [ N t , and since St and N t are conditionally independent given

all potential users

new users at time t

users surviving at time t

users active at time t-1

Figure 6.1: Dynamic model for usersat time t.

X t � 1, for the conditional belief functions (App endix 6.5.2) we have:

� X t jX t � 1 (Z j B ) = P(X t � Z j X t � 1 = B ) = � St jX t � 1 (Z j B )� N t jX t � 1 (Z j B ) (6.4)

We make the assumption that f X t g1
t=1 forms a Markov set sequence,i.e., that X t depends

on its past only through X t � 1, and that the death-and-birth processis ruled by a binomial law.
More precisely, we denote by � the probabilit y that a user silent at time t � 1 becomesactive
at time t, and by � the probabilit y that a user active at epoch t � 1 survives into epoch t. We

1This measurement model is not the most general one. For more complex models, including provisions for
sensorfailure, missed measures,etc., see[9].
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assumea trained system �rst. The conditional belief measures(given X t � 1 = B ) of surviving
and newly born user setsare written as

� St jX t � 1 (ZjB ) =
j � (Z )jX

j =0

X

� (G )� � (Z ): j� (G )j= j

f � (St )jX t � 1

�
� (G)jB

�
Pf St � G jX t � 1 = B ; � (St ) = � (G)g(6.5)

� N t jX t � 1 (ZjB ) =
j � (Z )jX

j =0

X

� (G )� � (Z ): j� (G )j= j

f � (N t )jX t � 1

�
� (G)jB

�
Pf N t � G jX t � 1 = B ; � (N t ) = � (G)g(6.6)

with

f � (St )jX t � 1

�
� (G)jB

�
, Pf � (St ) = � (G)jX t � 1 = B g =

�
� j � (G )j (1 � � ) jB j�j � (G )j if � (G) � � (B )
0 otherwise

(6.7)
and

f � (N t )jX t � 1

�
� (G)jB

�
, Pf � (N t ) = � (G)jX t � 1 = B g =

�
� j � (G )j (1 � � )K �j B j�j � (G )j if � (G)\ � (B )= ;
0 otherwise

(6.8)
Likewise,assumingthat a(k)

t and a(m)
t are independent for k 6= m, we have:

Pf St � G j X t � 1 = B ; � (St ) = � (G)g =
Z

� 0(G )

Y

k2 � (G )

f
a( k )

t ja( k )
t � 1

(a(k)
t j b (k) )da(k)

t (6.9)

Pf N t � G j X t � 1 = B ; � (N t ) = � (G)g =
Z

� 0(G )

Y

k2 � (G )

f
a( k )

t
(a(k)

t ) da(k)
t (6.10)

Computing the set derivative of the above (seeAppendix 6.5.2) we obtain, with somenotational
abuse:

f X t jX t � 1 (C j B )= f � (St )jX t � 1 (� (C) \ � (B ) j B )
Q

k2 � (C )\ � (B ) f
a( k )

t ja( k )
t � 1

(a(k)
t j b (k) )�

� f � (N t )jX t � 1 (� (C) n � (C) \ � (B ) j B )
Q

k2 � (C )n� (C )\ � (B ) f
a( k )

t
(a(k)

t ) =

= � j � (C )\ � (B )j (1 � � ) jB j�j � (C )\ � (B )j � j � (C )n� (C )\ � (B )j (1 � � )K �j B j�j � (C )n� (C )\ � (B )j �

�
Q

k2 � (C )\ � (B ) f
a( k )

t ja( k )
t � 1

(a(k)
t j b (k) )

Q
k2 � (C )n� (C )\ � (B ) f

a( k )
t

(a(k)
t )

(6.11)

The companion caseof untrained systemsmay be dealt with in a very similar way. Indeed,
if we denoteby d(k)

t the data transmitted by the kth user, the Markov assumption on X t is not
violated under either one of the following conditions:

(a) The sourcedata are memoryless.

(b) The source data form a �rst-order Markov chain; in this case, the densities f
d( k )

t
(�) and

f
d( k )

t jd( k )
t � 1

(�j� ) are assumedknown.

Under condition (b) , which trivially subsumes(a) , (6.11) generalizesto:

f X t jX t � 1 (C j B )= � j � (C )\ � (B )j (1 � � ) jB j�j � (C )\ � (B )j � j � (C )n� (C )\ � (B )j (1 � � )K �j B j�j � (C )n� (C )\ � (B )j �

�
Q

k2 � (C )\ � (B ) f
d( k )

t jd( k )
t � 1

(d(k)
t jd(k)

t � 1)f
a( k )

t ja( k )
t � 1

(a(k)
t j b (k) )

Q
k2 � (C )n� (C )\ � (B ) f

d( k )
t

(d(k)
t )f

a( k )
t

(a(k)
t )

(6.12)
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6.3 Optimal Bayesian sets estimators

In causaldynamic set estimation, a random set at time t is described by its a posteriori belief
density given the observations up to time t, which we denote f X t jY 1: t (X t j y1:t ). A common
method for the evaluation of the above density relies on Bayes' recursions,which in RST take
the form:2

f X t jY 1: t � 1 (X t j y1:t � 1) =
Z

f X t jX t � 1 (X t j X t � 1)f X t � 1 jY 1: t � 1 (X t � 1 j y1:t � 1) � X t � 1

f X t jY 1: t (X t j y1:t ) / f Y t jX t (y t j X t )f X t jY 1: t � 1 (X t j y1:t � 1) (6.13)

for t = 1; 2; : : : ; 1 , with f X 1 jy 0 (X 1 j y0) , f X 1 (X 1), a known initial prior density (the notation
� X t � 1 indicates that the integral is a \set integral" in the senseof random-set theory).

Once f X t jY 1: t (X t jy1:t ) is made available, we are faced with the problem of de�ning a suit-
able set estimator. In general, if we assumethat an observation y is given, and the a posteriori
probabilities f X jy (X j y ) have been computed, they can be used to generatea Bayesian esti-

mator, i.e., a function bX (y) that minimizes the risk R , E[C(X ; bX )] associated with a given
cost function C [21, p. 54 �.]-[ 18, p. 63 �.], where the expectation is taken with respect to the
joint probabilit y density function of X and y. Within RST, the choice of a cost function may
not be an obvious task. In fact, while with discrete sets a natural choice is the minimization
of error probabilit y (i.e., the probabilit y of choosing an erroneousset of active usersand their
data), with hybrid sets one must balance the cost of choosing the wrong set of userswith the
cost of a discrepancybetween the estimated and the correct set of continuous parameters. In
addition, the cost function chosenshould result in an estimator with tractable complexity.

Recall that the hybrid random set X has elements (bi ; x i ), with x i a random vector, bi a
random variable taking on a �nite number of values,and i = 1; : : : ; jX j. We have de�ned � (X )
as the discretepart of X , i.e., the set f b1; : : : ; bjX jg. Also, we denotewith a hat ^ the estimated
quantities.

Two cost functions related to hybrid random setscan found in the literature. The cost C0

involvesonly the number of elements in X [9, p. 192]:

C0(X ; bX ) ,

(
0; j bX j = jX j
1; j bX j 6= jX j

(6.14)

In our context, this cost function implies that only the choice of the correct number of active
usershas relevance. The cost function C1 weights the error in the estimate of the continuous
part of X [9, p. 192]:

C1(X ; bX ) ,

8
>><

>>:

0;

8
<

:

j bX j = jX j and
b̂i = bi ; i = 1; : : : ; jX j; and
(bx1; : : : ; bx jX j ); (x � 1; : : : ; x � jX j ) 2 A for somepermutation �

1; otherwise

(6.15)

where A is a closedball in RdjX j . The choice of this function implies that no cost is incurred
whenever the number of active users, their identities, and their discrete data are estimated
correctly, and in addition there exists an index permutation such that the two djX j-dimensional
vectors (bx1; : : : ; bx jX j ) and (x � 1; : : : ; x � jX j ) are closeenough(the sizeof A re
ects the de�nition
of \closeness," i.e., the the amount of tolerable di�erence between the two vectors). If any of

2We could also seek for a �xed-lag smoothing estimation. However, in this report we neglect this attractiv e
alternativ e.
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theseconditions is not satis�ed, then the cost is 1. Before commenting on the suitabilit y of C1

in our context, let us observe the structure of the estimators derived from the cost functions
above. Minimization of the cost function C0 yields the estimator (whose consistencyhas not
beenproved) known asGMAP-I [9, p. 191],alsocalled a Marginal Multitar get Estimator in [18,
p. 497 �.]:

bn , argmax
n

f njy (n j y ) (6.16)

bX I , arg max
X

j X j = bn

f X jy (X j y ) (6.17)

where

f njy (n j y ) =
Z

jX j= n
f X jy (X j y ) � X (6.18)

This is a two-step estimator, which �rst evaluates the number of active users, next their pa-
rameters under the assumption that the number of active usersis known and coincideswith bn.
Minimization of the cost function C0 + C1 yields the consistent estimator known as GMAP-II
[9, p. 191],[15], also called a Joint Multitar get Estimator in [18, p. 497 �.]:

bX I I , argmax
X

f X jy (X j y )
cjX j

jX j!
(6.19)

wherec is a small constant re
ecting the sizeof A, and hencethe accuracyto which the estimate
needbe performed [18, p. 500]. Unlike GMAP-I, this estimator is basedon a single operation,
although it can also be realized in two stepsas follows [18, p. 500]. For all n, compute

bX n , arg max
jX j= n

f X jy (X j y )

next,
bX I I , bX n̂

where

n̂ , argmax
n

f X jy ( bX n j y )
cn

n!
We observe now that neither of the above estimators, in spite of their relative simplicit y and

intuitiv ely satisfactory structure, is perfectly suited to the problem consideredin this chapter.
In fact, GMAP-I doesnot weight the errors in the continuousparameters,while GMAP-I I gives
a zero cost to an estimate that yields near-exact values, but associates them with the wrong
users. A simple family of cost functions appropriate to our problem is

C(X ; bX ) ,

(
Q; � ( bX ) 6= � (X )
P

i 2 � (X ) g(x i ; bx i ); � ( bX ) = � (X )
(6.20)

This assignscost Q to any wrong estimate of the set of active usersor of their data. If this
estimate is correct, the cost depends on a function g of the discrepanciesbetween estimated
and true continuous parameters. The actual selectionof Q and of g re
ects the relative weight
of an error in the discrete and the continuous parameters(more on this later). Straightforward
modi�cations of the arguments in [9, p. 192-193]leadto the risk associated with the cost function
C:

R , E[C(X ; bX )] = Q P
�
� ( bX ) 6= � (X )

�
+ P

�
� ( bX ) = � (X )

�
E

2

4
X

i 2 � (X )

g(x i ; bx i )

�
�
�
�
�
�
� ( bX ) = � (X )

3

5

(6.21)
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The resulting Bayesian estimator requires the minimization of the sum (6.21). Besides
the necessity of choosing Q and g (which may not be an obvious task), computation of the
minimum may involve an unacceptablecomplexity. For this reasonwe de�ne a suboptimum,
simpler version of the estimator, one that minimizes separately the two terms, and is realized
with a two-step procedure. The �rst step minimizes the probabilit y P

�
� ( bX ) 6= � (X ) j y

�
. This

is obtained through a MAP estimator of � (X ), the set of active users and their data, which
maximizes the conditional pdf of X by assumingthe continuous parametersof X as nuisance.
In the secondstep,

P
i 2 � ( bX ) E[g(x i ; bx i )] is minimized. If g is a quadratic function, this second

minimization yields the conditional expectation

bx i = E[x i j y ]; i 2 � ( bX ) (6.22)

We call GMAP-I I I the resulting estimator.3

We �nally observe that, although the above discussionrefers for simplicit y to a single ob-
servation, we may easily extend it to the estimation of a whole sequenceX 1:T . In this case,if
we constrain the estimator to be causal, that is, we have bX t = bX t (y1:t ), the derivations in this
section apply to the cumulated risk

R =
TX

t=1

E
h
C(X t ; bX t )

i

and result into the approximate estimators

� ( bX t ) = argmax f
�
� (X t ) j y1:t

�

bx (i )
t = E

h
x (i )

t j y1:t

i
; i 2 � ( bX t )

Theseequations,along with their counterparts obtained for di�eren t cost functions, emphasize
the relevanceof Bayes' recursions.

6.4 Numerical appro ximations of Bayes' recursions

We have seenhow Bayesianrecursive �ltering provides a framework for optimal set estimation.
The main problem with (6.13) is the lack of a closedform to implement the inference. In fact,
for hybrid stochastic systems,not even the linear{Gaussiancaseadmits a closedform [2]4, which
calls for approximate methods. Among these, the simplest use grid-based �lters, in which the
continuous parameter are discretized into a �xed grid. The main di�cult y with this approach
is that, for reasonableaccuracy, a very densegriding is needed,which may easily result into
an unmanageablecomputational burden. A more e�cien t approach relies on sequential Monte
Carlo, or \particle �ltering," methods (see,e.g, [5] and referencestherein). Supposewe have
a set of random samplesf X t � 1;i gN

i=1 , each associated with a weight f wt � 1;i gN
i=1 , such that the

3Observe that, unlik e GMAP-I and GMAP-I I, estimator GMAP-I I I relies upon the condition jX j = j� (X )j.
This is the requirement that the discrete elements of the random set X be distinct. Now, this condition is
obviously met in the multiuser communication scenario of this report, where each user is uniquely identi�ed, but
may not be in multitarget applications [18], where the discrete elements could identify type or threat level of the
target. In the latter applications, since di�eren t targets may share the same type or threat level, we generally
have jX j � j� (X )j. Seealso [18, p. 505 �.].

4The only caseof hybrid systems that admits an optim um closed expression seemsto be the jump{Mark ov
linear{Gaussian system [7]. Yet, this expression is not a recursive one, and the optim um rule has a complexity
which grows exponentially with the frame length.
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sample{weight pairs (\particle") represent the density f X t � 1 jY 1: t � 1 as

f X t � 1 jY 1: t � 1 (X t � 1 j y1:t � 1) �
NX

i =1

wt � 1;i mX t � 1 (X t � 1;i ) (6.23)

where mX t (A ) is the \0-1" measurede�ned by

Z

C
mX t � 1 (A ) � X t � 1 =

�
1; if A � C
0; otherwise

(6.24)

Sequential Monte Carlo methods provide a rule for propagating and updating these samples
and weights to obtain a set of new particles f X t;i ; wt;i gN

i=1 representing f X t jY 1: t as

f X t jY 1: t (X t jy1:t ) �
NX

i =1

wt;i mX t (X t;i ) (6.25)

Among the various Sequential Monte Carlo methods, the bootstrap �lter [10] has received con-
siderableattention for its simplicit y. Whit this, particles are recursively updated as:

X t;i � f X t jX t � 1 (X t jX t � 1;i ); i = 1; 2; : : : ; N (6.26)

ŵt;i = wt � 1;i f Y t jX t (y t jX t;i ) (6.27)

wt;i =
ŵt;i

P N
j =1 ŵt;j

(6.28)

A common problem with (6.26){( 6.28) stems from the degeneracy phenomenon,which causes
all but one particle to have negligible weights after few iterations [6]. A brute-force approach
to reducing its e�ect consistsof using a very large N , thus increasingthe computational e�ort.
To reducethe degeneracyphenomenonwith low complexity one could useadaptive resampling.
This consistsof eliminating particles that have small weights, and concentrating on particles
with large weights whenever the degeneracybecomesrelevant. An indicator of this relevanceis
the e�ective samplesize, Ne� , 1=

P N
i=1 w2

t;i . Here, Ne� 2 [1; N ], with a small Ne� (in practice,
smaller than a threshold N th typically equal to N=4 or N=2 in most applications) suggest-
ing degeneracy. The resampling step involves generating a new set of particles f X �

t;i ; w�
t;i gN

i =1
by resampling (with replacement) N times from the approximate posterior density in (6.25),
computed by (6.26){( 6.28), in such a way that

P(X �
t;i = X t;i ) = wt;i (6.29)

The new weights are set to be uniform, i.e., w�
t;i = 1=N . Finally, if resampling is performed, the

posterior density is set to be

f X t jY 1: t (X t j Y 1:t ) �
1
N

NX

i =1

mX t (X
�
t;i ) (6.30)

With a representation of f X t jY 1: t (X t j y1:t ) in term of particles, the estimators described in
Section 6.3 can be implemented in a rather straightforward manner.
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6.5 Application: Join t multiuser detection and amplitude esti-
mation in CDMA

Following in the footpath of previous chapter, in this sectionwe apply the above methodologies
to the scenarioof an uncoded, synchronous, single-rate direct-sequencecode-division multiple-
access(DS-CDMA) systemwith a maximum number K of users,processinggain L , and additiv e
white Gaussiannoise. Let us assumecoherent detection, while the amplitudes are unknown.
The chipwise matched-�ltered received signal at time t is

y t = Sv(X t ) + zt ; t = 1; 2; : : : ; T (6.31)

where:

(a) S is an L � K matrix whosecolumns are the spreadingcodesof the users.

(b) v(X t ) is a K -dimensional vector with non-zeroentries in the locations dictated by � (X t ).
In particular, we have

vm (X t ) =

(
d(m)

t a(m)
t ; if m 2 � (X t )

0; otherwise
(6.32)

whereasbefored(m)
t denotethe datum of userm at time t, while a(m)

t is the corresponding
received amplitude.

(c) zt � N (0; N0
2 I L ) is an L-dimensionalwhite Gaussiannoisevector, whereN 0=2 is the power

spectral density of the received noiseand I L denotesthe L � L identit y matrix.

As a consequence,the set X t consistsof a random number of elements, each element con-
taining the active-user identit y, the transmitted data, and the received power (in random-set
theoretical parlance, the hybrid spaceis now S = K � M � R+ , with M the symbol alphabet).
Thus, the measurement model is

f Y t jX t (y t jX t ) = f z
�
y t � Sv(X t )

�
(6.33)

We consider a binomial birth-and-death processwith parameter � and � , as in (6.7)-(6.8).
Assuming independent, equally-likely symbols and memorylessmodulation, we have, de�ning
M , jMj:

f
�
d(k)

t j d(k)
t � 1

�
= f

�
d(k)

t

�
=

1
M

; 8k 2 � (X t ) (6.34)

Denote now by P (k)
t ,

�
a(k)

t

� 2
the power received from the kth userat time t. Its level may

vary with time, due to both user mobilit y and fading. Using the model and the notations of
Appendix 6.5.2, we de�ne the random variable � (k)

t such that

P (k)
t = � (k)

t P (k)
t � 1 (6.35)

Thus,

f
P ( k )

t jP ( k )
t � 1

(P (k)
t j P (k)

t � 1) =
1

P (k)
t � 1

f
� ( k )

t

�
P (k)

t

P (k)
t � 1

�
(6.36)

whereby the amplitude-transition model can be obtained as

a(k)
t =

q
� (k)

t a(k)
t � 1 (6.37)
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yielding

f
a( k )

t ja( k )
t � 1

(a(k)
t j a(k)

t � 1) =
1

a(k)
t � 1

f q
� ( k )

t

�
a(k)

t

a(k)
t � 1

�
(6.38)

and

f q
� ( k )

t

(w) =

(
2wf

� ( k )
t

(w2) for w > 0

0 otherwise
(6.39)

With this, the set densities in (6.11) and (6.12) are fully speci�ed.

6.5.1 Trained CDMA

A synchronous, uncoded, single-rate DS-CDMA system with processinggain L=7 is employed
in this simulation. The maximum number of active users is K = 3. Each user is assigned
an m-sequenceof length 7, and the transmission duration is T=10. Eqs. (6.33) and (6.11)
describe the measurement model and the dynamic model, respectively. The birth rate and
the persistenceprobabilit y take value � = 0:2 and � = 0:8. The parameters of the dynamic
power model are � (k) = 0:9999, " (k) = 1:2, and � (k) = 0:5 for all k. We assumethat the users
transmit known symbols (trained system), whereby only the identities and the power of active
usersare to be estimated. In approximating Bayes' recursions,a bootstrap �lter is used with
N = 1000particles and threshold N th = N=4. De�ne the Discrete SetError Probability (DSEP)
as P

�
� ( bX t ) 6= � (X t )

�
. Sincethis macro-parameteronly measuresthe systemabilit y to identify

the active users, a further performance measureis neededto assessthe quality of the power
estimates. To this end, we usethe standard root-mean-square

RMS =
1
T

TX

t=1

1

j� ( bX t ) \ � (X t )j

0

@
X

k2 � ( bX t )\ � (X t )

�
�
�â

(k)
t � a(k)

t

�
�
�
2

1

A

1
2

(6.40)

which makessensefor � ( bX t ) \ � (X t ) 6= ; .
Fig. 6.2 shows the DSEP for the GMAP-I, GMAP-I I, and GMAP-I I I estimators. As a base-

line for performancecomparisons,we also report the DSEP corresponding to perfect channel-
state information (labeledCCSI), i.e., perfect knowledgeof the channel parameters(in this case,
the power). Fig. 6.3 shows the distance (6.40) for the GMAP-I and GMAP-I I estimators.

Notice from Fig. 6.2 that GMAP-I and GMAP-I I I perform equivalently in terms of DSEP,
and both are slightly better than GMAP-I I. This behavior can be justi�ed by noticing that
both GMAP-I and GMAP-I I I rely upon a marginalization of the conditional pdf with respect
to the continuous parametersof the ransom sets. Moreover, sinceGMAP-I estimatesonly the
cardinality of the set of active users,while GMAP-I I I also estimates their identities, and since
an error on j� (X t )j necessarilyimplies an error on � (X t ) (but not vice versa),we arguethat the
most critical aspect of active-usersidenti�cation is the estimate of the cardinality of their set.
This statement is consistent with observations in previous chapter. The advantage of GMAP-
I I I over GMAP-I and GMAP-I I is apparent from Fig. 6.3, which shows the RMS for the three
estimators examinedhere.

6.5.2 Un trained CDMA

The systemparametersare the sameas in subsection6.5.1, and binary antip odal transmission
is assumed(M = f� 1g). Of course,DSEP is now de�ned as the probabilit y that the estimated
set containing the identities and the data of active users di�ers from the true set in either
its cardinality, or its elements, or both. Fig. 6.4 shows such a DSEP for GMAP-I, GMAP-I I,
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Figure 6.2: DSEP for various receivers (trained CDMA).
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Figure 6.3: Root-mean-squareerror for various receivers (trained CDMA).

GMAP-I I I, and CCSI receivers,while Fig. 6.5shows the setdistancefor GMAP-I and GMAP-I I.

From Fig. 6.4, we observe that trained and untrained CDMA perform very similarly as far
as DSEP is concerned,and that, as in trained CDMA, GMAP-I and GMAP-I I are practically
equivalent. This is again consistent with observations in previous chapter, where it was noticed
how errors in joint useridenti�cation and data detection are mainly causedby erroneousestima-
tion of the cardinality of the set of active users. Fig. 6.5 con�rms the superiorit y of GMAP-I I I
in the estimation of the continuous parametersof the active users.

APPENDIX: Computing belief densities

In this Appendix we show how belief densitiescan be computed in the context of the problem
describedin this chapter. For simplicit y, weconsidera static environment, and the setof random
variablesmodeling the continuousunknown parametersof the K potential users,assumedto be
independent and equally distributed. We denote by P( � ) the probabilit y measureof each set,
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Figure 6.4: DSEP for various receivers (untrained CDMA).
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Figure 6.5: Root-mean-squareerror for various receivers (untrained CDMA).

and by p( � ) the corresponding probabilit y density function. Moreover, � denotethe probabilit y
that a user is active.

According to RST, the belief density of the random set X , denotedf X ( � ), is de�ned through
the set derivative of the belief function of X . Thus, we �rst needthe belief function

� X (S) , P(X � S) (6.41)

of a subsetS of interferers. In general,

� X (S) =
jSjX

j =0

� j (1 � � )K � j
X

T j (S)

jY

i =1

P(f t i g) (6.42)

where T j (S) , f t1; : : : ; t j g denotesone of the
� jSj

j

�
subsetsof S with j elements.5

5Observe how the belief function has the general form examined in [22, Theorem 5.17, p. 52].
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Next, the belief density is obtained by computing the set derivative of (6.42) at S = ; :

f X (Z) =
� � (S)

� Z

�
�
�
�
S= ;

(6.43)

As illustrated for example in [9, p. 163], the value f X (Z) of the belief density speci�es the
likelihood with which the random set X takes the set Z as its speci�c realization.

We observe the following:

À The belief function of a random vector is just its ordinary probabilit y measure. Thus, if
X = f xg, then

� X (S) = P(X � S) = P(x 2 S) = P(S)

and the belief density corresponds to the ordinary probabilit y density function f (s), with
S = f sg: more precisely, we have

f X (S) =
�

f (s); S = f sg
0; jSj 6= 1

Á If a is a constant, then [22, p. 56]

�
� Z

a = 0; if Z 6= ;

Â The set derivative of P(f s1g) � P(f s2g) is obtained by using the following property [22,
De�nition 5.22, p. 55]:

� �
� Z

(T ) =

8
<

:

� k

� s1 � � � � sk
�( T ); Z 6= ;

�( T ); Z = ;

where � is a set function, and Z = f s1; : : : ; skg. We obtain:

�
� Z

P(f s1g) � P(f s2g) =

8
>>>><

>>>>:

P(f s1g) � P(f s2g); Z = ;
p(s1) � P(f s2g); Z = f s1g
P(f s1g) � p(s2); Z = f s2g
p(s1) � p(s2); Z = f s1; s2g
0; jZj > 2

Applying the above to the belief function (6.42), we obtain

f X (Z) =

8
>>><

>>>:

(1 � � )K ; Z = ;

� j (1 � � )K � j
jY

`=1

p(si ` ); Z = f si 1 ; : : : ; si j g � S

0; jZj > K

(6.44)

APPENDIX: A mo del for fading and motion

Here we model the e�ects of user's mobilit y and of fading on the power received from user k
at discrete time t, denoted P (k)

t . The superposition of these two e�ects yields a model for the
dynamics of signal-amplitude variations.
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We denote by x (k)
t the noiselesspart of the signal received from user k at time t. This is a

deterministic function of the random power P (k)
t , so we can write

x(k)
t = x(P (k)

t ) (6.45)

and hence
p(x (k)

t+1 j x (k)
t ) = p

�
x(P (k)

t+1 ) j P (k)
t

�
(6.46)

For notational simplicit y, in the balanceof this Appendix we omit the superscript k associate
with the user.

E�ect of fading

Denoting by P the referencepower, and by R t the fading amplitude at time t, we may write

Pt = R2
t P (6.47)

and hence

Pt+1 =
R2

t+1

R2
t

Pt = 
 tPt (6.48)

where 
 t is the random variable de�ned as


 t ,
R2

t+1

R2
t

(6.49)

E�ect of motion

We consider two classesof users: one includes stationary users, the other includes users in
motion. The latter classexperiencesa power variation from time t to time t + 1 equal to " � 1.
Thus, we can write, for the e�ect of motion:

Pt+1 = � t Pt (6.50)

where � t is a random variable taking values

� t =

8
<

:

1 with probabilit y 1 � �
" with probabilit y �= 2
" � 1 with probabilit y �= 2

(6.51)

where " > 1 dependson the user'svelocity, and � may be called the mobility factor of the user.

Join t e�ects of fading and motion

We have
Pt+1 = 
 t � t Pt = � tPt (6.52)

where the random variable
� t , 
 t � t (6.53)

models the joint e�ects of fading and motion. Hence,

p
�
x(Pt+1 ) j x(Pt )

�
= p

�
x(� t Pt ) j Pt

�
(6.54)

and the dynamic modeling problem is reduced to the problem of modeling statistically the
random process� n . Our basicassumptionshereare that fast fading and motion are independent,
and that the fading processis �rst-order Markov (see[24]).
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Mo deling � n with Rayleigh fading

Rn , Rn+1 indep enden t Rayleigh

If Rn and Rn+1 are independent Rayleigh random variables, with normalized pdf

pR (r ) = 2r e� r 2
; r > 0 (6.55)

then the pdf of S , R2 is exponential:

pS(s) = e� s; s > 0 (6.56)

and hencethe ratio 
 n+1 = R2
n+1 =R2

n has pdf

p
 (r ) =
Z 1

0
ye� zye� y dy =

1
(1 + r )2 ; r > 0 (6.57)

Consequently, with the assumptionsabove we obtain the following pdf for the random variable
� n :

p� (y) = (1 � � )
1

(1 + y)2 +
�
2

"
(" + y)2 +

�
2

" � 1

(" � 1 + y)2 ; y > 0 (6.58)

Rn , Rn+1 correlated Rayleigh

In this case,we assumethe generalexpressionprovided in [20, Eq. (121)] for the bivariate pdf
of correlated exponentials (s1; s2) , (R2

1; R2
2) with correlation � :

ps1 ;s2 (s1; s2) =
1

1 � � 2 exp
�

�
1

1 � � 2 (s1 + s2)
�

I 0

�
2j� j

1 � � 2

p
s1s2

�
; s1; s2 > 0 (6.59)

The pdf of the ratio 
 , R2
2=R2

1 is obtained from the general formula

p
 (z) =
Z 1

0
xps1 ;s2 (zx; x) dx (6.60)

=
1

1 � � 2

Z 1

0
x exp

�
�

z + 1
1 � � 2 x

�
I 0

�
2j� j

p
z

1 � � 2 x
�

dx (6.61)

= (1 � � 2)
1 + z

((1 + z)2 � 4� 2z)3=2
(6.62)

which yields

p� (y) = (1 � � )(1 � � 2)
(1 + y)

((1 + y)2 � 4� 2y)3=2
+

+
�
2

"(1 � � 2)(1 + "y )
((1 + "y )2 � 4� 2"y )3=2

+
�
2"

(1 � � 2)(1 + y=")
((1 + y

" )2 � 4� 2y=")3=2
(6.63)

Fig. 6.6 illustrates the behavior of p� (y) for somevaluesof its parameters.
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Figure 6.6: Probabilit y density function of the random variable � de�ned in (6.53).
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7.1 In tro duction

While the developments described in the previous two chapters lead to the evaluation of the
limiting performanceof multiuser detection with an unknown number of active users,their ap-
plication requiresthe derivation of detectorswhosecomplexity allows practical implementation.
This is precisely the goal of the present chapter. Here, spheredetection techniques (possibly
in an approximate version) are applied to the implementation of the multiuser detectors. This
chapter is organized as follows. Section 7.2 describes the essentials of the sphere detection
algorithm in the form that is immediately applicable to the problem examined in this report.
Sections7.3 examinessphere-detection-basedalgorithms for the ML and MAP estimations of
the active usersand their transmitted data, respectively, in an environment where the dynamic
behavior of the userscannot beaccounted for, and detection must beundertaken at each symbol
interval. Section 7.4 describessimpli�ed receivers accounting for a Markov model of the users
logging in and out of the system. Numerical results are presented in Section 7.5.

7.2 Sphere detection

Here we describe a simple version of sphere detection (SD), in a form which will be useful
for further developments.1 Consider the minimization of a function f (x1; : : : ; xK ) with respect
to its K arguments, all taking values in a discrete set with M elements. While brute-force
minimization involves the evaluation of all M K values of f , SD simpli�es the problem under

1SD was �rst applied to digital detection problems in [16]. For recent developments, see[1, 2, 4, 5, 8, 12, 15]
and the referencestherein. A VLSI implementation is described in [2].

109
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the assumption that f can be written in the form of a sum of nonnegative functions with an
increasingnumber of arguments:

f (x1; : : : ; xK ) =
K � 1X

k=0

f K � k;K � k+1 ;:::;K (xK � k ; xK � k+1 ; : : : ; xK ) (7.1)

The minimization of (7.1) can be described graphically by using an (K + 1)-level tree graph
whosepaths mergeinto a common uppermost node (level 0) to the M K leaves (level K ). Each
node at level k emanatesM branches which join it to a node at level k + 1, each one being
associated with a value of xK � k ; hence,each node at level k correspond to a value of the partial
sum of the �rst k terms of (7.1), and each terminal branch (or leaf) to a value of f . Fig. 7.1
shows an exampleof this tree, corresponding to the function

f (x1; x2; x3) = f 3(x3) + f 2;3(x2; x3) + f 1;2;3(x1; x2; x3)

with x1; x2; x3 taking on values in the set f 0; � 1g.

level 0

level 1

level 2

level 3

Figure 7.1: Tree illustrating the minimization of f (x1; x2; x3) whosearguments take on values
in f 0; +1 ; � 1g. Thus, M = K = 3 here.

Now, brute-force minimization of f can be interpreted as the processof probing all the M K

paths joining the root node to all terminal leaves. SD simpli�es the processas follows. Start
from the root node and proceeddownwards; at level-k node (k = 0; : : : ; K � 1), only onebranch
stemming from it is chosen, that associated with the smallest value of f K � k;K � k+1 ;:::;K . This
leads to a single node at level k + 1, from which only one branch is chosen according to the
samecriterion, etc. This is equivalent to the following algorithm:

x̂K � k = arg min
xK � k

f K � k;K � k+1 ;:::;K (xK � k ; x̂K � k+1 ; : : : ; x̂K ); k = 0; : : : ; K � 1 (7.2)

where x̂ ` denotesthe value chosenfor x ` . At the end of this process,we obtain a preliminary
estimate of the minimum value of f , which we call �f . Next, we proceedto probe the branches



WP-2 111

that were left out, backtracking from the leaf associated with �f and excluding all the branches
that wil l certainly end up into a leaf corresponding to a value of f larger than �f ). To do this, all
branchesemanating from a node are removed from the tree (\pruned out") whenever the value
of the partial sum at that node is already greater than �f . Whenever a leaf is reached, if this is
associated with a value f < �f , then this new value replaces �f , and the procedureis continued.

7.2.1 Variations of the basic algorithm

Several variations of the basicSD algorithm are possible,basedon di�eren t search schedules[2,
5, 6, 13]. Among these,a breadth-�rst search, or an M -best search, can be implemented in lieu
of the depth-�rst search described supra [2]. The M -best search consistsof an approximation
of the breadth-�rst search, whereby at each level of the tree only M nodesare kept, viz., those
with the smallest partial metrics. This solution may not lead to the minimum (and hence is
suboptimum), but hasthe advantage of requiring a constant number of operations, and henceof
reducing the maximum, rather than the average,complexity. Another variation, to be described
below in the speci�c context of the problem consideredin this chapter, is categorizedunder the
rubric of lattice reduction techniques.

7.3 Sphere Decoding for ML and MAP MUD

In this sectionwereview the MUD approach basedon random-settheory (RST), asadvocated in
the previouschapters, consideringmaximum-likelihood (ML) and maximum a posteriori (MAP)
detectors in situation where decisionsare made at each signaling interval.

7.3.1 Signal Mo del

We assumea random number of users transmitting digital data over a common channel. We
denote by K the maximum number of active users, and by s(x (k)

t ) the signal transmitted at
discrete time t by the kth user, if active. Each signal has in it a number of known parameters,
re
ected by a deterministic function s(�), and a number of random parameters,summarizedby
x (k)

t . The observed signal at time t, denoted y t , includes s(x (k)
t ), the signals generatedby the

usersactive at t, which are in a random number, and stationary random noisez t . Thus,

y t =
X

k

s(x (k)
t ) + zt (7.3)

Let Xt denote the random-setencapsulatingwhat is unknown about the active users. We write

Xt =
K[

k=1

X(k)
t (7.4)

where X(k)
t is the singleton-or-empty set

X(k)
t =

(
f x (k)

t g = f [k; x (k)
t ]T g if user k is active at time t

; otherwise
(7.5)

Here, x (k)
t is a singletonwhoseelement is the vector containing the userindex k and an unknown

(possibly random) parameter x (k)
t . The latter takesvalues in the �nite set M , with cardinality

jM j = M , representing the digital data transmitted by user k at time t.2

2 In a more general setting, the random set may also contain contin uous parameters due to the propagation
channel, as fading coe�cien ts and time delay. We do not consider this model here.
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A simple model for the random-set sequencef X t g1
t=1 assumesthe setsas independent and

identical distributed, with

f X t (Xt ) = M �j X t j � jX t j (1 � � )K �j X t j (7.6)

where jXt j denotesthe cardinality of X t . With this model, the usersare independently active
with the sameprobabilit y � , whereby the active usersmust be identi�ed and possibly decoded
at each signaling interval.

Observ ation mo del

Under the assumption of direct-sequencecode-division multiple-access(DS-CDMA) with sig-
nature sequencesof length N � K , and of zero-meanadditiv e white Gaussiannoisewith power
spectral density N0=2, we can write, for the su�cien t statistics of the received signal at time t,

y t = SAx t + zt (7.7)

where y t is the N -dimensional column vector of the observations, S , [s1; : : : ; sK ] is a N � K
matrix whosecolumns contain the signature sequencesof all the potential K users, A is the
K � K diagonal matrix of the user amplitudes, and x t = x t (Xt ) is a K -vector whosekth entry
is de�ned as

x t (k) =

(
0 if X(k)

t = ;

x(k)
t otherwise

(7.8)

Assuming further that the system is power-controlled, i.e., A = I K , where I K denotes the
K -dimensional identit y matrix, we obtain

f Y t jX t (y t jXt ) =
1

p
� N0

expf�k y t � Sx t k2=N0g (7.9)

7.3.2 ML-based MUD

The (symbol-by-symbol) ML-based MUD is the optimum (minimum-error-probabilit y) receiver
if all of the outcomesof X t are independent and equally likely - or must be assumedso, due
to missing prior information as to the activit y factor � . With this model, the ML receiver
generates

bXt = argmax
X t

ln f Y t jX t (y t jXt ) = argmin
X t

ky t � Sx t k2 (7.10)

To reducethe complexity of this receiver, spheredetection can be applied. In fact, let3

y = Sx + z (7.11)

denote the observed signal, whereS is a known N � K matrix, x the unknown K -vector whose
components, to be detected, are random data taking on a �nite number M + 1 of values, and
z a white Gaussiannoise vector. QR decomposition of S generatesthe preprocessedobserved
vector

ey , Qyy = Rx + ez (7.12)

where R is a K � K upper triangular matrix, Q yQ = I K , and ez , Qyz is a noisevector with
the samedistribution as z.4 As a result, ML detection of x can be obtained by minimizing the

3For notational simplicit y, in the following we shall omit the dependency on t.
4The dagger y denotes transposeconjugate.
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metric key � Rx k2, which, due to the structure of R , has exactly the form (7.1), i.e.:

key � Rx k2 =
KX

k=1

jey(k) �
KX

j = k

r k;j x(j )j2 (7.13)

ML detection of a multiuser signal received synchronously is a special caseof the above.
Here, S accounts for the matrix of the signatures of the K users. If the transmitted data are
binary antip odal,5 the assumptionof an unknown number of usersleadsto three valuespossibly
taken on by the components of x, i.e., 0 and � 1. With three users,the tree of Fig. 7.1 describes
the ML detection of x. One may notice that \standard" ML detection [14], which assumesthat
all potential users are simultaneously active and hence is suboptimal in the present context,
corresponds to using a simpli�ed tree, derived from that of Fig. 7.1 by removing all branches
labeled 0. Notice also that the preliminary estimate which is the starting point of the SD
algorithm is usually referred to as the decision feedback (DF) estimate [14].

The e�ciency of SD algorithm may be further improved by using a special type of prepro-
cessingknown as \lattice reduction." [6, 13, 23, 18, 17, 21, 19]. The central idea is to treat (at
least initially) the set of values taken on by each argument x k of (7.1) as in�nite in size, and
forming a lattice [3]. Assumethat S is real.6 Under the assumption that S has full rank, the set
Sx forms a lattice �. Thus, disregarding for the moment the fact that the actual constellation
is �nite, the decoding problem is reduced to the minimization of ky � Sxk2 with respect to
Sx 2 �. This minimization is a well-studied problem, known as \lattice closest-vector prob-
lem." To solve this in an e�cien t way, we start from the observation that the samelattice can
begeneratedby several possiblematrices S. In particular, if we postmultiply S by a unimodular
matrix 7 P, the lattice generatedby the \reduced" matrix

Sred , SP

is the sameas the original lattice. Thus, we can write

y = Sredx0+ z

where x0 is an integer vector (the lattice|as an in�nite set of points|has not changed). The
trick here consistsof choosing a Sred \more diagonal" than S, so that DF estimate of x 0 will
be better than of x (i.e., it will yield an estimate closer to the true value than without lattice
reduction). An extensive comparison of di�eren t detection techniques, motivated by MIMO
but directly applicable to the problem examinedhere, is contained in [19]. Optimization of the
lattice reduction is a complex task, but approximate algorithms are known which work well
(LLL algorithm, Seysen'salgorithm [12]).

7.3.3 MAP-based MUD

We further consider a casewherein the parameter X is random with the distribution (7.6).
In previous chapter, the MAP decision rule is presented as the optimum detector for such a
problem, as

bX = argmax
X

ln f (Xjy ) = argmin
X

�
ky � Sxk2 � N0 ln f X (X)

	
(7.14)

5We make this assumption for simplicit y's sake only: the extension to a more general caseis straightforw ard.
6This is not a restriction. If S is complex, by doubling the dimensionality of the problem, the latter can be

reduced to a real one.
7This is a matrix with integer entries and determinant equal to � 1, so that also its inversehas integer entries.
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Due to user independence,the function ln f X (X) can be factored as

ln f X (X) =
KX

k=1

ln f (X(k)) =
KX

k=1

�
jX(k) j ln � + (1 � jX(k) j) ln(1 � � ) � jX(k) j ln M

�
(7.15)

Thus, after QR decomposition of S, the minimization in (7.14) can be solved through the SD
algorithm by writing

bX = argmin
X

�
key � Rx k2 � N0 ln f X (X)

	

= argmin
X

KX

k=1

�
jey(k) �

KX

j = k

r k;j x(j )j2 � N0
�
jX(k) j ln � + (1 � jX(k) j) ln(1 � � ) � jX(k) j ln M

�
�

(7.16)

7.4 MUD in a dynamic environmen t: Bayesian recursions

Consider now a dynamic model for the userslogging in and out of a multiuser communication
system. Denote by X t the random set whoseelements are the active userswith their data at
time t, and consider its evolution with time. We assumethat from t � 1 to t somenew users
log in, while someold userslog out. We write

Xt = St [ Nt (7.17)

whereSt is the setof surviving usersstill active from t � 1, and N t is the setof newusersbecoming
active at t. The condition N t \ Xt � 1 = ; is forced, becausea user ceasingtransmission at time
t � 1 cannot reenter the set of active usersat time t.

Assumethere are jX t � 1j active usersat t � 1, i.e. X t � 1 =
S K

j =1 X(j )
t � 1. Then we may write,

for the set of surviving users,

St =
[

i 2 � (X t � 1 )

S(i )
t (7.18)

where the notation � (X t � 1) is introduced to denote the identities of the users contained in
the random set Xt � 1, while S(i )

t denoteseither an empty set (if user i has becomeinactive) or
the singleton f x (i )

t g (user i is still active). Let � denote the "p ersistence"probabilit y, i.e., the
probabilit y that a user survivesfrom t � 1 to t. We obtain, for the conditional probabilit y of St

given that Xt � 1 = B:

f St jX t � 1 (C j B) =
�

M �j Cj � jCj(1 � � ) jB j�j Cj; C � B
0; C * B

(7.19)

Denote � the probabilit y that a new user arises8. Then, a reasonablemodel is

f N t jX t � 1 (C j B) =
�

M �j Cj � jCj (1 � � )K �j B j�j Cj; C\ B = ;
0; C\ B 6= ;

(7.20)

8With a slight abuseof notation, we retain the samesymbols � for the probabilit y of a user to be active and
the probabilit y that a new user arises.
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Finally, by assuming that births and deaths of users are conditionally independent given
Xt � 1 = B, the conditional pdf of the union of the random sets St and Nt is obtained from the
generalized convolution [7]

f X t jX t � 1 (C j B) =
X

W� C

f St jX t � 1 (W j B) f N t jX t � 1 (Cn W j B)

= f St jX t � 1 (C\ B)f N t jX t � 1 (Cn (C\ B)) (7.21)

Now, assumethat two functions are available to model the dynamics of the system. One
models the observation, and has the form of the probabilit y density function f (y t j Xt ) of the
observation y t given the realization of the random set X t (eq. (7.9)). The other oneis a Markov
model for the evolution of X t with time, i.e., the probabilit y f (X t j Xt � 1) (eq. (7.21)). These
two functions can be used as the ingredients of Bayes recursionsfor countable sets: denoting
y1:t , (y1; : : : ; y t ) the channel-output observations from time 1 to time t, we have for the
conditional a posteriori densities

f (Xt+1 j y1:t ) =
X

X t

f (Xt+1 j Xt )f (Xt j y1:t ) (7.22)

f (Xt+1 j y1:t+1 ) / f (Xt+1 j y1:t )f (y t+1 j Xt+1 ) (7.23)

Thus, the optimum causaldetector for X t+1 is

bXt+1 = argmax
X t +1

f (Xt+1 j y1:t+1 ) (7.24)

Eq. (7.22) predicts Xt+1 on the basis of its past and of the observations up to time t,
while (7.23) corrects this prediction by accounting for the additional observation made at time
t + 1. Notice, in particular, that the maximization of (7.22) with respect to X t+1 yields the best
prediction of Xt+1 basedon the observations y 1:t .
In the previous chapter, the above recursion is consideredas the optimal solution for the causal
estimation of Xt . The problem of (7.22)-(7.23) is that they require a complexity for the cal-
culation of (7.22) and the evaluation of the maximum in (7.23) which grows exponentially in
K . Moreover, taking the logarithm of both sidesof (7.23), the problem is not amenableto SD
since(7.22) doesnot admit a factorization as in (7.15). However, one can exploit the structure
of recursions(7.22)-(7.23) to further simplify the detection process.This is the subject of next
subsections.

7.4.1 Reducing the recursion complexit y: Zero-order appro ximation

As anticipated, the complexity of the evaluation of (7.22)-(7.23) and that of the maximization
in (7.24) grow exponentially with K . We can reduce the complexity of the calculation of the
summation (7.22) by �rst noticing that:

X

X t

f (Xt+1 j Xt )f (Xt j y1:t ) = f (Xt+1 j bXt )f (bXt j y1:t ) +
X

X t 6= bX t

f (Xt+1 j Xt )f (Xt j y1:t ) (7.25)

where bXt is the MAP estimate form the previous interval. On the other hand, for su�cien tly
large signal-to-noiseratio, the a-posteriori probabilit y f (X t j y1:t ) exhibits a sharp peak around
its maximum bXt , whereby the term f (X t+1 j bXt )f (bXt j y1:t ) is expected to give the largest
contribution (at least asymptotically) to the Left Hand Side summation in (7.25). The sim-
plest possibleapproximation to (7.22) thus retains only this term, leading to the \zero-order
approximation":

f (Xt+1 j y1:t ) � f (Xt+1 j bXt )f (bXt j y1:t ) (7.26)
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which, combined with (7.23), yields

f (Xt+1 j y1:t+1 ) � f (Xt+1 j bXt )f (bXt j y1:t )f (y t+1 j Xt+1 ) (7.27)

For future reference,de�ning

�( Xt+1 j y1:t+1 ) , � N0 ln f (Xt+1 j y1:t+1 ) (7.28)

we have, under the approximation (7.27):

�( Xt+1 j y1:t+1 ) � ky t+1 � Sx t+1 k2 + �( bXt j y1:t ) � N0 ln f (Xt+1 j bXt ) (7.29)

which yields the approximate MAP estimate

bXt+1 , arg min
X t +1

�
ky t+1 � Sx t+1 k2 � N0 ln f (Xt+1 j bXt )

�
(7.30)

7.4.2 Using the SD algorithm with a dynamic model

We examine here the adaptation of the SD algorithm to our estimation problem, whereby the
zero-orderapproximation (7.26) is combined with the structure of the iterations (7.22)-(7.23).
For simplicit y, we treat the problem of estimating the set of active usersand their data: as a
consequencethe quantities x (k)

t areallowed to takeon valuesin the setM [ f 0g, the valuex (k)
t = 0

being an evidencethat user k is inactive. Then, we show how this model can encapsulatethe
problem of estimating only the user identit y in a trained fashion.

Estimating the activ e users and their data

The zero-orderapproximation can be viewed as yielding, from Bayes recursions,

f (Xt+1 j y1:t ) / f (Xt+1 j bXt )

which in turn yields

f (Xt+1 j y1:t+1 ) / f (� (Xt+1 ) j � ( bXt )) f (y t+1 j Xt+1 )M �j X t +1 j (7.31)

where � (Xt ) � f 1; : : : ; K g denotesagain the set of the identities of usersactive at time t.
Now we observe, basedon the conditional independenceof the users,that f (� (X t+1 ) j � ( bXt ))

can be factored in the form

f (� (Xt+1 ) j � ( bXt )) =
KY

k=1

f (� (X(k)
t+1 ) j � ( bX(k)

t )) (7.32)

(a crucial point to simplify the SD algorithm), where, after somestraightforward calculations
basedon (7.21),

f (� (X(k)
t+1 ) j � ( bX(k)

t )) = � j � (X ( k )
t +1 )\ � ( bX ( k )

t )j (1 � � ) j � ( bX ( k )
t )j�j � ( bX ( k )

t )\ � (X ( k )
t +1 )j

� � j � (X ( k )
t +1 )n� ( bX ( k )

t )\ � (X ( k )
t +1 )j (1 � � )1�j � ( bX ( k )

t )j�j � (X ( k )
t +1 )n� ( bX ( k )

t )\ � (X ( k )
t +1 )j(7.33)

and hence,

f (Xt+1 j bXt ) = M �j � (X t +1 )j � j � (X t +1 )\ � ( bX t )j (1 � � ) j � ( bX t )j�j � ( bX t )\ � (X t +1 )j

� � j � (X t +1 )n� ( bX t )\ � (X t +1 )j (1 � � )K �j � ( bX t )j�j � (X t +1 )n� ( bX t )\ � (X t +1 )j (7.34)
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Perusal of the last equationsshows that they are precisely in a form allowing application of the
SD algorithm. In fact, with S = QR , with (R ) i;j = 0, i > j and ey = Qyy, the quantit y to be
minimized is

�( Xt+1 j ey1:t+1 )

=
KX

i =1

�
�
�
�
�
�
eyt+1 (i ) �

KX

j = i

r i;j x t+1 (j )

�
�
�
�
�
�

2

� N0 ln f (� (Xt+1 ) j � ( bXt )) + N0jXt+1 j ln M

(7.35)

=
KX

i =1

gi
�
x t+1 (K ); : : : ; x t+1 (i )

�
� N0 ln f (� (Xt+1 ) j � ( bXt )) + N0jXt+1 j ln M (7.36)

where

gi
�
x t+1 (K ); : : : ; x t+1 (i )

�
,

�
�
�
�
�
�
eyt+1 (i ) �

KX

j = i

r i;j x t+1 (j )

�
�
�
�
�
�

2

(Observe that

� N0 ln f (� (Xt+1 ) j � ( bXt )) � 0 and N0jXt+1 j ln M � 0

two conditions that will be exploited in the sequel).
A preliminary decisionas to the presenceof user K can be made by resorting to decision-

feedback. Precisely, denote

bxD F
t+1 (K ) = arg min

x t +1 (K )2 M [f 0g

n
jeyt+1 (K ) � r K ;K x t+1 (K )j2 + N0� (x t+1 (K ); � ( bXt ))

o
(7.37)

where

� (0; � ( bXt )) ,
�

� ln(1 � � ); if K 2 � ( bXt )
� ln(1 � � ); otherwise

(7.38)

� (x t+1 (K ); � ( bXt )) = ln M �
�

ln �; if K 2 � ( bXt )
ln �; otherwise

; x t+1 (K ) 6= 0 (7.39)

It may be worth emphasizingthat, rewriting X t =
S

X(k)
t , with X(k)

t singleton-or-empty sets,
we have that

� (x t+1 (K ); � ( bXt )) = � ln f (X(K )
t+1 j bX(K )

t )

A preliminary decisionon the activit y of user K � 1 is thus made through:

bxD F
t+1 (K � 1) = arg min

x t +1 (K � 1)2 M [f 0g

�
jeyt+1 (K ) � r K � 1;K bxD F

t+1 (K ) � r K � 1;K � 1x t+1 (K � 1)j2

+ N0� (x t+1 (K � 1); � ( bXt ))
o

(7.40)

where � (x t+1 (K � 1); � ( bXt )) is the same as in (7.38) and (7.39) with K replaced by K � 1.
Iterating the above procedure,we obtain an initial estimate of the set of active usersand their
data in the form

bX(D F )
t+1 =

��
i1

bxD F
t+1 (i1)

�
; : : : ;

�
iL

bxD F
t+1 (iL )

��
(7.41)
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where L , j bX(D F )
t+1 j and the superscripts DF emphasizethe decision-feedback technique em-

ployed to obtain such an initial estimate. The corresponding metric can be evaluated (up to
terms that are irrelevant in the overall comparison) as:

� =
KX

i =1

gi (bxD F
t+1 (K ); : : : ; bxD F

t+1 (i )) � N0 ln f (� ( bX(D F )
t+1 )j� ( bXt )) + N0L ln M (7.42)

This represents the referencevalue that can be adopted in an SD algorithm to improve the
estimate, as outlined below. The key idea is to assessthe likelihood of the membership of each
singleuser to � (X t+1 ). Notice indeedthat the assumptionthat the K th userbelongsto � (X t+1 )
increasesthe accumulated metric by an amount

gK (x t+1 (K )) + N0 ln M � N0

�
ln � if K 2 � ( bXt )
ln � otherwise

while the assumption that it is absent increasesthe accumulated metrics by

gK (0) � N0

�
ln(1 � � ); if K 2 � ( bXt )
ln(1 � � ); otherwise

Assumefor example that K 2 � ( bXt ), K =2 � (bX(D F )
t+1 ), and that

gK (x t+1 (K )) + N0 ln M � N0 ln � > � 8x t+1 (K ) 2 M

Now, any path including K as an active user will end up with a cumulated metric larger than
that of paths not including it: thus, a number of branchescan be pruned out. If all the branches
must be kept, then for each branch we have to evaluate the likelihood of the membership of
user K � 1, which requires evaluating the following metrics:

(a) Users K � 1 and K both active. Add

gK � 1(x t+1 (K ); x t+1 (K � 1)) + N0 ln M � N0

�
ln � if K � 1 2 � ( bXt )
ln � otherwise

to

gK (x t+1 (K )) + N0 ln M � N0

�
ln � if K 2 � ( bXt )
ln � otherwise

(b) User K � 1 inactive, user K active. Add

gK � 1(x t+1 (K ); 0) � N0

�
ln(1 � � ); if K � 1 2 � ( bXt )
ln(1 � � ); otherwise

to

gK (x t+1 (K )) + N0 ln M � N0

�
ln �; if K 2 � ( bXt )
ln �; otherwise

(c) Users K � 1 and K both inactive. Add

gK � 1(0; 0) � N0

�
ln(1 � � ); if K � 1 2 � ( bXt )
ln(1 � � ); otherwise

to

gK (0) � N0

�
ln(1 � � ); if K 2 � ( bXt )
ln(1 � � ); otherwise



WP-2 119

(d) User K � 1 active, user K inactive. Add

gK � 1(0; x t+1 (K � 1)) + N0 ln M � N0

�
ln �; if K � 1 2 � ( bXt )
ln �; otherwise

to

gK (0) � N0

�
ln(1 � � ); if K 2 � ( bXt )
ln(1 � � ); otherwise

Comparing the partial metrics to � should allow pruning out further paths. It should not be
necessaryto recall that, if a branch is examinedup to its terminal leaves,and if its cumulated
metric it smaller than �, this new metric would be chosenas the new referencevalue for next
steps.

Estimating only the activ e-user set

Given the above, the problem of estimating only the active-usersset in a training phasewherea
known data sequenceis transmitted is fairly straightforward. In fact, this casecan be handled
by the samealgorithm, where M = 1 and where the decision tree has a number of terminal
leaves equal to 2K . Before moving to the algorithm validation, we observe that:

a The algorithm suboptimalit y may be uniquely tied to the zero-order approximation (7.27).
Once this approximation is accepted, the search procedure is ensured to single out the
path with maximum (approximate) a-posteriori probabilit y;

b As all SD algorithms, signi�cant savings can be achieved only if the initial estimate is reli-
able. It is thus expected that, if the channel changeslittle from t to t + 1, i.e. if � is
su�cien tly closeto one, while � is su�cien tly small - for the adopted model this implies
that f (� (Xt+1 ) j � ( bXt )) peaksat � (Xt+1 ) = � (bXt ) -, then pruning proceedsfaster than in
highly dynamic situations.

7.5 Numerical results

Consider now the performanceof the proposedSD algorithm for MUD in a dynamic environ-
ment. We examine error probabilit y and algorithm complexity, and compare our results with
those in Chapter 6.

Assumea training phase. Let the spreadingsequencesbe m-sequenceswith processinggain
N = 15, and � = 0:8 and � = 0:2. For the measurement model, we assumeSNR=10 dB for
all users. The frames have length T = 10. The computational complexity of the SD-based
receiver, measuredas the average number of explored nodes per decision, is represented in
Fig. 7.2 for a maximum number of users varying from K = 2 to K = 10. We note as the
averagecomplexity grows linearly instead of exponentially with K , aswould happen should the
exact Bayes recursionsof Chapter 6 be implemented.

Considernext the samescenarioasabove, with N = 7, K = 6, � = 0:8, � = 0:2, and T = 10.
Fig. 7.3 shows the averagecomplexity of the SD algorithm versusSNR. As expected,SD is less
and lesscomplex as the SNR increases,while exact Bayesrecursionsare exponentially complex,
irrespective of the SNR. Moreover, at high SNR's the SD complexity bottoms out at (M + 1)K ,
re
ecting the increasing reliabilit y of DF-based initializations. It should be underlined again
that SD is \optim um" in the sensethat it does not prune out any branch having an overall
metric smaller than the one chosenat the algorithm termination, suboptimalit y being possibly
due to the zero-orderapproximation of (7.27) only. In order to demonstrate the validit y of such
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an approximation, we refer to Fig. 7.4, which is derived under the samesystem parametersas
Fig. 7.3. Fig. 7.4 shows the set-sequenceerror probabilit y (SSEP), de�ned as

SSEP, P
�
X1:T 6= bX1:T

�
(7.43)

for varying SNR. In trained scenarios,it represents the probabilit y that the estimated and the
real sequencesof the set of active usersidentities di�er at any epoch t. Conversely, in untrained
scenarios,it is the probabilit y that, for somet, the estimated and the real set sequencesdi�er
either in the identit y or in the transmitted data or both. Inspecting Fig. 7.4 shows that the
zero-orderapproximation entails only a marginal losswith respect to exact Bayesrecursionsin
the whole range of examined SNR's, whereby we conclude that, at least for trained systems,
the complexity saving doesnot entail any signi�cant loss in terms of SSEP.

Consider �nally an untrained scenario,and assumethat the userstransmit binary antip odal
signals(i.e., M = f� 1; +1g). Fig. 7.5 shows the complexity of the SD receiver for a maximum
number of usersvarying from K = 2 to K = 10, N = 15, � = 0:8, � = 0:2, and T = 10. Even in
this scenariothe complexity savings of the SD receiver is apparent. Fig. 7.6 shows the average
complexity of the SD algorithm versusSNR for K = 6, N = 7, � = 0:8, � = 0:2, and T = 10,
giving further evidenceof the merits of the SD algorithm, as compared to Bayes recursions.
Fig. 7.7, �nally , shows the SSEP for untrained scenariowith K = 6, N = 7, � = 0:8, � = 0:2,
and T = 10, demonstrating, in the new scenario,on one side the suitabilit y of the zero order
approximation, on the other the e�ectiv enessof the proposedSD algorithm.

We �nally underline that so far the nominal9 and the actual values of � and � have been
assumedcoincident and known to the receiver, while in real systems a discrepancy between
thesevaluesbe observed. As pointed out in [9], the nominal valuesof � and � may be alsoused
as a degreeof freedom to tune the receiver tracking capabilities. Indeed, overestimating � is
expected to improve the capabilities of detecting the activit y of a new user, at the price of an
increaseof the falsealarm probabilit y, i.e. of declaring usersthat are not actually transmitting.
Similarly, underestimating � correspondsto assumingthat active usersceasetransmissionmore
frequently than they actually do, thus enhancingthe systemadaptivit y at the price of increased
probabilit y of missing active users.

9The nominal values are those used for setting the receiver parameters.
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Figure 7.2: Complexity of the SD receiver and a receiver basedon exact recursions,for di�eren t
valuesof K , in a training phase.
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Figure 7.3: Complexity of the SD receiver and a receiver basedon exact recursions,for di�eren t
valuesof SNR, in a training phase.
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Figure 7.4: Set-sequenceerror probabilit y (SSEP) for the SD receiver and a receiver basedon
exact recursions,for di�eren t valuesof SNR, in a training phase.
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Figure 7.6: Complexity of the SD receiver and a receiver basedon exact recursions,for di�eren t
valuesof SNR and untrained acquisition.
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8.1 In tro duction

Of late, wirelessnetworks, and in particular sensornetworks, have been the object of a good
deal of interest, also spurred by the manifold applications they can be associated with (see,for
example, their applications to classi�cation and tracking [1] and to monitoring [2]). A charac-
teristic requirement of several wirelessnetworks, which enablesthem to adapt themselves to a
changing environment, is that they be \self-con�guring," i.e., that a large number of wireless
nodesorganizethemselves to perform the tasks required by the application they have beende-
ployed for: examplesof self-con�guration include construction of routing paths, clustering, and
formation of minimum-weight trees. In this chapter, we consideran aspect of self-con�guration
in wirelessnetworks referred to as neighbor discovery (ND). Neighbor discovery is the determi-
nation of all nodes in the network a given node may directly communicate with. Knowledge
of neighbors is essential for all routing protocols, medium-accesscontrol protocols, and several
other topology-control algorithms. Ideally, nodesshould discover their neighbors as quickly as
possible,which will allow nodes to save energy in their discovery phase. Also, rapid discovery
allows for other protocols (such as routing protocols) to quickly start their execution. In addi-
tion, ND may also be the solution for \partner selection" in cooperative wirelessnetworks. In
fact, cooperation amongusersmay carry advantagesonly if the partners are chosenin a proper
way: for example, \decode-and-forward" (DAF) protocols may su�er from cooperation with
weak users,thus failing in the goal of increasingthe diversity order [3].

Recently, a number studies on ND algorithms have appeared (see,e.g., [4, 5] and the ref-
erencestherein). Most of these approach ND at a protocol level, de�ning node A to be a
neighbor of node B if A can exceedB 's signal to noise-ratio requirement: as a consequence,
A is inserted in the neighbor list of B based solely upon successfulreception, at node B, of
a packet sent by node A. Moreover, the Internet Engineering Task Force proposesto perform
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Neighbor Discovery \at IP Layer" [6]. The corresponding protocol assumesa broadcast capa-
bilit y at physical layer, and a MAC which handlescontention. Now, ND algorithms for wireless
networks may not be contention-based when energy constraints are tight: retransmission in
the caseof a collision costs energy, which might be a resourceat a premium. In this context,
we considera transmission schemewhich avoids collisions at modulation level and is basedon
simultaneous transmission of signatures. In principle, if the nodes' waveforms were orthogonal,
no collision would occur. In practice, thesewaveformsexhibit a small correlation, which causes
an interference. In a \standard" network approach, signature transmission fails whenever there
is interference,becausethis causesa \collision" which may occur very often during a ND session
if there are many neighbors. Using multiuser detection, interferencedoes not causecollisions
(these are in a sense\automatically resolved") and can be controlled by multiuser-detection
algorithms.

ND can be performed in a supervised or unsupervised manner. In supervised methods,
there is a central controller (e.g., a leader node) which processesthe signal received from all
nodes, determines the network con�guration, and communicates to all nodes their neighbor
lists. Supervised ND algorithms are expected to cost a large amount of energy, and hence
they should be discarded for energy-limited networks, like sensornetworks. Unsupervised ND
algorithms have no central controller, and each node discovers its own neighbors. Another
important issuein ND problems is the timing aspect. In [7], the frame-synchronousassumption
is justi�ed by the presencein each node of Global Positioning System (GPS) devices. In [5],
asynchronousalgorithms are addressed,assumingthat nodescan synchronize at bit level (which
is the assumption we make in the following).

The goal of this work is to provide the foundations of signal processingfor ND in wireless
networks. We consideran unsupervisedwirelessnetwork, where ND is operated independently
of the regular exchangeof packets in a frequency-
at Gaussianmultiple-accesschannel, shared
by K + 1 nodes which transmit, synchronously and independently, a set of known signatures
according to the schemeadvocated in [5]. Each node is identi�ed by its own unique signature,
and every node keepsa list of all the signatures of the network.1 A node is called a neighbor
of the referencenode if its amplitude, received by the latter, exceedsa preassignedactivity
threshold, say � A .2 Moreover, nodes cannot transmit and receive simultaneously on the same
channel,3 and the maximum number of active nodes is �xed and �nite. We clarify that a
neighbor relation betweentwo nodesneednot be bidirectional, sinceeach node discovers those
nodesit can receive from.

The organization of this chapter is the following. In Section 8.2 we provide a model for the
physical aspectsof the networks, and we formulate our problem. ND algorithms are introduced
in Section 8.3, and analyzed in Section 8.4. Section 8.5 shows somenumerical results.

1We do assume that ND can occur in a separate channel of a mobile system. In a sensor network, where
energy is at a premium, it makessenseto perform ND as soon as nodes are deployed. Other ND algorithms can
be basedon higher layer proto cols such as IP, but these might seriously waste energy. Even if TCP/IP is in use
(in a mobile network, say), then allocating a small fraction of overall system resourcesat the physical layer to
ND might be better than running ND periodically as an application program.

2Note that this de�nition can be generalized: for example, one may de�ne a neighbor as one whosepower-to-
interference plus noise ratio exceedsa given threshold. In this chapter we stick to a more restrictiv e de�nition,
which allows simpler algorithms. In general, any information gleaned through ND will help scheduling, or
medium-accesscontrol, or routing algorithms to be more e�cien t, becausethey will be armed with neighbor
information.

3For simplicit y, we disregard the more general caseof nodes that can be in an id le state, i.e., they are neither
receiving nor transmitting.
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#1
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#3
#4

receive interval of reference user
transmit interval of neighboring users

TD

T

Figure 8.1: A schemefor synchronous neighbor discovery.

8.2 Signal mo del and problem form ulation

Our scenariois basedon the transmission schemeillustrated in Fig. 8.1, which corresponds to
node 0 searching its own neighbors among four other nodes. 4 In every time interval (\slot"),
each node i , i = 0; 1; : : : ; K , transmits its own signature, independently of the other nodes,with
probabilit y " i , while otherwise (and hencewith probabilit y 1 � " i ) it sensesthe channel. This
probabilit y is actually designedas a part of the algorithm, and it in
uences the ND algorithm
performance,as we shall examine in our analysis.

The ND algorithm runs in a �nite period, called a discovery session, whose duration is
denotedTD . During TD , every active node transmits a number of signalscontaining oneor more
copiesof its signature. Each signal has duration T = TD =N , with N the number of slots in the
discovery session.The network is assumedto be unsupervised,which implies that all nodesare
independent and at the samehierarchical level: as a consequence,the ND algorithm is run in
parallel by all nodes. Under the assumptionsmade in Section 8.1, the basebandrepresentation
of the signal received by node 0 in the time interval

�
(n � 1)T; nT

�
, n 2 f 1; 2; : : : ; N g, is

y(t) =
� P K

k=1  k;n � ksk
�
t � (n � 1)T

�
+ z(t) if  0;n = 0

0 if  0;n = 1
(8.1)

where � k denotesthe channel gain, i.e., the complex amplitude of the signal received from node
k and assumedto be constant during all the discovery session,sk(�) is the kth node signature,
 k;n is a random variable taking value1 if nodek is transmitting at time n, and value0 otherwise
(so that P( k;n = 1) = " k ), and z(t) is additiv e white complex Gaussiannoisehaving spectral
density 2N0. We assume� k to be modeledby a complexcircularly symmetric Gaussianrandom
variable with variance 2� 2

k . The signaturescan be expressedas

sk (t) =
LX

l=1

sl ;k �
�
t � (l � 1)Tc

�
=
p

L (8.2)

wheresl ;k 2 f� 1; +1g is the lth chip of the kth signature, L is the processinggain, Tc = T=L is
the chip duration, and � (�) is the (unit-energy) chip waveform.5 The slots devoted to channel
sensingneed not be adjacent: however, due to our 
at-fading assumption, we may assume,

4We consider node 0 to be the reference node. Since all nodes are at the same hierarchical level, the same
analysis applies to any node.

5The signatures are assumedto have unit energy.
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without any lossof generality, a sensingphaseof

M 0 =
NX

n=1

(1 �  0;n ) = N � � 0 (8.3)

consecutive slots with intermitten t other-usersactivit y, with � 0 the number of slots wherenode
"0" is transmitting. Notice that M 0 is random (N is assumed�xed and node 0 has its own
activit y factor " 0), but the value it takesis known to node0. Hence,in all subsequent derivations
we refer to a given value of M 0. Of course,we may adopt the silent phasesof node 0 as a time
scale,recasting (8.1), with a slight notational abuse,in the form:6

y(t) =
KX

k=1

 k;p� ksk
�
t � (p � 1)T

�
+ z(t) ; 0 � t � M 0T; p = 1; 2; : : : ; M 0 (8.4)

Our problem is now reducedto determining the indexesk such that fj � k jgK
k=1 exceedan \activit y

threshold" � A , basedon model (8.4).
Since z(t) is white Gaussian noise, the components of y(t) orthogonal to the subspace

spannedby the signatures are irrelevant to our detection problem [8]. As a consequence,we
might in principle adopt the signaturesthemselves,and their delayed versions,as an expansion
basis for such a subspace.Alternativ ely, we may usethe L � dimensional orthonormal basis

L � 1[

`=0

�
�

�
t � `Tc � (p � 1)T

�	
(8.5)

to expandthe signal in the interval
�
(p� 1)T; pT

�
. The two approachesare obviously equivalent,

but the latter is mandatory in situations where the discovering node has no prior information
as to the signaturesof other users: although we do not deal blind ND in this chapter, we choose
this one due to its inherent 
exibilit y.

De�ning the scalar products

y i;p ,
Z pT

(p� 1)T
y(t)� � �

t � (i � 1)Tc � (p � 1)T
�

dt (8.6)

with � denoting conjugation, we obtain a vector representation y p , [y1;p; y2;p; : : : ; yL;p ]T 7 of
the signal received in

�
(p � 1)T; pT

�
:

yp =
KX

k=1

 k;p� ksk + zp = S	 p� + zp (8.7)

where sk , 1p
L

[s1;k ; s2;k ; : : : ; sL;k ]T , S , [s1; s2; : : : ; sK ], 	 p , diag( 1;p;  2;p; : : : ;  K ;p), � ,

[� 1; � 2; : : : ; � K ]T , zp , [z1;p; z2;p; : : : ; zL;p ]T , and

zi;p ,
Z pT

(p� 1)T
z(t)� � �

t � (i � 1)Tc � (p � 1)T
�

dt (8.8)

The ND problem now consists of assessing,after observing the set of M 0 vectors y1:M 0 ,
f y1; : : : ; yM 0 g, which ones,among j� 1j, . . . , j� K j, exceedthe \activit y threshold" � A .

6Notice that the index n refers to consecutive time slots, while p refers to the time scalede�ned by the silent
phaseof node "0".

7The symbol T denotes transposition operation
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8.3 ND algorithms

A sensiblecriterion for the selectionof a ND algorithm consistsof minimizing the probabilit y
of choosing, among the K network nodesunder scrutiny, an erroneousset of neighbors of node
0. Sincethere are 2K such sets,each corresponding to one hypothesisH , this error probabilit y
is minimized by the maximum a posteriori (MAP) decisionrule:

bH = argmax
H

P(H )p(y1:M 0 j H ) (8.9)

where P(H ) is the a priori probabilit y of hypothesis H , and p(y 1:M 0 jH ) is the probabilit y
density of the observations given H . As an example, if K = 2, the 4 hypothesesare shown in
Table 8.1.

H1 H2 H3 H4

j� 1j < � A j� 1j > � A j� 1j < � A j� 1j > � A

j� 2j < � A j� 2j < � A j� 2j > � A j� 2j > � A

Table 8.1: Hypotheseson the set of neighbors of node 0 in a network with 3 nodes.

Now, p(y1:M 0 j H ) dependson the actual pattern of transmit/receiv e intervals of each node,
denoted	 1:M 0 . Sincethis is unknown under our assumptionthat the transmissionof signatures
is not coordinated, it should be obtained from the marginalization

X

	 1:M 0

P(	 1:M 0 )p(y1:M 0 j H ; 	 1:M 0 )

which has a complexity that grows exponentially with K M 0.
To overcomethis complexity obstacle,the decisionon the neighbor set works as follows. We

�rst obtain estimatesof the instantaneouspowers dj� i j
2 of all nodes,next we decidethat a node

is a neighbor by comparing each of them with a threshold, i.e.,

dj� i j
2

H1
>
<
H0

� 2
i (8.10)

where

H1: The received instantaneouspower exceeds� 2
A .

H0: The received instantaneouspower is below � 2
A .

The performanceof this test can be expressedthrough its probabilit y P (i )
F of a false-alarm

and its probabilit y P (i )
M of a miss, de�ned as:

P (i )
F = P

n
dj� i j2 > � 2

i j j� i j < � A

o

P (i )
M = P

n
dj� i j2 < � 2

i j j� i j > � A

o (8.11)
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Theseare related to the overall error probabilit y through8

P (i ) (e) = P (i )
F Pf j� i j < � A g + P (i )

M Pfj � i j > � A g (8.12)

Now, the maximum-likelihood (ML) estimators of the instantaneouspowerscan be obtained
by jointly estimating � and the matrix sequence	 1:M 0 . Straightforward calculations show that
the ML estimatesof � and 	 1:M 0 result from the solution of the 2K M 0 linear systems| each
corresponding to an outcome 	 1:M 0 ;i of the matrix sequence	 1:M 0 :

0

@
M 0X

p=1

	 p;i SyS	 p;i

1

A � =

0

@
M 0X

p=1

	 p;i Syy p

1

A : (8.13)

with y denoting Hermitian operation. Computing

b� M L = arg min
i =1 ;:::;2K M 0

M 0X

p=1

k y p � S	 p;i b� i k2 (8.14)

with b� i the solution corresponding to 	 1:M 0 ;i , and recalling that ML estimatescommute under

nonlinear transformations, test (8.10) can be implemented by using dj� i j
2 = jb� M L;i j2,

Evenwith this receiver, implementation complexity would beunrealistic, and hencea further
simpli�cation is called for. Instead of dealing with the receive/transmit pattern related to the
whole discovery session,we rather obtain estimates basedon a single T-interval observation,
which are then combined according to a suitable integration strategy.

8.3.1 Suboptim um ND algorithms

Consideragain model (8.7). The ML estimate of 	 p� , basedupon the observation y p available
in slot p, is

d	 p� = (SyS)� 1Syy p = S+ y p (8.15)

where S+ denotesthe pseudo-inverseof the tall matrix S.
A closer look at this solution reveals that, since

S+ y p = S+ S	 p� + S+ zp = 	 p� + w p (8.16)

with E[w pw y
p] = 2N0(SyS)� 1, the interferencefrom the other usersis completely eliminated, at

the price of somenoiseenhancement, re
ecting the increaseof the varianceof its i th component
by the factor f (SyS)� 1

i;i gK
i=1 . It is interesting to notice that this estimate is noise-limited, but

not interference-limited, implying that any receiver basedon (8.15) is asymptotically e�cient
[10]; likewise,near-far resistance is granted [10].

Since there are M 0 sensingphases,the M 0 estimates resulting from repeated application
of (8.15) should be combined to yield the �nal test statistic. Borrowing techniques from radar
detection theory, reasonablecombination criteria are coherent integration (CI), wherein an es-
timate of the instantaneouspower is obtained as

dj� i j2CI ,

�
�
�
�
�
�

1
M 0

M 0X

p=1

(S+ y p) i

�
�
�
�
�
�

2

(8.17)

8 In what follows, the superscripts will be skipped whenever no confusion is induced by this notational simpli-
�cation.
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and incoherent integration (I I)

dj� i j2I I ,
1

M 0

M 0X

p=1

j(S+ y p) i j2 (8.18)

Notice that

E
h

dj� i j2CI

�
�
� M 0; j� i j2

i
= " i j� i j2

�
" i +

1 � " i

M 0

�
+

2N0(SyS)� 1
i;i

M 0
(8.19)

E
h

dj� i j2I I

�
�
� M 0; j� i j2

i
= j� i j2" i + 2N0(SyS)� 1

i;i (8.20)

implying that both dj� i j2I I and dj� i j2CI can be interpreted as biasedestimators of the instanta-
neouspower received in each slot from node i : biasescan however be absorbed in the detection
thresholds� i , while what matters hereis that they are both consistent in the meansquaresense,
a property that will be exploited later on. Inserting (8.17) and (8.18) into (8.10), and skipping
factors that can be absorbed in the detection thresholds, we obtain the coherent detector (CD)

8
<

:

�
�
�
P M 0

p=1 (S+ y p) i

�
�
�
2

> � 2
i ! node i is a neighbor

�
�
�
P M 0

p=1 (S+ y p) i

�
�
�
2

< � 2
i ! node i is not a neighbor

(8.21)

and the Incoherent Detector (ID):
( P M 0

p=1 j(S+ y p) i j2 > � 2
i ! node i is a neighbor

P M 0
p=1 j(S+ y p) i j2 < � 2

i ! node i is not a neighbor
(8.22)

Notice how the CD can also be interpreted in a di�eren t way. Indeed, it may be obtained
by �rst pre-processingthe observations so as to form the cumulativ e sum:

y ,
M 0X

p=1

yp =
M 0X

p=1

� KX

k=1

 k;p� ksk + zp

�
=

KX

k=1

� k � ksk + z = SV � + z (8.23)

where

� k ,
M 0X

p=1

 k;p z ,
M 0X

p=1

zp (8.24)

and V , diag(� 1; : : : ; � K ), then multiplying the new observation by S+ and �nally extracting
the i th component to form the test statistic (8.21). Rewriting equation (8.23) in the form:

y = � i � i si| {z }
useful signal

+
X

k6= i

� k � ksk

| {z }
interference

+ z|{z}
noise

(8.25)

with z � Nc(0; 2N0M 0I L ), where I L is the L � L identit y matrix, the CD is easily seento be a
member of the family of linear ND tests (LNDT), wherein a decisionon the proximit y of user
i is made basedon the rule:

jcy
i y j2

H1
>
<
H0

� 2
i (8.26)
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Thus, the CD (8.21) can be also interpreted as the zero-forcing (ZF) member of the family
(8.26), obtained as the unique solution to the constrained minimization problem:

(
ci;Z F = argminci E

�
jcy

i

P K
k=1 � k � ksk j2

�

cy
i;Z F si = � 2 (8.27)

with � 6= 0, which yields9

ci;Z F =
�
I L � Si S+

i

�
si = Pi si (8.28)

where Si is the L � (K � 1) matrix obtained skipping the i � th column from S and P i denotes
the projector onto the orthogonal complement of the column span of Si . For future reference
we remind here that [10]

jcy
i;Z F sk j2 =

�
0 if k 6= i
jsy

i Pi si j2 = k si; ? k4 if k = i
(8.29)

where si; ? denotesthe projection of si on the above orthogonal complement: needlessto say,
sincek si; ? k2= 1=[(SyS)� 1

i;i ], the noisepower is enhancedby a factor (SyS)� 1
i;i .

The vector ci can be designedaccording to a number of di�eren t criteria. For example, an
LNDT basedon conventional matched �ltering (MF), i.e., assuming

ci;M F , si (8.30)

can be proposed. MF is indeed simple, but it results into interference-limited performance,as
we shall prove soon, nor does it retain the near-far resistanceproperty granted by ML-based
detectors.

A possiblealternative to the ZF criterion is o�ered by the minimum-mean-output-energy
(MMOE) strategy, �rst introduced in [11], wherein the vector ci is obtained as the unique
solution to the following constrained minimization problem:

8
><

>:

ci;M M OE = argminci E
� �
�
�
�c

y
i

�
P K

k=1 � k � ksk + n
� �

�
�
�

2�

cy
i;M M OE si = 1

(8.31)

namely:

ci;M M OE =
M � 1

yy si

sy
i M

� 1
yy si

(8.32)

whereM yy ,
P K

k=1 2� 2
kE[� 2

k ]sksy
k + 2N0M 0I L . Due to the invarianceof the decisionrule to any

positive scaling of the test statistic, an equivalent detector relies upon setting

ci;M M OE = M � 1
yy si (8.33)

It might be worth recalling here that, since

lim
N0 ! 0

M � 1
yy si / Pi si (8.34)

MMOE is itself asymptotically e�cien t. Likewise, it retains the near-far resistanceproperty
since the projection direction ci;M M OE tends to becomeorthogonal to those signatures whose
amplitudes becomeincreasingly large [11]. The advantage of (8.33) over ZF is that it easily
lends itself to adaptive implementations in situations where the signatures of the active users
are unknown. Even though we do not deal with adaptive ND in this chapter, we anticipate
that a number of reducedcomplexity algorithms, ranging from the O(L)-complex Least Mean
Squares to the O(L 2)-complex Recursive Least Squares, can be easily applied for adaptive
MMOE implementation.

9Notice from (8.28) that the parameter � 2 has been set to 1
( Sy S) � 1

i;i
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8.4 Analysis

From now on we assumethat the node to be detected is node "1". Consider �rst the ID. The
conditional false-alarmand missprobabilities in assessingthe proximit y of node1 canbewritten
as:

PM = P(� 1 < � 2
1

�
� j� 1j > � A ; 	 1:M 0 ) (8.35)

PF = P(� 1 > � 2
1

�
� j� 1j < � A ; 	 1:M 0 ) (8.36)

with � 1 ,
P M 0

p=1 j(S+ yp)1j2. Given j� 1j and 	 1:M 0 , � 1 is noncentral chi-squaredistributed with
2M 0 degreesof freedomand parameters � 1j� 1j2 and � 2

n;1 = (SyS)� 1
1;1N0, implying

P(� 1 > � 2
1 j j� 1j; 	 1:M 0 ) = QM 0

� p
� 1j� 1j
� n;1

;
� 1

� n;1

�
(8.37)

where QM 0 (�; �) is the Marcum function of order M 0. Using the seriesexpansion of modi�ed
Besselfunctions

I n (x) =
1X

k=0

(x=2)n+2 k

k!�( n + k + 1)
(8.38)

we obtain

P(� 1 > � 2
1 j j� 1j; 	 1:M 0 ) = e�

j � 1 j 2
� 1

� 2
n; 1

2
P 1

k=0

 

j� 1 j
r

� 1
� 2

n; 1

! 2k

2k k!�( M 0+ k) �
�

M 0 + k; � 2
1

2� 2
n; 1

�

P(� 1 > � 2
1 ; j� 1j > � A

�
� 	 1:M 0 ) = 1

1+ � 1 � 1

P 1
k=0

�
� 1 � 1

1+ � 1 � 1

� k

Q
�

M 0 + k; � 2
1

2� 2
n; 1

�
Q

�
k + 1; � 2

A
2� 2

1
(1 + � 1� 1)

�

(8.39)
where

�( k; x) ,
Z 1

x
tk� 1e� t dt ; Q(k; x) =

�( k; x)
�( k)

(8.40)

are the upper incomplete Gamma function and its regularized version, respectively, while � 1 is
the signal-to-noiseratio after decorrelation, i.e.:

� 1 =
� 2

1

� 2
n;1

=
� 2

1

N0(SyS)� 1
1;1

(8.41)

We thus obtain the conditional measure:

PM = 1 �
e

� 2
A

2� 2
1

1 + � 1� 1

1X

k=0

�
� 1� 1

1 + � 1� 1

� k

Q
�

M 0 + k;
� 2

1

2� 2
n;1

�
Q

�
k + 1;

� 2
A

2� 2
1

(1 + � 1� 1)
�

(8.42)

which shouldbeaveragedover � 1 to yield the conditional probabilit y of a missgiven M 0. Similar
developments hold for PF , yielding

P(� 1 > � 2
1 ; j� 1j < � A

�
� 	 1:M 0 ) =

1
1 + � 1� 1

1X

k=0

�
� 1� 1

1 + � 1� 1

� k

Q
�

M 0+ k;
� 2

1

2� 2
n;1

�
P

�
k+1;

� 2
A

2� 2
1

(1+ � 1� 1)
�

(8.43)
where


 (k; x) ,
Z x

0
tk� 1e� t dt ; P(k; x) =


 (k; x)
�( k)

(8.44)
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are the lower incomplete Gamma function and its regularized version, respectively. Finally,
from (8.43) we easily obtain:

PF =
e

� 2
A

4� 2
1

2(1 + � 1� 1)
csch

�
� 2

A

4� 2
1

� 1X

k=0

�
� 1� 1

1 + � 1� 1

� k

Q
�

M 0 + k;
� 2

1

2� 2
n;1

�
P

�
k + 1;

� 2
A

2� 2
1

(1 + � 1� 1)
�

(8.45)
Consider now the test family (8.26). Notice that, since

g1 , cy
1y = � 1cy

1s1 � 1| {z }
useful signal

+
KX

k=2

� kcy
1sk � k + cy

1z

| {z }
interference+noise

(8.46)

jg1j2 is conditionally chi-square with two degreesof freedom, given � 1, f � i gK
i =1 and M 0, with

non-centralit y parameter j� 1cy
1s1 � 1j2 = j� 1j2� 2

1cy
1s1s1

yc1 and scaleparameter

� 2(c1) ,
KX

k=2

j� kcy
1sk j2� 2

k + M 0N0kc1k2 =
KX

k=2

� 2
k � 2

k cy
1sk sk

yc1 + M 0N0kc1k2 (8.47)

whereby, reproducing the samesteps leading to (8.42) and (8.45), we obtain:
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PF =
e

� 2
A

4� 2
1

2(1 + � 2
1 � eq)

csch
�

� 2
A

4� 2
1

� 1X

k=0

�
� 2

1 � eq

1 + � 2
1 � eq

� k

Q
�

k + 1;
� 2

1

2� 2(c1)

�
P

�
k + 1;

� 2
A

2� 2
1

(1 + � 2
1 � eq)

�

(8.49)

where� eq represents the signal-to-interference-plus-noiseratio (SINR) at the output of the linear
�lter, i.e.:

� eq =
� 2

1cy
1s1s1

yc1

� 2(c1)
(8.50)

Relationships(8.48) and (8.49) arequite reminiscent of (8.42) and (8.45), respectively, onemajor
di�erence being the dependency of the performance on � 2

1 � eq, rather than � 1� 1. Of course,
the quadratic factor in � 1 stems from the fact that linear detectors operate on a coherent
combination of the observations, while ID combines the slot-by-slot estimates incoherently.
Notice, however, that the above relationships represent conditional measures,given M 0 (i.e.,
given � 0) and f � i gK

i=1 . If the discovery sessionis long enough,sothat the matrix sequence	 1:M 0

may exhibit its typical behavior, namely, if N (1 � " 0) � 1, then the � k 's tend in probabilit y to
M 0"k , whereby the unconditional performancesmay beobtained by averagingthe corresponding
conditional measureson the typical set of valuesof f � kgK

k=1 and M 0 only, implying:

- M 0 ' N (1 � "0);

- � k ' M 0"k = N "k (1 � "0).

In this limiting situation, it is interesting to notice the relationship between the "cumulated"
SNR's for ID and CD (i.e., the ZF of (8.28)), i.e. (seealso (8.29) and subsequent comments):

� 2
1 � eq =

� 2
1� 2

1 k s1;? k4

M 0N0 k s1;? k2 =
� 2

1 � 2
1

M 0N0(SyS)� 1
1;1

' "1� 1� 1 (8.51)
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Thus, in terms of cumulated signal-to-noiseratio and for large N , ID seemsto be preferable to
CD, even though a global superiorit y cannot be claimed due to the di�eren t forms assumedby
the respective false-alarmand miss probabilities.

So far no criterion has beengiven to select the decisionthreshold � 1. Notice, however, that
the consistencyof the estimates(8.17) and (8.18) allows devising the asymptotically optimum
thresholds (those achieving minimum error probabilit y for large N ) from (8.19) and (8.20) in
the form:

� 2
1;CD = N (1 � "0)

h
"1� 2

A [N (1 � "0)"1 + (1 � "1)] + 2N0(SyS)� 1
1;1

i
(8.52)

� 2
1;I D = N (1 � "0)

h
� 2

A "1 + 2N0(SyS)� 1
1;1

i
(8.53)

For short discovery sessions,and under known activit y factors of nodes to be discovered, op-
timum detection thresholds can be obtained by evaluating numerically the unconditional error
probabilit y, and then determining the points where it has a minimum.

8.5 Results

We considerhere a fully loaded network with K + 1 = 7, each node being assigneda length-7
m-sequence.As in the previoussection,we assumethat node "0" hasto decideon the proximit y
of node 1. Figure 8.2 assumesSNR1 , � 2

1=N0 = 0 dB, N = 100, a power-controlled scenario
wherein all nodesare received with the sameaveragepower, uniform activit y factor (" k = " =
0:5), and an activit y threshold equal to the median of the fading amplitude distribution, i.e.,
such that P(j� 1j > � A ) = 0:5. The �gure represents the pair PM , PF for the various receivers
examinedso far. Interestingly, \conventional" MF su�ers from the presenceof the other nodes
even in this rather benign situation, while MMOE, ZF (which coincides with CD rule) take
advantage of their asymptotic e�ciency: from now on, conventional MF will not be considered
any longer.

The reliabilit y of the asymptotic approximation for long discovery sessionscan be assessed
through �gures 8.3{ 8.5 for the CD, and through �gures 8.6{ 8.8 for the ID, which refer to the
samescenarioas in Fig. 8.2. The curvesof these�gures represent:

- The unconditional falsealarm and miss probabilities obtained by simulation.

- The samepair obtained by a semi-analytical method, i.e., by estimating the averagesof their
conditional counterparts.

- The asymptotic approximation.

From the plots, it is evident that the asymptotic approximation tends to overestimate the
performancesin the interesting region of low error probabilities, while coming closerand closer
to the true performanceas N increases:notice that the approximation is extremely tight for
N = 500, a realistic value indeed in real applications, which, for � 0 = 0:5, corresponds to
M 0 ' 250. However, it should be kept in mind that, for larger activit y factors of the discovering
node, the minimum value of N for the asymptotic behavior to be reached inevitably increases.

The validit y of the approximations (8.52) and (8.53), yielding the asymptotically optimal
thresholds for CD and ID, respectively, can be veri�ed through Figs. 8.9 and 8.10, showing P(e)
versus� 1 for CD and ID, respectively, for somevalues of SNR1, "=0.5, N = 500 and � A such
that P(j� 1j > � A ) = 0:5. These plots, obtained numerically, show that the error probabilit y
admits a unique minimum; moreover, the optimal values of � 1 are surprisingly closeto those
resulting from the asymptotic approximations in (8.52) and (8.53). It might be marginally
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worth noticing that such an optimum value is practically independent of SNR1 for CD, while
being strongly tied to SNR1 for ID.

Fig. 8.11 is aimed at comparing CD and ID. It represents the error probabilit y versusthe
signal-to-noiseratio SNR1 using the optimal thresholds for both receivers, and assumingagain
" = 0:5, N = 500,and � A asbefore. It is interesting to notice that CD outperforms ID for small
signal-to-noiseratios, while ID is preferable for medium-to-large valuesof SNR1.
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Figure 8.2: Performanceof various ND algorithms under perfect power control, 2� 2
1 = 2N0 = 1

(SNR1=0 dB), N = 100, fully-loaded network.
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Figure 8.3: Performanceof the CD for 2� 2
1 = 2N0 = 1 (SNR1=0 dB), N = 100
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Figure 8.4: Performanceof the CD for 2� 2
1 = 2N0 = 1 (SNR1=0 dB), N = 300.
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Figure 8.5: Performanceof the CD for 2� 2
1 = 2N0 = 1 (SNR1=0 dB), N = 500
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Figure 8.6: Performanceof the ID for 2� 2
1 = 2N0 = 1 (SNR1=0 dB), N = 100.
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Figure 8.7: Performanceof the ID for 2� 2
1 = 2N0 = 1 (SNR1=0 dB), N = 300

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

P
M

P
F

 

 
Simulation
Semi�analytical
Asymptotic

Figure 8.8: Performanceof the ID for 2� 2
1 = 2N0 = 1 (SNR1=0 dB), N = 500.
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Figure 8.9: Error Probabilit y versusthe detection threshold for a CD operating with N = 500,
" = 0:5, 2� 2
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