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Executiv e Summary

This deliverable focuseson selectedtransceiver algorithms for multi-user (MU) MIMO commu-
nication systemswhich constitute a major implementation challenge. The report describesthese
key algorithms, intro duces suitable optimizations for complexity reduction, proposessuitable
low-complexity hardware architectures, and discussegshe asseiated implementation trade-o s.
To this end, this documert is divided into three parts:

Part 1 is concernedwith algorithms for the e cien t implementation of MU-MIMO detection
with (close-to) maximum-likelihood (ML) performance:

The rst chapter in this section showvs how spheredecaling can be usedasan e cien t tool
to implement soft-output MIMO detection with exible trade-o s betweencomputational com-
plexity and (error rate) performance. In particular, VLSI implemertation results are provided
which demonstrate that single tree-seart), sorted QR-decomposition, channel matrix regular-
ization, log-likelihood ratio clipping, and imposing runtime constraints are the key ingredients
for realizing soft-output MIMO detectors with near max-log performanceat a chip areathat is
only 50%higher than that of the best-knovn hard-output spheredecader VLSI implementation.

The secondchapter considersdesignof a VLSI decader for a MIMO system coded with the
Golden Code which is an optimal space-timeblock codefor 2 2 MIMO systems. The preseried
architecture is basedon arearrangemen of the spheredecaling algorithm that allows maximum
likelihood performance. The proposedcircuit exhibits an inherent exibilit y with respect to
di erent modulation schemes, which makes it particularly suitable for adaptive modulation
schemes. Two di erent implemenations are proposed: a parametric implementation able to
adhieve high decading throughput (> 165 Mbps) while keepinglow overall decader complexity
(45k Gates) and a exible implemenrtation able to dynamically adapt to the modulation scheme
(4,16,64QAM) retaining the low complexity and high throughput features. In addition, a deep
analysisof nite precisione ects on the performanceis presened in this work for both 16 QAM
and 64 QAM.

Part 11 is concernedwith matrix-decomposition algorithms for channel-matrix preprocessing
in MU-MIMO systems. The two cortributions to this part consider QR decomposition (QRD)
and singular value decomposition (SVD) and high-speed sorted minimum mean squared error
(MMSE) QRD.

The rst cortribution provides a high-level design-spacesxploration, describesa minimum-
areamatrix decomposition architecture that is programmable to perform QRD and SVD with
variable precision, and investigatesthe assaiated designand implementation trade-os. The
described referenceimplemertation achievesa hardware e ciency of up to 325k SVDs/s/mm ?
and 1.92M QRDs/s/mm 2 for complex-valued 4 4-matricesin 0.18 m technology.

The secondcortribution is concernedwith devising a suitable VLSI architecture for MMSE
QRD with the ability to perform iterativ e sorting. The work describesa suitable high-throughput
VLSI architecture basedon Givens rotations, implemented e cien tly through a combination

6
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of CORDIC circuits with complex-valued multipliers. The report also discussesthe numeri-
cal requiremerts and presernts an ASIC implemertation that achieves a throughput of 1.87M
MMSE-QRDs/s in a 0.25 m technology.

Part 111 introducesnew receiver algorithms for MU communication systemswhere the set of
currently active userschangesand where the transmission (channel) parameters are unknown
to the receiwer.

The rst chapter of this part considersthe performanceof optimum receiwer architectures
which jointly identify both the active usersand the corresponding data. It is further shavn how
random set theory can be employed to exploit information from atrac model to enhancethe
performanceof the described multi-user detector (MUD).

The secondchapter of this part dealsagain with MUD in a dynamic ervironment, in which
users can enter and leave the system. Howewer, in addition to the preceding chapter, the
transmission/channel parameters of ead user may also vary and must be estimated together
with the set of active usersand the corresponding data.

The third chapter of this part preseris the derivation of MUD algorithms for systemswith
an unknown number of active users. In particular, an algorithm basedon spheredecaling is
proposedthat exhibits manageablecomplexity while achieving close-tooptimum performance.

The nal (fourth) chapter of this part considersthe problem of neighbor discovery in wireless
networks.
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Chapter 1

Soft-Output Sphere Decoding:
Algorithms and Implemen tation

Christoph Studer, AndreasBurg?, and Helmut Belcsler

Y Integrated SystemsLaboratory Z Communication Tednology Laboratory
ETH Zurich, Switzerland ETH Zurich, Switzerland
email: fstuder, apburgg@iis.ee.ethzle email: boelcslei@nari.ee.ethzle

One of the main challengesin the practical realization of MU-MIMO wirelesssystemslies
in the e cient implemenation of the detector which needsto separatethe multiplexed data
streams. To this end, a wide range of algorithms o ering various trade-o s between perfor-
mance and computational complexity have been deweloped [1]. Linear detection producing
hard outputs constitutes one extreme of the complexity/p erformance trade-o region, while
computationally demanding a posteriori probability (APP) maximum-likelihood (ML) detec-
tion algorithms result in the opposite extreme. In general,the computational complexity of a
MIMO detection algorithm depends on the symbol constellation size and the number of spa-
tially multiplexed data streams, but often alsoon the instantaneousMIMO channel realization
and the signal-to-noiseratio (SNR). On the other hand, the overall decaling e ort is typically
constrained by the system bandwidth, latency requiremerts, and the questto keep chip area
and power consumption as low as possible.

A straightforward implementation would instantiate hardware for di erent algorithms, eath
optimized for a maximum allowed decading e ort and/or a particular system con guration or
channel state. Howewer, such an approad would entail considerablechip area overhead and
in addition be highly ine cien t since large portions of the corresponding application specic
integrated circuit (ASIC) would remain idle most of the time. Hence,an e cien t and versatile
MIMO receiver designshould be ableto cover a wide rangeof complexity/p erformancetrade-o s
using a single tunable detection algorithm.

Con tributions

In this work we describe a tunable MIMO detector with performance ranging from that of
hard-output successie interferencecancellation (SIC) [2] to that of max-log APP detection [3].
The preseried algorithm and the corresponding implementation is basedon the state-of-the-art
in spheredecding [4, 5, 6, 7, 8, 9. Complexity-reduction and adjustments of the complex-
ity/p erformancetradeo are achieved through log-likelihood ratio (LLR) clipping, channel ma-
trix regularization, and by imposing constraints on the maximum computational complexity of

9



10 MASCOT D2.1.2

the decder (i.e., run-time constraints). With a view towards VLSI implemertation, we elabo-
rate on, and provide re nements of, the tree-seart algorithm outlined in [10] leading to what we
term the singletree-seart (STS) approach. We describe how LLR clipping as proposedin [11]
can beincorporated into the STS algorithm. A framework for systematically characterizing the
complexity/p erformancetrade-o s of the resulting classof soft-output spheredecaers is for-
mulated. Finally, we preser a suitable VLSI architecture and provide referenceimplementation
results for max-log soft-output spheredecading with LLR clipping.

Notation

Matrices are set in boldface capital letters, vectors in boldface lowercaseletters. The super-
scripts T and " stand for transposeand conjugate transposition, respectively. We write Aj;
for the entry in the ith row and jth column of the matrix A and b; for the ith entry of the
vectorb = [by b by J7. In denotesthe N N identity matrix. Slightly abusing common
terminology, we callan N M matrix A, whereN M, satisfying A" A = Iy unitary. jAj
denotesthe cardinality of the set A. E[] stands for the expectation operator. The binary
complemen of x is denoted by X.

Outline

The remainder of this chapter is organizedasfollows: Section 1.1 reviewsthe transformation of
the max-log soft-output MIMO detection problem into a seriesof tree-seart problems. In Sec-
tion 1.2, we review the repeatedtree-seart (RTS) algorithm proposedin [12] and intro ducethe
STSalgorithm. In Section 1.3, we describe methodsfor reducingthe tree-seartr complexity both
in the RTS and the STS algorithms. A framework for evaluating the complexity/p erformance
trade-o s of the resulting family of soft-output spheredecders is introduced in Section 1.4.
Corresponding ASIC implementation results are summarized in Section 1.5. We concludein
Section 1.6.

1.1 Soft-Output Sphere Decoding

Considera MIMO systemwith Mt transmit and Mg M+ receiwe antennas. The coded bit-
stream is mappedto M 1 -dimensionaltransmit symbol vector s 2 OMT, where O stands for the
set of underlying complex-valued scalar constellation points. Eadh symbol vector s is assciated
with a bit-level label vector x where, throughout the paper, symbol vectorsand their assaiated
labels will be usedinterchangeably Slightly deviating from our notation rules, we denote the
entries of x asx;p, wherethe indicesj and breferto the bth bit in the label of the constellation

point given by the jth entry of s= s1 5 SM+ T The resulting complex basebandinput-
output relation is given by

y=Hs+n (1.2)

where H denotesthe Mg M+t channel matrix and n is an i.i.d. proper complex Gaussian
distributed M r-dimensional noisevector with variance N, per complex entry. Throughout this
paper, we assumethat the receiver has perfect knowledge of the channel matrix realization and
the SNR per receive antenna is 1=N,,.

1.1.1 Computation of the Max-Log LLRs

Soft-output MIMO detection requires the computation of LLRs, denoted as L( ), for all bits
in the label x. In order to reducethe corresponding computational complexity, we employ the



WP-2 11

max-log approximation [3]

L Xjp = min ky Hs k2 min ky Hs k? (1.2)
sZX ) sZX )

WhereX(b) and X( ) are the sets of symbol vectors that have the bth bit in the label of the
jth scalar symbol equal to 0 and 1, respectively. Note that the max-log approximation entails
a performance loss compared to using the exact LLRs. For the simulation setup considered
in Section 1.4, this loss, in terms of SNR, is found to be around 0.25dB over a large range of
SNRs. We emphasizethat the LLRs in (1.2) are normalized for algorithmic reasonsto avoid
large LLR magnitude in the high-SNR regime aswell asfor the sake of simplicity of exposition.

For ead bit, one of the two minima in (1.2) is given by the metric M- = ky HsMLk?
assaiated with the ML solution of the MIMO detection problem

sMb = argminky Hsk?%: (1.3)
s20Mr

The other minimum in (1.2) can be written as

L = miTAL ky Hsk? (1.4)
jib

sZX

where the counter-hymthesisxjw denotesthe binary complemer of the bth bit in the label of
the jth entry of sM-. With (1.3) and (1.4) the max-log LLRs can be written as

O ML XML = g
= i X
L Xjp MC ML . oML = q - (1.5)
jib B Y '

From (1.5 we can concludethat e cien t max-log APP MIMO detection reducesto e cien tly
identifying sV, M-, and M- forj = 1;2;:::;M7 andb= 1;,2;:::;Q [12].

1.1.2 Max-Log APP MIMO Detection as a Tree Search

Transforming (1.3) and (1.4) into tree-sear® problemsand using the spheredecaling algorithm
[4,5, 6, 7, 8, 9] allows to e cien tly compute the LLRs in (1.5). To this end, the channel matrix
H is rst QR-decomposedaccordingto H = QR , wherethe Mg My matrix Q is unitary, and
the Mt My upper-triangular matrix R hasreal-valued positive entries on its main diagonal.
Left-multiplying (1.1) by Q" leadsto the modi ed input-output relation

y=Rs+ Q"n with y=QMfy

and hence,noting that Q" n hasthe samestatistics asn, to the equivalert characterization of
ML and M- as
iib

ML = min_ ky Rsk? (1.6)
s20MT
M = min_ ky Rsk*: (1.7)
XML
sZXj;b !
We next de ne the partial symbol vectors (PSVs) st) = [s; sj+1 sm, ]’ and note that

they can be arranged in a tree that hasits root just above level i = Mt and leaves, on level
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i = 1, which correspond to symbol vectorss. In the following, the label assaiated with s() is
denotedby x{). The Euclidean distancesd(s) = ky Rsk? in (1.6) and (1.7) can be computed
recursively as d(s) = d; with the partial Euclidean distances(PEDs)

di = disx +jej% ;i=Mp; M 11 (1.8)
the initialization dw,+1 = 0, and the distance incremerts (Dls)

. .2 NT 2
&)= ¥ Rijs (1.9)
j=i

Since the dependenceof the PEDs d; on the symbol vector s is only through the PSV s,
we have transformed ML detection and the computation of the max-log LLRs into a weighted
tree-seart problem: PSVs and PEDs are assaiated with nodes branches correspond to Dls.
For brevity, we shall often say \the node s)" to refer to the node corresponding to the PSV
s(), Each path from the root down to a leaf corresponds to a symbol vector s 2 OMT. The

solution of (1.6) and (1.7) corresponds to the leaf assaiated with the smallest metric in OM™
ML

and X.. b , respectively. The basicbuilding block underlying the two tree traversal strategies
descrlbed in the next sectionis the Scdnorr-Euchner (SE) spheredecaler (SESD) with radius
reduction [13, 14], briey summarizedasfollows: The seart in the tree is constrainedto nodes
which lie within a radius r around y and tree traversal is performed depth- rst, visiting the
children of a given node in ascendingorder of their PEDs. The basicidea of radius reduction is
to start the algorithm with r = 1 and to update the radius accordingto r2  d(s) whenewer a
leaf s has beenreaced. This avoids the problem of choosing a suitable initial radius and still
leadsto e cien t pruning of the tree.

1.2 Tree-Traversal Strategies

Computing the LLRs in (1.5) requires determining the metrics J!\."b'-, which, for given j; b, is

ML
accomplishedby traversing only those parts of the tree that have leavesin Xip ¢ . Sincethis
computation hasto be carried out for every bit, it isimmediately obvious that LLR computatlon
resultsin an order of magnitude increasein computational complexity comparedto hard-output
spheredecaling. The situation is further exacerbatedby the fact that forcing the SESD into
subtrees,when computing the minima in (1.7) leadsto signi cantly lesse cient tree pruning
behavior, which nally resultsin an overall complexity increase(over hard-output SESD) of two
ordersof magnitude. The STS algorithm introducedbelow is key in reducing the computational
complexity.

In the following, we discusstwo tree traversal strategies for solving (1.6) and (1.7). The
rst approad described below was introducedin [12] and will be referred to as repeated tree
seart (RTS). The secondalgorithm builds on a tree traversal strategy outlined in [10]. With
a view towards VLSI implementation, we proposere nements of the approad in [10] resulting
in what we call the single tree-seart (STS) strategy.

1.2.1 Repeated Tree Search (RTS)

The basic idea of the RTS algorithm described in [12] is to start by solving (1.6) (using the
SESD) and to then rerun the SESDto solve (1.7) for ead bit (i.e., QM1 times) in the symbol

vector. When rerunning the SESDto determine 'V”- in (1.7), the seart tree is prepruned by
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forcing the decaler to excludeall nodesfrom the seard for which xj, = x!f-. For BPSK, this

prepruning procedureis illustrated in Fig. 1.1. Following the proposalin [12] and initializing

the SESDwith r = 1 in ead of the QM runs required to obtain J-“;"b'- , will lead to signi cant

computational complexity. It is therefore important to realize that (without compromising

max-log optimality) the seart radius rj;, can beinitialized by setting it equalto the minimum
ML

X!
value of ky Rsk over all s2 Xip " found during precedingtree traversals.

A
05 0s 0§ 0F
¢ ¢ ¢ ¢

Figure 1.1: Example, assuminga BPSK-constellation, of the prepruning procedurein the RTS
approadh. Counter-hypothesesto the ML solution are found by forcing the sphere decaler
through the dashedbranches.

The main disadvantagesof the RTS are:

i) the repeatedtraversal of large parts of the tree which entails a large number of redundart
computations;
i) signicantly lesse cien t pruning behavior when computing the }V'F causedby the need

. s
to minimize over the subsetsX,, "

As noted in [15], the problem in ii) can partly be mitigated by changing the detection order in
ead run. Unfortunately, the resulting needfor multiple QR decompositions leadsto an overall
increasein terms of hardware complexity.
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1.2.2 Single Tree Search

The key to more e cien t (comparedto RTS) tree traversalis to ensurethat every node in the
tree is visited at most once. This can be accomplishedby searting for the ML solution and
all counter-hypothesesconcurrertly. The basicidea behind sudch an approad hasbeenoutlined
in [10]. In the following, with a view towards VLSI implemenrtation, we provide re nements of
the idea outlined in [10]. Speci cally, we formulate update rules and a pruning criterion based
on a list cortaining the metric ML, the corresponding label xM-, and the metrics M'— The
main idea is to seard the subtree orlglnatlng from a given node only if the result can Iead to
an update of at least one of the metrics in the list, i.e., either M- or oneof the M-. In the
ensuing discussion, the current ML hypothesis and the corresponding metric are denoted by
xML and Mt respectively.

List Administration

The algorithm is initialized with M- = J'V”- = 1 (8j; b. Whenewr a leaf with corresponding
label x has beenreadted, the decader distinguishesbetweentwo cases:

i) If anewML hypothesisis found, i.e., d(x) < M-, all M- for which x;p = x/¥- are set
to M- followed by the updates M- d(x) and xM-  x. In other words, for eah
bit in the ML hypothesisthat is changedin the processof the update, the metric of the
former ML hypothesisbecomesthe metric of the new cournter-hypothesis, followed by an
update of the ML hypothesis. This procedureensuresthat at all times }\;"b'- is the metric
assaiated with a valid counter-hypothesisto the current ML hypothesis.

ii) In the casewhere d(x) ML “only the courter hypotheseshave to be cheded. For all j
and b such that xjp = xJ'V'b'- and d(x) < M-, the decader updates - d(x).

Pruning criterion

The secondkey aspect of the STS algorithm is the following tree pruning criterion. Con-
sider a given node sV (on level i) and the corresponding label x () consisting of the bits Xj,
(G=Hhi+21::;M1,b=1;2;:::;Q). Assumethat the subtree originating from the node un-
der consideratlon and correspondlng to the bits xjp (j = 1,2;:::51 1, b= 1,2;:::;Q) hasnot
beenexpandedyet. The pruning criterion for s() along with its subtree is compiled from two
conditions. First, the bits in the partial label x() are comparedwith the corresponding bits
in the label of the current ML hypothesis x-. All metrics M- with xjp = x}- found in

this comparisonmay be a ected when searding the subtree of s(). Second,the metrics JM?
(G=212::;1 1,b=1,2:::;Q) corresponding to the courter-hypothesesin the subtree of

s() may be a ected aswell. In summary, the metrics which may be a ected during the seart
in the subtree emanating from the node s() are given by the set
. n ___ o]
A x® =fag= M- j ib=12:; ’\(be—be
n o]
[ M j<ib=12:;Q :

The node st) along with its subtreeis pruned if its PED d s() satis es

ds®” > max a: (1.10)
a2A x()
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This pruning criterion (illustrated in Fig. 1.2) ensuresthat a given node and the ertire subtree
originating from that node are explored only if this could lead to an update of either M- or of
at leastoneof the M. Note that M- doesnot appearin A x() as ML < M (81 b).

X ML X (i) counter-hypotheses
ML ML
0 0 0 0 MT:1 MT;2
I\/II_I ML £ max
0 0 1 0 Mt 11| M7 12
, l
ML ML ?
1 0 0 0 i1 i;2 it
level i | T
ML ML ||
1 0 ? ? i 11 i 12
[
ML ML
1 0 ? ? 1;2 1;1

Figure 1.2: Example of the STS pruning criterion (Mt = 5 and two bits per symbol): The
partial label x() determineswhich courter-hypothesesmay be a ected during the seart of the
subtree emanating from the current node.

1.3 Metho ds for Complexit y Reduction

So far, we discussedstrategies which solve (1.2) exactly and hencedo not compromise perfor-
manceof the max-log APP decader. The goal of this sectionis to describe methods, again with
a view towards VLSI implemertation, that allow to trade-o decader complexity with (error
rate) performance.

The complexity measureemployed throughout this paper is the number of nodes(including
the leaves, but excluding the root) visited by the decader. This simple complexity measure
provides a good indication for the complexity of a corresponding VLSI implemenrtation.

1.3.1 LLR Clipping

The dynamic range of LLRs is typically not bounded. Howewer, practical systems need to
constrain the magnitude of the LLR valuesto enable xed-p oint implementation. Evidently
this will leadto a performancedegradation. A straightforward way of ensuringthat LLR values
are boundedis to clip them after the detection stage so that
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We emphasizethat the constraint in (1.11) refersto the normalized LLRs L(Xj,) asde ned in
(1.2) sothat Lmax is a normalized maximum LLR value.

O O @)
@) @)
@) @) @)
@) @)
@) @) @)
O O O

Figure 1.3: LLR clipping reducesthe seart radius to rmax = M- + Lyax around the received
point y.

LLR Clipping for RTS It hasbeennoted in [11] that (1.11) canbe built into the RTS algo-
rithm asa constraint leadingto a reduction in searth complexity. The basicideais to recognize
that (1.5) together with (1.11) results in an upper bound on the radius rjy, (as illustrated in
Fig. 1.3). To this end, rjy, is initialized asdescribed in Section 1.2.1 followed by an immediate
update accordingto

o mMin rip; M+ Linax (1.12)

which ensuresthat (1.11) is satis ed. Note that asa consequencef (1.12), metrics assciated
with counter-hypothesesfor which no valid lattice point is found equal M- + L ax.

LLR Clipping for STS LLR clipping canbebuilt into the STS algorithm by simply applying
the update

S n__ o
jib min j,\;/IbL; ME 4 L max 8j;b (1.13)

after carrying out the stepsin Casei) of the list administration procedure described in Sec-
tion 1.2.2 The remaining stepsof the STS algorithm are not a ected.

Both in the RTS and the STS algorithm, for L max = 1 , we obviously get the exact max-
log LLRs, whereasfor Lnax = 0, we obtain hard-output SESD performance as the decader
output is xM-, M- and L(xjp) = O for all j and b. Smaller values of L max lead to more
aggressie pruning of the tree and henceto reducedseard complexity. We shall seein Section1.4
that as we reduce L nax, the decader performance degradesgracefully, evertually resulting in
hard-output ML performance. L max Ccan therefore be usedto e cien tly adjust the detection
complexity/p erformancetrade-o . We concludeby noting that LLR clipping asdescribed above
goesbeyond the initial motivation of constraining the word-width usedto represert LLR values
in binary logic.
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1.3.2 Sorting and Regularization

Sorting: A common approacd to reduce complexity in spheredecaling without compromising
performanceis to adapt the detection order of the spatial streamsto the instantaneouschannel
realization by performing a QR-decomposition on HP (rather than H), where P is a suitably
chosenMt Mt permutation matrix. More e cien t pruning of the seard tree is obtained if
sorting is performedsud that \stronger streams” (in terms of e ective SNR) correspond to levels
closerto the root, i.e., if P is chosensud that the main diagonal ertries of R in HP = QR are
sorted in ascendingorder. Solving this problem exactly would result in prohibitiv e complexity.
A heuristic algorithm resulting in a good complexity/p erformance trade-o was proposedin
[16] and will be referredto as sorted QR-decomposition (SQR) in the following.

Regularization: Poorly conditioned channel realizations H lead to high seard complexity
due to the low e ective SNR on one or more of the e ectiv e spatial streams. An e cien t way to
counter this problem is to operate on a regularized channel matrix by computing the (sorted)
QR-decomposition of

H

P = QR (1.14)
Iy

where is a suitably chosenregularization parameter, Q is a unitary F]M R+ MiT) M+t matrix
T
and R is of dimensionMy M. Partitioning Q accordingto Q = QI Q} , where Q; is

of dimensionMgr M+t and Q» is of dimensionMt M, the max-log LLRs in (1.2) can be
approximated as

L Xjb min ky Rsk? min ky Rsk? (1.15)
s2X jfg) s2X jftl))

wherey = Qi'y and s = Ps. The LLRs in (1.15 needto be reordered at the end of the
detection processto account for the permutation induced by P.

Note that eventhough Q is unitary, Q4 will, in general,not be unitary, which is the reason
for the LLRs in (1.15 being an approximation to the exact (max-log) LLRs in (1.2). The basic
idea underlying this approximation is to perform the QR-decomposition on the regularized
channel matrix and to apply the result to the physical channel matrix. In the following, we
provide a qualitativ e discussionof the error incurred by this procedure. We start by noting
that, asa consequencef (1.14), we have

v = Rs+nm (1.16)
with the e ectiv e noise-plus-(selj-interference (NPI) vector
r= QYs+Qin:

Eq. (1.16) showsthat the approximation in (1.15 amounts to pretending that r isi.i.d. circularly
symmetric complex Gaussianthereby neglectingthat i) r dependson s, ii) the self-interference
term  QY'sis not Gaussian(as we are using nite constellations), and iii) Q1 is, in general,
not unitary. Nevertheless,computing the covariance matrix of r, by averaging over n and s,
allows to identify good choicesfor the regularization parameter . Assuming, for simplicity of
exposition, that E[ss"] = ﬁl M7, Straightforward manipulations reveal that

|

L
K=Em" = RRF 21 Ny +Nolw,:
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Setting = pm corresponds to an MMSE regularization [17], results in K = Nglwy,,
and was foundr}o yield a good performance/complexity tradeo . We emphasize howewer, that
setting = NoMt will not render the e ective NPI vector r G%ussian. In the reminder
of the paper, we denote the QR-decomposition in (1.14) with = NoMt as MMSE-SQR.
An important practical aspect of MMSE-SQR results from the fact that the noisevariance N
hasto be estimated. We found that even slight overestimation of N, will lead to a noticeable

performancedegradation, whereasslight underestimation doesnot seemto constitute a problem.

1.3.3 Run-Time Constrain ts

The computational complexity (required to nd the ML solution and the LLR values) of the
algorithms discussedso far depends on the realization of the random channel matrix as well
as on the noise realization. Consequetly, the decader throughput is variable, which consti-
tutes a problem in many practical application scenarios. Moreover, the worst-casecomplexity
corresponds to an exhaustive seart. In order to meet the practically important requiremert
of a xed throughput, the algorithm run-time must be constrained. This, in turn, leadsto
a constraint on the maximum detection e ort or, equivalertly, a constraint on the maximum
number of nodesthe spheredecaer is allowed to visit. Clearly, this will, in general,prevert the
detector from achieving ML or max-log APP (error rate) performance. It is therefore important
to nd away of imposingrun-time constraints while keepingthe resulting performancedegrada-
tion at a minimum. Moreover, in practice, it is highly desirableto have a smooth performance
degradation as the run-time constraint becomesmore stringent.

In the following, we restrict ourselesto the STS algorithm. A straightforward way of
enforcing a run-time constraint is to terminate the seard, on a symbol vector by symbol vector
basis,after a maximum number of visited nodes. The STS decader then returns the bestsolution
found so far, i.e., the current ML and counter-hypotheses. A better solution is to imposean
aggregaterun-time constraint of N D a4 Visited nodesfor an ertire block of N symbol vectors
[18]. The maximum number of visited nodesallocated to the detection of the kth symbol vector
can, for example, be chosenaccordingto the maximum- rst (MF) sceduling strategy as

K1
Dmax(K) = NDayg D) (N kMy; k=12:N 21.17)
i=1

where D (i) denotesthe actual number of visited nodesfor the ith symbol vector. The concept
behind (1.17) is that decaing a given symbol vector is allowed to use up all of the remaining
run-time within the block of N symbol vectors up to a safety margin of (N k)Mt visited
nodes. This margin allows to nd at least the hard-output SIC solution for all remaining
symbol vectors. Setting D 5y g = M1 maximizesthe throughput, but reducesthe performanceto
that of hard-output SIC. We emphasizethat, under run-time constraints, there may be LLRs
at the end of the decaling processthat have not beenupdated from their initial value of 1
and henceneedto be setto L max.

1.4 Performance/Complexit y Trade-os

System engineerstypically facethe problem of designinga receiver that acieves a prescribed
target frame error rate (FER) at a prescribed throughput. The quality of the receiver imple-
mentation can then be measuredby the minimum SNR required to achieve this target FER at
the speci ed throughput. In the following, we assesshe complexity/p erformancetrade-o s of

'In an OFDM-based MIMO system, N would, for example, be the number of OFDM tones.
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the receiver conceptsdescribedin Sections1.2and 1.3 by plotting the average(over independert
channel and noise realizations) number of visited nodes as a function of this minimum SNR.
Sincethe number of visited nodesis related to the required chip areaper throughput [14], the
corresponding results allow to ass@iate a reduction in hardware complexity (e.g., chip area) to
an SNR penalty.

All simulation results below are for a rate R = 1=2 (generator polynomials [133, 171,] and
constraint length 7) corvolutionally encaded MIMO-OFDM system[19] with Mt = MR = 4,
16-QAM constellation (using Gray mapping), N = 64 tones, and soft-input Viterbi decaling
[20]. Note that for Lhax = 0, one hasto employ a hard-input Viterbi decader. One frame
consists of 1024 randomly interleaved (across spaceand frequency) bits and a TGn type C
channel model [2]] is used. In all simulations SNR is the per receive antenna SNR.

1.4.1 Comparison of Tree-Search Strategies

450 | | |
0'4? Q04 | | g RTS, FER=0.04
400245 b o RTS, FER=0.01 |}
) —4—-STS, FER=0.04
o 350 - STS, FER=0.01 i
o 0.2 I':!_ bo2
S ? 0. LSD [10], FER=0.04
5 300 —a—LSD [10], FER=0.01 |
@ " 0.1 4
> 250 ﬂ 32| 601
5 32 ,t, "t
5 200 : :
o
£ TOOS 00,05
S150—+ L L [t )
q‘:) 049 16 0.4 % 0.025] e, a 60025 0.0125
= : 8 02 \8
o 028, \\
h N fa¥| 4
< 50 oo 4 )
0.1 ""'0----—.._..0..395_ 2 —aA
0 0.05 | 0.025% [~ 0:0%25 0,625 0.0125

15.5 16 16.5 17 17.5 18 18.5 19
Minimum required SNR for a given FER

Figure 1.4: Comparison of repeated tree searh (RTS), single tree seard (STS), and the list
spheredecader (LSD) as proposedin [3], all using SQR preprocessing. The numbers next to
the curvescorrespond to L nax for RTS and STS and to the list sizein the caseof the LSD.

Fig. 1.4 comparesthe performanceof RTS and STS max-log APP decaers, and the list
spheredecader (LSD) [3] for di erent target FERs and di erent valuesof L nax. In the caseof
the LSD, changing the list sizeallows to adjust the complexity/p erformancetrade-o .
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The STS algorithm is seento outperform the RTS strategy in terms of average complexity
by a factor of 4 to 8.

The implementation of the LSD requiresmemory and logic, not accourted for in this compu-
tation, for the administration of the candidatelist. Fig. 1.4 showvsthat evenwhenthis additional
complexity is ignored, the STSis still superior to LSD. Under stringent complexity constraints
the STS shows SNR advantagesover the LSD of up to 1.5 dB.

1.4.2 Impact of Sorting and Regularization

Fig. 1.5 comparesthe impact of sorting and regularization on the complexity/p erformance
trade-o of the STS algorithm. Speci cally, we show the trade-o curves corresponding to
SQR, MMSE-SQR, and standard (unsorted) QR at a target FER of 0.01. It can be seenthat
the improvemert resulting from sorting (i.e., SQR vs. QR) becomessigni cant for stringent
(but realistic) complexity constraints. Further improvemerns, in the low-complexity regime,
are obtained from regularization using MMSE-SQR. In the high-complexity regime, the perfor-
mancepenalty incurred by regularization (seethe discussionin Section 1.3.2) evertually renders
MMSE-SQR inferior to SQR.

1.4.3 LLR Clipping

Both Fig. 1.4 and Fig. 1.5 shaw that, asdiscussedin Section 1.3.1, adjusting the LLR clipping
level L hax allows to sweep an ertire family of sphere decalers ranging from the exact max-
log APP SESD (Lmax = 1) to hard-output SESD (Lhax = 0). It is interesting to obsene
that aggressie clipping according to Lnax = 0:2 yields closeto max-log APP performance.
Increasingthe LLR clipping level beyond this value increasescomplexity without a noticeable
performance improvemen. Furthermore, we obsene that the decaler performance degrades
gracefully as we decreasel nax thereby reducing the average seart complexity. In summary,
the LLR clipping level can be usedto corveniertly adjust the decader at runtime to a given
complexity constraint.

1.4.4 Run-time Constrain ts

In Fig. 1.6, we demonstrate the impact of imposing a run-time constraint accordingto a maxi-
mum of N D 54 Visited nodesfor a block of N = 64 symbol vectors using the strategy described
in Section 1.3.3 The resulting curvesessetially consist of two regions:

If the LLR clipping level L max is high (corresponding to high averageseard complexity),
the run-time constrained detector is not able to compute accurate LLR values, which
resultsin (very) poor performance,unlessD 4 is large. For D44 = 128,the performance
is, indeed, very closeto that of the unconstrained max-log APP SESD.

For small L max, the performanceis dominated by the impact of clipping rather than by
the impact of the run-time constraint.

In summary, we can concludethat for a given run-time constraint there existsan optimum LLR
clipping level, in the senseof minimizing the SNR required to achieve a certain target FER. It
is therefore important to choosethe LLR clipping level in accordancewith the averagerun-time
constraint.



WP-2 21

120

E | |
EO-Z ----- g unsorted QR
i --0--SQR
0100} — —6— MMSE-SQR H
) 13 0.4
© ' 2
‘i
c i
g a0+
i) d
Z 0.2}
° 60
(b}
£
= ", 0/05
c 40 “HL hard-output
S - ), 0 025 SESD
o Q005 [ e, .0.0125
S 20 01 |-~._‘..~. L S
< ~oX023 001258
0.05 ..~"'---.e "
0 0.0257 90125

16.5 17 17.5 18 18.5 19 19.5 20
Minimum required SNR for FER=0.01

Figure 1.5: Comparison of unsorted QR, SQR and MMSE-SQR preprocessingapplied to STS.
The numbers next to the curves correspond to L nax. For Lmax = 0, the performance equals
that of hard-output SESD.

1.5 ASIC Implemen tation Results

In order to assesghe true silicon complexity (chip areaand achievable clock frequency) of the
proposedSTS-basedsoft-output SESD, we implemented the algorithm in a 0.25 m technology
for a MIMO systemwith Mt = MR = 4 using 16-QAM modulation. The resulting chip layout
is shawvn in Fig. 1.7. The designparametersof the decaler are summarizedin Table 1.1 which,
for reference,also contains the design parametersof an ~2-norm hard-output SESD similar to
the one described in [14].

Hardw are Complexit y

We can seefrom Table 1.1 that the chip arearequired by the soft-output STS SESD is only
50% higher than that required by a corresponding hard-output SESD. A more detailed area
breakdowvn shaws that most of the area increaseresults from the list administration, from
the computation of the pruning criterion, and from the arithmetic unit that computes the
LLRs. Further areaincreaseis due to the needto store the LLRs in the output bu er of the
ASIC. Further modi cations of the one-nade-per-cycle VLSI architecture on which our STS
implementation is basedaccourt for only 1.9 KGEs of the overall areaincreasecomparedto a
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Figure 1.6: Impact of imposing run-time constraints with maximum- rst sceduling on STS
SESD with MMSE-SQR preprocessing.

Table 1.1: Design parameters of hard-output SESD and soft-output STS ASICs in 0.25 m
technology

H Hard-output SESD | Soft-output STS

Gate equivalents? 34.4KGE 56.8KGE
Core area 1.2mm? 1.9mm?
Max. clock frequency? 73MHz 71MHz
AT-pro duct® 0.164 m?s 0.268 m?s

& To provide technology-independert area characterization, the number of gate equivalents (GEs) is speci ed.
One GE corresponds to the area of a two-input drive-one NAND gate.

® The results on clock frequency are extracted from a post-layout static timing analysis and are represertativ e
for the manufactured ASIC within an accuracy of a few percert.

¢ The area-timing (AT) product of a VLSI circuit is a measurefor its true silicon complexity. It is given by the
product of the chip area divided by the maximum allowed clock frequency.
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Figure 1.7: Layout of an STS-basedsoft-output SESD ASIC in 0.25 m technology.

hard-decision SESD. In terms of clock frequency the soft-output STS SESD ASIC shows only
slightly lower maximum clock frequencythan the corresponding hard-output SESD. The reason
underlying this negligible performancelossis that most of the additional logic required by the
STS SESDASIC canbekept o the critical path and hasthus little in uence on the maximum
clock frequency

Detection Throughput

Fig. 1.8 showsthe complexity/p erformancetrade-o of the reference’ >-norm hard-output SESD
and the soft-output STS implemertation in terms of the throughput
- LS['\C"]T foc  [bit=s]

measuredin information -bits per secondasa function of the minimum required SNR to achieve
a FER of 0.01. Here, f ¢ Is the maximum clock frequencyof the circuit under considerationand
E[C] denotesthe average(over channel and noiserealizations) number of clock cyclesrequired
to detect a symbol vector. Note that the dedicated hard-output SESDimplementation achieves
a slightly higher throughput than the STS SESD implemertation with? Ly = 0. This is
due to the slightly higher maximum clock frequency of the corresponding hard-output SESD
(seeTable 1.1).

1.6 Conclusions

Spheredecading is a suitable tool to implement MIMO detectionwith variable complexity/p erformance
trade-o. In particular, adjusting the LLR clipping level in the spheredecader is an e cien t
way of realizing an ertire family of decaders with (error rate) performanceranging from ex-
act max-log soft-output to hard-output SIC. The keysto adieving low hardware complexity

2Recall that for Lmax = 0, the (error rate) performance of the STS SESD algorithm corresponds to that of a
hard-output SESD.
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Figure 1.8: Throughput characteristics of the soft-output STS SESD and the referencehard-
output SESD VLSI implementation with MMSE-SQR preprocessing.

are the single tree-seart strategy described in Section 1.2.2 MMSE-SQR preprocessing,LLR
clipping, and imposing run-time constraints with maximum- rst sceduling. Our VLSI imple-
mentation results indicate that the silicon area required by a soft-output STS SESD is only
about 50% higher than the arearequired for a corresponding hard-output SESD implementa-
tion. This pavesthe way for a VLSI implementation of iterative MIMO detection basedon
spheredecding.



Bibliograph vy

[1] H. Belcskei, D. Geskert, C. Papadias,and A. J. van der Veen, Eds., Spce-Time Wireless
Systems: From Array Processingto MIMO Communications. Cambridge Univ. Press,
2006.

[2] A. Paulraj, R. Nabar, and D. Gore, Intr oduction to Space-Time Wir elessCommunications.
Cambridge University Press,2003.

[3] B. M. Hochwald and S. ten Brink, \Ac hieving near-capaciy on a multiple-antenna chan-
nel," IEEE Transactionson Communications, vol. 51, no. 3, pp. 389{399, Mar. 2003.

[4] U. Fincke and M. Pohst, \Impro ved methods for calculating vectors of short length in a
lattice, including a complexity analysis." Mathematics of Computation, vol. 44, pp. 463{
471, Apr. 1985.

[5] C. P. Schnorr and M. Euchner, \Lattice basis reduction: Improved practical algorithms
and solving subsetsum problems," Math. Programming, vol. 66, no. 2, pp. 181{191, Sept.
1994.

[6] E. Viterb o and E. Biglieri, \A universal decaling algorithm for lattice codes," Collog.
GRETSI, vol. 14, pp. 611{614, Sept. 1993.

[7] E. Viterb o and J. Boutros, \A universal lattice code decader for fading channels,” IEEE
Transactions on Information Theory, vol. 45, no. 5, pp. 1639{1642,July 1999.

[8] O. Damen, A. Chkeif, and J.-C. Bel ore, \Lattice code decaler for space-time codes,"
IEEE Communications Letters, vol. 4, no. 5, pp. 161{163, May 2000.

[9] J. Jalden and B. Ottersten, \On the complexity of sphere decaling in digital commu-
nications," IEEE Transactions on Signal Processing vol. 53, no. 4, pp. 1474{1484, Apr.
2005.

[10] |I, \P arallel implementation of a soft output spheredecaer,” in Proceedings Asilomar
Conf. on Signals, Systemsand Computers Nov. 2005, pp. 581{585.

[11] M. S. Yee, \Max-Log-Map spheredecader,” in Proc. IEEE ICASSP 2005 vol. 3, Mar.
2005, pp. 1013{1016.

[12] R.Wang and G. B. Giannakis, \Approaching MIMO channel capacity with reduced-
complexity soft spheredecaing,” in Proc. of IEEE WirelessCommunications and Net-
working Conf. (WCNC), vol. 3, Mar. 2004, pp. 1620{1625.

[13] E. Agrell, T. Eriksson, A. Vardy, and K. Zeger, \Closest point seart in lattices," IEEE
Transactionson Information Theory, vol. 48, no. 8, pp. 2201{2214,Aug. 2002.

25



26 MASCOT D2.1.2

[14] A. Burg, M. Borgmann, M. Wenk, M. Zellweger, W. Fichtner, and H. Belcskei, \VLSI
implementation of MIMO detection using the spheredecader algorithm,” IEEE Journal of
Solid-State Circuits, vol. 40, no. 7, pp. 1566{1577,July 2005.

[15] P. Marsch, E. Zimmermann, and G. Fettweis, \Smart candidate adding: A new low-
complexity approac towards near-capaciy MIMO detection," in Proceedings of the 13th
European Signal ProcessingConf. (EUSIPCO), Sept. 2005.

[16] D. Webben, R. Behnke, J. Rinas, V. Kehn, and K.-D. Kammeyer, \E cien t algorithm for
decding layered space-timecodes," IEE Electronics Letters, vol. 37, no. 22, pp. 1348{1350,
Oct. 2001.

[17] D. Weubben, R. Bohnke, V. Kuhn, and K.-D. Kammeyer, \MMSE extension of V-BLAST
based on sorted QR decomposition,” in Proc. IEEE Vehicular Technolagy Conf. (Fall),
vol. 1, Oct. 2003, pp. 508{512.

[18] A. Burg, M. Borgmann, M. Wenk, C. Studer, and H. Blcskei, \Adv ancedreceiver algorithms
for MIMO wirelesscommunications," in Proceedings of the Design Automation and Test
Europe Conf. (DATE), vol. 1, May 2006, pp. 593{598.

[19] H. Belcskei, D. Gestert, and A. J. Paulraj, \On the capacity of OFDM-based spatial
multiplexing systems," IEEE Trans. Communications, vol. 50, no. 2, pp. 225{234, Feb
2002.

[20] J. Hagenauer,E. O er, and L. Papke,\lterativ e decading of binary block and corvolutional
codes," IEEE Transactionson Information Theory, vol. 42, no. 2, pp. 429{445, Mar. 1996.

[21] V. Erceget al., TGn channelmaodels May 2004, IEEE 802.11documert 03/940r4.



Chapter 2

Decoding the Golden Code: A VLSI
Implemen tation
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Traditionally, MIMO systemswere conceived with the purp oseof either increasingthrough-
put through spatial multiplexing or for improving reliability of communicaiton by mitigating
the detrimental e ects of fading through diversity signalling. More recertly great e orts have
beenmade in unifying both goals and some new space-time codes are now able to readc the
best tradeo betweendata rate and diversity gain, although they require more sophisticated
detection schemesat the receiver [15, 4, 21, 1, 26, 6]. The recenly proposedGolden code is
such an optimal full-rate and full-div ersity space-timeblock code for 2 2 MIMO systems.

Contribution

The main cortribution of this work is a VLSI decader fora2 2 MIMO systemcoded with the
Golden code [1]. The maximum-likelihood decading algorithm for the Golden code is basedon
the Sphee Decoder, algorithm which has beenemployed for soft-output ML MU-MIMO detec-
tion in Chapter 1. In this work we proposetwo novel architectures for spheredecading designed
with VHDL as a reusableintellectual property (IP) macrocells: the rst oneis parametrized
with respectto the xed-p oint represernation of data and is implemented for 16 QAM modula-
tion to enablescomparisonswith previousimplemenations. The secondarchitecture is exible,

meaningthat it can be dynamically con gured to cover multiple modulation sdhemes.We note
that both these hardware implementations can be equivalertly usedin a4 4 MIMO system
basedon V-BLAST architecture.

Outline

In section 2.1 we briey explain the properties, the construction and the detection of Golden
code. Section2.2is dedicatedto reviewing the SphereDecading algorithm. In section 2.3 e ects
of xed-p oint precisionon the code performanceare derived. A short intro duction to the overall

27
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stheme of the MIMO receiver is given in Section 2.4, with particular attention to QR decom-
position preprocessingunit; the detailed descriptions of the two hardware implementations are
then carried out in 2.5 and 2.6. In the last two sectionsresults and conclusionsare presened.

2.1 Golden code

The Golden code is a Space-Time code for a 2 2 coherert MIMO channel, it was found
independenly by [1, 26, 6].

Number theoretical methods have been widely employed to construct full-rate and full-
diversity codes for coheret MIMO systems. These methods are based on the rank and the
determinant criteria. In a Rayleigh fading channel the pairwise error probability (PWEP) ex-
pression[22] shansthat the error probability canbe minimized operating mainly on two aspects:
diversity and coding gain. In [22] it was provedthat theseparametersare related to the socalled
codeword di erence matrix D, which is constructed as the di erence betweentwo codewords.
In order to maximize the diversity gain, the space-timecode must be designedso that the dif-
ferencematrix betweenany two codewordsis full rank (rank criterion ). On the other hand, the
coding gain, dependson the determinant of DD ¥ and high coding gain is achieved maximizing
the minimum of this determinant over all input codeword pairs (determinant criterion ).

Golden code satis es both the rank and the determinant criterion and in particular, di er-
erntly from previously known codes, preserts the non-vanishing determinant property, i.e., its
minimum determinant is 1/5 and doesnot depend on the size of the signal constellation. For
this reasonit can be successfullyemployedin systemswith adaptive selectionof the modulation.

Besidesthese properties, the Golden code has also the peculiarity to be energye cien t. It
is constructed using a rotated version of the Z[i]* complex lattice, sothat there is no lossdue
to shaping[1].

The codewords X of the Golden code are 2 2 complex matrices of the following form :

1 [a+b] [c+d ]
X =p= . 2.1
P i (lctc (O Ola+b ()] @1
Wher%a;b;c;d are the information symbols chosenin a Q%—QAM constellation, i = p_l; =
(L+ 5)=2 = 1:618::: (Golden number), () = (1 5= =1 ; =1+i i =

1+ (), ()=21+i i ()=1+1i,[25.

211 The 2 2 MIMO System Mo del

Golden codeis applied to 2-transmit 2-receive antenna MIMO systemsand requirestwo channel
usesto transmit a codeword. In order to model the 2 2 MIMO channel, its impulse response
can be used. Assuming hj; as the time-varying channel fading coe cien ts between the j-th
transmit antenna and the i-th receiwe antenna, the MIMO channel is described through a2 2
matrix:

hi1 hi
H = 2.2
hz1  ha 22)
wherehjj  N¢(0;1). Assumingthe \Blo ck Fading" channel model, ead transmitted codeword
will be a ected by an independertly varying channelmatrix H . Then, the 2 2 received matrix
is
Y=HX+Z

where Z is the additive white Gaussiannoisematrix with ertries  N¢(0; Ng).
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We note that ead codeword is sent in two channel usesof the two transmit antennas, for
a total of four component signals. It is corveniert to represen the codeword X in vectorized
form where, furthermore, real and imaginary componerts are separated, resultingin a8 1
real vector x. Channel matrix H consequetly can be rearrangedin a 8 8 real-valued matrix
H. It can be seenthat x = Bs, whereB is a8 8 orthogonal matrix (B ' = BT) and
s = (<a;=a;<b;=b;<c;=c;<d;=d), [25].

The vectorized Golden coded system model can so be expressedas:

y=Hx+z=HBs+z (2.3)

where y is the 8 1 receiwed real vector and z is a 8-dimensionali.i.d. (independent and
identically distributed) zero mean Gaussiannoisereal vector.

2.1.2 Decoding the Golden code

Decading the Golden code is equivalent to decaling an 8-dimensional lattice with generator
matrix M = H B. Provided that H is perfectly known at the receiwer, the optimal detector for
a MIMO channel, which minimizes the codeword error rate, is the maximum likelihood (ML)
detector. It solvesthe following equation:

8 = argsnzw(igrl ky M sk? (2.4)

where Q" is the cardinality of the seart spaceand n = 8.

The above expressionrepresens a discrete least-square(LS) minimization problem. Ex-
haustive seart of the ML solution has exponertial complexity and in this particular caseit
has 271992 Q possiblesolutions. Spheredecading algorithms have then been proposedwith the
purp oseof decreasingthe decaler complexity.

2.2 Sphere Decoding Algorithm

Sphee Decoding Algorithms denote a family of algorithms, which aim at lowering the com-
plexity of the minimization (2.4) by analyzing only a subset of the solution space[5]. These
algorithms, in a certain range of parameters which is not too far from those of real systems,
shawv a polynomial averagecomplexity.

Although other work [16] deniesthis theoretical proof, computer simulations still con rm
the practical result. This behavior is due to the fact that y is not an arbitrary vector, but it is
given by the transmitted vector H x with a little change of position owing to additive noisez.

SphereDecading algorithms look at the set of possiblesolutions as points of a lattice and
try to nd the closestpoint to the received vector. In particular, a hypersphereis constructed
around the received vector and only points inside it are takeninto accour, sincethe others are
actually too far. This constraint can be written as:

ky Msk?® Co (2.5)
where Cy is the squareradius of the hypersphere[9, 23, 24]. In the following we describe a
method to easily compute distancesbetweenreceived signalsand lattice points.
Tree construction

With a linear transformation of the M matrix, sud as QR or Cholesky decomposition, it is
possibleto rewrite M as a product of two matrices, one of which upper triangular [5]. In this
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T® =0
sp= 1 s;=1
T@ = TO + 3, T@ =70+ a
s1= 1 s1=1 s1= 1 s1=1
TO =T@ 4+ p = TO =T@ + p, = TO = T@ + py = TO =T@ + py =
yoROL yorROL vy RO vy R D

Figure 2.1: Two level tree for QPSK modulation, where a; = jy» + R22j%, @ = jyo  R2j2,
by = jy1+ Ri2+ Ruj?, bp = jjya+ Rz Rugj%, b= jyu Ria+ Ruj?, by = jyu Rz Rugj?

work, QR decomposition hasbeenemployed sothat, imposingM = QR (2.4) canberewritten
as:

2

arg Sr;m(ignn ky OQRsk? arg Srp(igrg1 Q"y Rs

arg Srp(ignn ky Rs k? (2.6)

where we have exploited the orthogonality of Q and ¥ = QTy represetts the zero-forcing
solution. The upper triangular structure of the factored matrix enablesto take every component
separately into accourt for the computation of the distance between the two points. The
distance d’(s) = ky Rs k? can also be computed recursively as follows. Let us de ne the
partial metric [2]

8 .
0 ifl=n+1
) (<) % TED (s(HD) + jyy P | RijS;j2
= P
TRET= 5 o0 sty vy 70 RS Rusii? @)
% = T+1) (S(|+1))+j I(|+1) R||S|j2
' ifl=1; :::;n
(0 — (1+1) _ Pn , - (n+1) _
wheres'” = [s; s41 i spl,and =W j=1+1 Rijsj, in particular  p = Y.

Then we can write T® (s) = d?(s).

One of the most interesting consequencesf this interpretation is that the exploration of the
lattice can be thought as a tree traversal. This tree has n levels and every node at ead level
has Q sons. At ewery level the radius constraint (2.5) must be veri ed and satis ed, otherwise
the branch is pruned. Figure 2.1 depicts a two level tree for a QPSK modulation. T(" is the
distance metric at level | in (2.7); at the lowest level, nal metrics are explicitly calculated for
this simple case.
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Tree exploration

Seweral algorithms have beenstudied in order to make the tree traversal e cien t. First algo-
rithm, proposedby Pohstin [9], needsto choseexplicitly an initial radius. This is a very critical
choice: if atoo large radius is chosen,too many points fall into the hypersphere,while for atoo
small radius no points are left insideit. A moree cien t algorithm hasbeenproposedby Sdnorr
and Euchner (SE) [20]. SE algorithm hasintrinsically variable throughput and this makesit not
very suitable for hardware implementation. The key to make this algorithm e cien t or, at least,
with predictable throughput, is to make an e ective pruning. A lot of theoretical studies can
be found in recen literature, which aim at nding techniquesto read this goal [28]. Although
someof them give very interesting ideas, none of them seemsto be e ective nowadays, with a
strong theoretical demonstration and a simple realization.

2.3 Fixed-p oint analysis

The study of nite precisione ects is a mandatory preliminary stepin the designand hardware
implementation of complex processingtasks. Although seeral implemenrtations of the Sphere
Decading algorithm have been proposed,studies on nite precision e ects are not available in
literature. In this work, a wide range of simulations have beencarried out in order to determine
the e ects of dierent xed-p oint represenations on the performancefor both 16 and 64-QAM
modulation sdhemes.

A 16 bit data represenation hasbeenchosenas a starting point, becauseit was adopted in
most of the literature for the 16-QAM modulation, soit represetts a good choicefor comparisons.
The rst objective of these simulations wasto nd the optimal partitioning betweenfractional
and integer parts within the 16 bits.

Figure 2.2 shows the results of our investigation for 16 and 64 QAM cases.In the legend,
#1 indicates the number of bits of the integer part and #F those of the fractional one. The
best position of the decimal point also depends on the gain exhibited by the whole receiving
chain, including RF front-end, analog-to-digital corverter and automatic gain cortrol (AGC).
Sothe main conclusionsthat can be derived from Figure 2.2 are:

The required number of bits changeswhen di erent modulations are consideredand a
larger number of bits must be allocated in the fractional part with higher order modu-
lations, where the minimum Euclidean distance between constellation points decreases:
sewen bits in the fractional part lead to performancevery closeto the oating-p oint case
for the 16 QAM, while eight bits are required to achieve the sameresult with the 64 QAM.

As signal amplitudes are higher in higher order modulations, v e bits are enoughfor the
integer part in the detection of a 16 QAM signal and six bits are required in the 64 QAM
case.

More relevant is the total number of bits required to achieve satisfactory BER performance.
Further simulations have then been carried out for lower numbers of bits, in order to explore
possibletrade-o s betweenhardware cost and detection performance.

Obtained results are reported in Figure 2.3 a total of 12 bits, v e for the integer part and
sewen for the fractional one,lead to good performancefor 16 QAM modulations; 14 bits, six for
the integer part and eight for the fractional one, are a good choice for the 64 QAM.

Finally, Figures 2.4 shows that the xed-p oint approximation doesnot a ect signi cantly
the number of visited nodes of the algorithm.
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Figure 2.2: System bit error rate (BER) using 16 and 64 QAM: partitioning between integer
and fractional part.

2.4 Prepro cessing

In this sectionwe discussthe implementation issuesrelated to pre-processing,which is required
before the tree-seartr. This computation operateson the lattice generator matrix M = HR ;
since the code generator matrix is constart, the computation must be repeated at the channel
estimation update frequency

The update frequency for the channel estimation can change signi cantly accordingto the
scenario, but it is generally one or two orders of magnitude lower than the signalling rate.
Figure 2.5 depicts a block diagram of a MIMO system adopting the Golden code; dashed
blocks implement modulation and demadulation functions in a genericMIMO-OFDM system.
The Golden code decaling phaseis mainly constituted by three functions: QR decomposition,
column reordering and tree search.

While column reordering is an optional operation able to reducethe tree-searty complexity,
QR decomgposition is mandatory becauseit allows constructing the tree and nding the ZF
solution of the minimization problem. In the following paragraph, possibletechniquesto perform
the QR decomposition in hardware are reviewed in order to estimate the overall complexity of
the receier.
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Figure 2.3: System bit error rate (BER) using 16 and 64QAM: lowering the total number of
bits.

2.4.1 QR decomp osition

As already outlined, a linear transformation of the H channel matrix, suc as QR or Cholesky
decomposition is neededin order to construct the tree.

QR decomposition is a numerical algorithm well studied and widely usedin many applica-
tions such as matrix inversion, adaptive beamforming and Itering. QR decomposition based
- Recursivwe Least Squares(QRD-RLS) methods are routinely adopted in applications such as
multiuser detectionin CDMA communications, adaptive equalization of radio channelsetc. The
method is well suited to VLSI realization and it can be implemenrted in a stable manner using
relatively short word length arithmetic.

Hardware realization of this technique implies the choice betweenHouseholderTransforma-
tion and GivensRotation basedalgorithms [10]. This secondapproac can be accomplishedby
a sequenceof rotation operationsto annihilate elemens under the main diagonal of the matrix.
Givens Rotation requires a larger number of ops comparedto Householdermethod in order
to compute QR decomposition, neverthelessthey may be implemened using highly parallel
systolic arrays and for this reasonthey are usually preferred for hardware implemenrtation.

These arrays typically presen linear, triangular, or square organization; the angle is com-
puted in boundary or diagonal processorsand dispatched to other processordor rotation. The
choice of the organization can be made on the basis of area and throughput considerations.
The main parametersof this architecture are listed in Table 2.1, foran n matrix: number of
processingelements latency and throughput. It is assumedthat every processingelemen takes
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Figure 2.5: Golden Code MIMO System.

one or more clock cyclesto perform its computation.
Every single processingelement must perform the angle calculation and the rotation to
annihilate the matrix elemers. Se\eral alternatives exist to accomplish these two tasks, and

the two main onesare:

1. Sine and cosine of the angle are computed by meansof operations including also square

root and division.

2. Direct calculation of the angle and then rotation usinga CORDIC processor[12].

The main advantage of the rst approad is that primitiv es can be optimized resulting in

an e cien t although expensivwe implementation.

The secondtechnique is less expensiwe, but
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Table 2.1: QR decomposition: dierent array organization parameters- number of processing
elemerts (PE), latency and throughput

| Arc hitecture || # of PEs | latency of single QR | Throughput |
Triangular n(n+ 1)=2 n(n+ 1)=2 1=n
2n> n 1=(2n* n)
Linear n
@2n D+ % 1 (n+1) | 192n 1)+ 3 1 (n+ 1)
Single Element 1 n“(n+ 1)=2 19n%(n + 1)=2]

outputs are generated with longer latencies and data-dependency between operations slows
down the CORDIC algorithm. A lot of strategieshave beenintroducedin order to alleviate the
e ects of data-dependencies,such as reordering look-ahead[l7, 3, 14] or redundant arithmetic
[8].

For lower data-rates, architectures that reusethe processingelemerts on di erent data have
been proposedin [7, 13]. These architectures represen probably the best tradeo for the
applications addressedin this work.

2.5 First Hardw are Implemen tation:
Parametrizable Solution

The tree-seart algorithm is consideredasthe most computationally intensive processingblock
in a MIMO detector, although column reordering and QR decomposition can also be heavy
processingasks. Howewer, sincethe rate of updating for channel estimation is usually oneor two
orders of magnitude lower than the signalling rate, designconstraints tend to be more stringent
for the tree-seart unit than for column reordering and the QR decomposition. Thus the focus
of this work is on the hardware realization of the tree-seart algorithm, with application to the
decding of the Golden code.

As guidelinesfor the design of the implementation architecture, two main objectives have
beentakeninto accourt. The rst requiremen wasa certain degreeof exibilit y in the choice of
both modulation schemeand size of the seart space. The secondmain designobjective was a
high decading throughput, compliant with needsof modern wirelesscommunication standards.

In the dewveloped architecture, the datapath width, the sizeof the seart tree and the mod-
ulation scheme are tunable parametersthat can be statically con gured to make the detector
adaptable to dierent systems. Although the systemis here described with referenceto the
special caseof the Golden code, it can be alsousedto decade 4 4 MIMO V-BLAST sdeme.
The key elemerts of the developed architecture are described in the following paragraphs.

25.1 A exible hardw are solution

The key processingtask in the tree exploration algorithm is given by equation (2.7); here the

D amourt, de ned as

X

[+1

=y Rij
j=l1+1

can be computed step by step through the following recursive expression
8 :
< ¥ Ri| S| if l=n

N _
O . (2.8)
i( ) Ril s ifl<n
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a greedy algorithm, at ead level of the tree the minimum I('+l) R)1s value betweenall sons
must be selected. More precisely at eat tree node, placed at level |, three main operations
have to be accomplished:

1. foreahi = 1;:::;n, i(') is evaluated for all s; values,accordingto (2.8)

2. the s that minimizes the di erence ,'*1 Riis is selected

3. the partial metric T'(s() is calculated accordingto (2.7).

Thus the straightforward minimization of partial metrics T'(s(") requires the di erence com-
putation for all the possiblevaluesof s;. This technique becomesincreasingly expensive with
high order modulations, due to the large number of required operations.

In the proposedarchitecture, the minimization of T'(s(") is rearrangedin two steps. In

the rst processingstep, the value of s that minimizes the di erence |('+l) Ry s is directly

selectedby meansof a division; the obtained s, is then usedto generate ,' amouns in equa-

metric value T(!) for the selectedson. Two functional blocks, U _psi and Metric _compute
units, are allocated to perform the indicated processingsteps.

In order to nd the value of s; able to minimize above expression,U _psi unit (shown in

Figure 2.6) receiwes as inputs the |(I+1) derived at the upper tree level, together with the Il

elemen of R matrix. The result of the division |('+l) =Ry is approximated to the closestinteger

value that derives from the projection of the constellation point onto the real or imaginary
axis: asthe tree processesseparately real and imaginary componerts of received signals, this
approximation is equivalent to the selection of the closestpoint in a PAM (Pulse Amplitude
Modulation) constellation.

The resulting value directly provides the desired s, for the analyzed node. The new i(')
values are then ewaluated in parallel, to be used at the lower tree level. In the notation of

Figure 2.6, the () vector cortains the n i(') valuesand the update operation can be expressed
as

0= D R (2.9)
The initial valueis givenby ("% =y Asthe ) vectorwill be usedat the lower tree level,

it is stored in a dedicated memory, which will be later referredto asPsi memory in the global
architecture given in Figure 2.11
The output in Figure 2.6 is de ned as

(1+1)
- |
= SI R B
R
and it represeits the correction term to be applied to the division result in order to take the
closestpoint in the equivalent PAM constellation. The useof  will be described later in this
Section.

The Metric _compute unit realizesthe secondprocessingstep, evaluating the new value of
the metric T(!) for the selectedson. Figure 2.7 shaws the block architecture: from the upper
tree level, T(*D is received asinput, together with the |(') value generatedby U _psi unit; the
obtained T() is propagatedto the lower tree level.
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Figure 2.6: U_psi Unit datapath

The described approad, and particularly the use of a division to obtain the optimal s,
allows avoiding multiple metric computations; thus it o ers low complexity and, at the same
time, exibilit y in terms of supported modulation sdhemes. As a matter of fact, a parallel
architecture tailored on a given seart tree is able to achieve high processingspeed, while
the sequetial computation of a single metric at ead cycle makes easierfor the decader to
adapt to dierent structures of the seart tree, so providing support to multiple modulation
schemes. Similarly to what is donein a software implementation, sequetial operations compute
a single metric at every cycle, sothat the sameprocessingplatform can easilyadapt to di erent
structures of the seart tree by simply varying the number of seard stepsin the tree.

On the other hand, di erently from what wasimplemented in other detectors, multiplications
cannot bereducedto add and shift proceduressinceoperandsarenot xed and asaconsequence
general purp osemultipliers have beenallocated.

It is worth noting that, although the described technique intro ducesthe division I('+l) =R,

only a few values of this ratio are of interest for the algorithm, those that correspond to the
equivalent PAM constellation points 1; 3;:::. As aconsequencea generalpurposehardware
divisor is not necessaryand the required operation can be executed by meansof a simpli ed
componert able only to nd the closestinteger solution of this division and to determine if
the approximation is by defect or by excess:the rst log, Q stepsof a successie subtraction
divider [18] can be employed to this purpose,where Q2 is the number of signalsin the QAM
constellation. This divider hasa very simple architecture that employs only shifts and subtrac-
tions; although it tendsto be very slow for a complete division, this solution can be e ectiv ely
used when only a few shift and add steps are required. The divider employs a dichotomous
processto nd the requestedvalue after log, Q steps. In the block diagram of Figure 2.8, the
multiplexer selectsthe dividend at the rst step and the subtraction result in the following ones;
the n-bit variable shifter is usedto shift the divider by a number of positions that changesfrom
the initial value of log, Q 1 down to 0. The subtractor returns the ewvaluated result one bit
per iteration, starting from the most signi cant one.
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Figure 2.8: Block diagram of the divisor

2.5.2 Parallelism and pip elining

The desiredfunctional exibilit y cannot be achieved at the expensesof processingthroughput,
but the nal architecture must properly conjugateboth featuresof exibilit y and high data rates.
Among e ectiv e techniquesthat can be usedto increasethroughput, parallelism and pipelining
have beenconsidered. In previous published approades, high throughput is obtained resorting
to parallel architectures and two di erent kinds of parallelism are usually employed:

Parallelism at the level of tree exploration

Parallelism at the level of the metric computation for all sonsof a given node and in the
selection of the most probable son.

The rst technique can be used only with some suboptimal algorithms [28] and it becomes
unfeasible when optimal algorithms are adopted, sinceit requires large amourts of hardware
resources. The secondapproad is feasible only with low order QAM modulation sdhemes
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Figure 2.9: Architecture of the U_psi_step unit

as it implies many concurrert multiplications. Thus these techniques are not viable for the
implementation of parametric architectures. As a consequencejn this work, the pipelining
technique has beeninvestigated.

In order to assurethat a new node is expandedat ead clock cycle, a new, alternative metric
must be available also after a pruning operation has taken place; as a consequencewhen the
metrics of a given father node are evaluated, two \candidate" nodesare concurrertly computed:
the rst oneis a direct son of the considerednode and it is processeduy the already described
U _psi unit, while the alternative node, placed at a higher level in the tree, is concurrerly
computed by the U _psi_step sub-circuit (see Figure 2.9); both of them generatenovel )
valuesfor the next stepin the tree traversal.

U _psi and U _psi _step units sharea very similar architecture, however the latter doesnot
needto perform the division, as the secondbest choice for s; (and thus for the alternative
node) can be easily derived as follows. When U _psi unit computesthe division, the result is
approximated either by defect or by excessto the nearest PAM constellation point: the best
choicefor s is given by

Sl = —5— * (2.10)

where s the correction term provided as output by the U _psi unit (Figure 2.6).

The signof is usedby U _psi_step unit to take the second(and following) nearestpoint
in the PAM constellation, according to the following rule, implemerted in the top block of
Figure 2.9

Sigy = Sl ( D¥sign() (k1) A (2.11)

whereA is the distance betweentwo consecutiwe points and the initial value, sy, , is the closest
point given in equation (2.10).

Figure 2.10 shows the sequenceof alternative nodes selectedat a given tree level, after
the occurrenceof pruning. Depending on the values assumedby the father node metric, the
algorithm descendsalong the tree, readiing the son node, or it movesto the alternative node
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Figure 2.10: Method usedto selectalternative nodesin U_psi_step unit

on the samelevel. It is worth noting that the computations of the () valuesfor both sonand
alternative nodesare performedconcurrertly with the elaboration of the T, metric for the father
node. In other words, while the current metric is computed for the father node, the next node
to be visited is identi ed choosing betweenthe son and the alternative node. Additionally , the
related () value is computed to be used at the following step in order to obtain the proper
metric Ty 1.

This approad also provides a signi cant speed-upto the inherently serial SE SphereDe-
coding algorithm and has a limited impact on complexity.

2.5.3 Global architecture

The block sdheme of the SE tree-traversal circuit showing the architecture derived from the
design criteria outlined in previous paragraphsis depicted in Figure 2.11 Four fundamenal
processingblocks can be identi ed in this architecture:

U _psi unit, which selectsthe most probable sonof the current node and computesupdated
() through expression(2.9) (seealso Figure 2.6);

U _psi_step unit, which selectsthe alternative node to be expandedand computesfor this
node the sameamourt;

Metric _compute unit, which computesmetric of the current node T = T+ (s(+1) )+
I Ry 1s1j¢, asin equation (2.7);

C.U., cortrol unit dewted to the proper selectionof the tree seart direction.

The C.U. constitutes the core of the tree traversal algorithm and it must also carry-out two
further tasks: to verify the pruning condition and, on the basisof this veri cation, to properly
dispatch data between the other units. Symbols given in Figure 2.11 are related to the case
of a node expandedin the depth-rst mode, with no pruning: asa consequenceinputs of the
Metric _compute unit are fed with outputs provided by U _psi block. When a pruning occurs,
multiplexers are switched and metrics related to the alternative node are selected.

Finally, Psi Memory stores () vectorsfrom onestep to the following one.

2.6 Second Hardw are Implemen tation: Flexible Mo dulation So-
lution

The capability of managing more than one modulation schemein order to adaptively selectthe
most e cien t oneaccordingto userneedsand channel conditions, is one of the most important
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Figure 2.11: Sphee Decoder block scheme (caseof a node expandedin the depth- rst mode,
with no pruning).

requiremerts of modern wirelesscommunications systems. Golden code, thanks to its charac-
teristic of non-vanishing determinant, is very well suited for such application. In order to take
full advantage of these Golden Code features, an enhancedimplementation hasbeenrealizedto
allow run-time choice of the modulation sdheme.

This implementation relies on the samearchitecture described in the previous section, with
an additional parameterthat allows the run-time selectionof the constellation. The requiremert
of supporting multiple modulation schemesbasically impacts on the control logic, while the other
architecture componerts remain the sameasin the rst hardware implemenrtation.

At ead level of the tree, the C.U., besidesthe pruning condition veri cation, also carries
out a secondveri cation task, related to the mapping constraint: it veri es if a certain value of
s still belongsto the speci ed constellation and usesthis information to drive the processing.

This mapping constraint must also be taken into accourt in the division |(|+1) =R;;. As the
number of acceptablevaluesfor this operation dependson the adopted modulation, the constel-
lation parameteris usedto dynamically driv e the iterations of the dichotomic division algorithm.

Although the described architecture dealswith the implementation of the Golden Code, it
is also scalablein terms of n, which is the size of the seart tree, growing with the number of
transmitting and receiving antenna: a larger value of the n parameter can be setin the VHDL
code to synthesize detectors for larger channel matrices. Of coursea larger n implies a more
expensiwe architecture: particularly the value of n mainly a ects:

the number of psi metrics to be evaluated in parallel in Figures 6 and 9

the depth of the tree
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Table 2.2: Synthesis results and comparisons(16 bits)
This work
Reference ASIC-I [2] ASIC-1 | [2] [11] PARAMETRIZABLE IMP. ‘ FLEXIBLE IMPL.
Antennas 4 4 2 2 per two channel uses
Modulation 16-QAM 16-QAM 16-QAM 16-QAM 4,16,64-QAM
Detector depth- rst K-b est depth- rst
sphere sphere sphere sphere
BER Perf. ML Closeto ML Closeto ML ML
Tedh. [ m] 0.25 0.25 0.35 0.25 0.13 0.13
Core Area [GE] 117K 50K 91K 56K 45K 55K
+prepro c. +prepro c. +prepro c. +prepro c. +prepro c. +prepro c.
Max. Clock 51 MHz 71 MHz 100 MHz 109 MHz 250 MHz 217 MHz
Throughput 73 Mbps 169Mbps 52 Mbps 73 Mbps 167 Mbps 146 Mbps
@SNR=20dB | @SNR=20dB @SNR=20dB | @SNR=20dB @SNR=20 dB

the size of psi memory.

The complexity of processingblocks in Figures 2.6 and 2.9 grows almost linearly with n; the
memory sizeincreasesasn?, becausen () valueshave to be stored for n tree levels; nally the
throughput is expected to decreasewith n, sincethe number of visited nodes grows, but this
e ect is strongly dependen also on the supported code.

2.7 Synthesis results

The rst proposed architecture, tailored to processthe 16 QAM case, has been synthesized
on both 0:13 m and 0:25 m CMOS Standard Cell technologies, using the SynopsysVersion
Z-2007.03-SP1;synthesis on 0:13 m technology has been performed for the second exible
architecture. A commercial low-power library has beenchosen.

In order to enablethe direct comparison with existing hardware realizations [2], | and |1
ASIC, [11], a 16 bit datapath has beenchosenand the overall decader has also beensimulated
with the V_BLAST 4 4 MIMO systemand throughput gures reported in Table 2.2 refer to
this con guration.

The comparisonof the described architectures to existing implemertations tend to be quite
di cult to carry out, becausedi erent approateshave beenadopted: particularly, our solution
implemerts the ML detection algorithm by meansof a serial architecture, while the rst ASIC
in [2] maps the same algorithm onto a parallel structure and the secondASIC in [2] makes
use of a serial shemeto realize a closeto ML algorithm. These di erences must be carefully
evaluated while reading results in Table 2.2,

Comparing the parameterizable architecture to parallel implementations in Table 2.2, the
solution described in [11] and the rst ASIC preseried in [2], it can be obsened that a single
metric computation is performedat ead cycle, instead of multiple parallel metric computations.
This characteristic justies both the reduced complexity and the inherent exibilit y of the
proposed architecture. At the sametime, thanks to the adopted pipelined architecture, a
remarkable averagedecading throughput is achieved without any highly specializedstructure.

Implementation cost is slightly higher than for the secondASIC proposedin [2], where a
serial approad is also adopted, in conjunction with a closeto ML algorithmic approad.
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Table 2.3: Di erent datapath width synthesis results

| DP Width || ArealkG] | Period[ns] | Freq.[MHz] | Through.[Mbps] |

12 41 43 232 155 (16-QAM)
14 47 4.45 224 150 (16-QAM)
16 55 46 217 146 (16-QAM)
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On the other hand, the exible implementation in the last column of Table 2.2 prove the lim-
ited complexity and performanceoverheadassaiated to the capability of dynamically adapting
to di erent modulations (4, 16 and 64-QAM).

Finally, the results preseried in Section 2.3 on the nite precision analysis of the decaling
algorithm have beenexploited to derive additional post synthesis gures for the exible archi-
tecture: theseresults, referredto di erent datapath widths, are givenin Table 2.3. A total of 14
bits are enoughfor the 64 QAM modulation (6 bits for the integer part and 8 for the fractional
one) and the two saved bits grant a complexity reduction of 8 Kgates.

2.8 Conclusions

A new approadt basedon a rearrangeme of the original algorithm hasbeenpreserted for the
hardware implementation of a SphereDecader detector: it usesa single metric computation per
cycle and is well suited for pipelining, breaking the sequetial nature of SD algorithm.

The proposedapproad exhibits an inherent exibilit y and results in low complexity archi-
tectures. Two dierent hardware implementations have beenrealized, which exploit the main
features of this structure. The rst implementation is a parametrizable one, while the second
is able to adapt on the y to dierent modulation schemes.

The data represenation format adoptedin both implemertations is basedon an exhaustive
analysis of nite precisione ects collected for 16 and 64 QAM modulations.

Final synthesis results of the proposed architectures are listed in Table 2.2 and shov a
signi cant complexity reduction (approx. 50%for 16 QAM modulation) with respectto parallel
structures. This is mainly dueto the single metric computation per cycle. A remarkable average
decdding throughput can be adiieved with both implemertations, thanks to the pipelining
technique, even if the hardware was not tailored on a single modulation scheme as previously
proposedsolutions.
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Singular value decomposition (SVD) and QR decomposition (QRD) are two prominent ma-
trix decomposition algorithms used in various signal processingapplications. In the eld of
MU-MIMO communication systems,the SVD and the QRD are employed for beamforming,
user selection, scheduling, and for channel-matrix preprocessingfor multi-user and MU-MIMO
detection. In particular, the QRD is a key prerequisite for many advanced MIMO detectors,
such as the spheredecader implementations described in Chapters 1 and 2 and employed by
the algorithms described in Chapter 7 of this report.

Con tributions

This work discusseghe complexity and performancetrade-o s assaiated with the VLSI im-
plemenation of QRD and SVD for the referencecaseof a 4 4 (MU-)MIMO system. To
this end, general architectural considerations are discussedand two architecture variants are
preseried together with correponding ASIC implementation results: one unit has been op-
timized for throughput and the other o ers enhanced exibilit y by allowing to cortrol the
precision/throughput trade-o at runtime.

Outline

The remainder of this paper is organizedasfollows. In the next section, we shall provide a high-
level design-spaceexploration that provides the basisfor the work preseried in the subsequeh
sections. In Section3.2 the SVD and QRD algorithms are described and all required operations
are identi ed. A time-shared matrix decomposition archtecture is described in Section 3.3 and
the assaiated designand implemertation trade-o s are exploredin Section 3.4. In Section 3.5,
we provide VLSI implementation results and concludein Section 3.6.

a7
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3.1 Resource Sharing and Designspace Exploration

Both the SVD and the QRD can be implemented e cien tly in hardware baseon Givensrota-
tions [1] implemented as CORDIC (coordinate rotation digital computer) circuits. Since the
QRD only requires a subset of operations required for the SVD, an architecture which allows
to compute the SVD would also provide all the functionality to compute the QRD. Hence, a
programmable matrix decomposition architecture based on CORDIC arithmetic results in a
single matrix decomposition unit (MDU) and is suitable for both decomposition algorithms.

Due to the relatively high computational complexity of the SVD, systolic arrays basedon
the Jacobi method have beenproposed[2, 3, 4]. As illustrated in Fig. 3.1, systolic arrays lie
on one end of the area/delay trade-o and are usually designedto achieve short computation
time at the cost of large circuit area. Howewer, in MIMO-OFDM systems|[5], multiple problems
needto be solved concurrertly, wherethe number of parallel tasks correspondsto the number of
tones. Fast but large architectures (such assystolic arrays) are di cult to match the throughput
to an arbitrary number of problems, e.g., one systolic array might be insu cien t in terms of
throughput but two might exceedthe available circuit area. Low-area architectures can be
obtained by the use of time-sharing and lie on the other end of the area/delay trade-o (see
Fig. 3.1). Ideally, time-shared architectures are equally e cient as systolic arrays and have
the key advantage to be easily adaptable to individual throughput requiremerts by the use
of parallel instantiation, i.e., the target throughput can be adieved by replication of a low-
area instance. Additional area savings, while not reducing the decomposition throughput, can
be obtained by iterative decomposition of ead instance (see Fig. 3.1) to improve the overall
e ciency .

log(Area)
A =P ideal effect

@ time

sharin constant
\ J efficiency

replication:\ ------- - @ systolic array

@

iterati\ée * @ time?shared
decomposition ¥ : . architecture
P : log(Time)
>

Figure 3.1: Ideal impact of architectural transformations [6] on systolic arrays and time-shared
architectures. The dashedbox correspondsto the investigated design-spaceexploration for the
MDU by the use of iterative decomposition.

3.2 Matrix Decomp osition Algorithms

To identify all required arithmetic operations and the underlying computational sequences,
the SVD and QRD algorithms are briey summarized belon. More details for both matrix
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decomposition algorithms can be found in [1].

3.2.1 Singular Value Decomp osition

The SVD of a complex-valued M N -dimensional matrix A is de ned?® as[7]

A = usvH (3.1)
whereU and V are complex-\valued unitary matrices of dimensionM M and N N, respec-
tively. The real-valueddiagonalM  N-matrix S = diagf 1; 2;:::; rg, wherer = minfN;Mg
and S contains the ordered singular values 1 5 il r. The SVD procedure under

consideration baseson the Golub-Kahan algorithm described in [1] and mainly performs the
SVD in two phases:

Bidiagonalization

Bidiagonalization:

C C C R C C R R O
LHS RHS LHS
A=|C CC|—|0CC|—|0CC|—
€ c Cc 0. C C | 0C C
R 0 R R O R R O
RHS LHS
0 C|l— |0 RR|— |0 R R|[=By
0 C 0 0 C 0 0 R
Diagonalization:
di fq O R R O R R 0
RHS® LHS
Brk=1|0 df, = 0O RR|—|R R R|—
0 0 ds 0 0 R 0 0 R
R R i | i |
RHS R R 0 LHS R R 0
O RRI—™ |0 R R|[™|0 R R|=Byy
| 00 R 0 R R 0 0 R

Figure 3.2: lllustration of the bidiagonalization and diagonalization phasesof the SVD according
to [1] for a complex-valued 3 3 matrix. The ertries a ected in the corresponding update have
beenhighlighted.

1The superscript ' stands for conjugate transposition
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First, a memory is initialized with M = fly;A;Ingwherel standsfor al L identity
matrix. During the bidiagonalization phase,Givensrotations are successiely appliedto A from
the left-hand side (LHS) and from the right-hand side (RHS), such that the M N -dimensional
inner matrix A gets bidiagonal and real-valued (denoted by B ) asillustrated in Fig. 3.2. All
Givensrotations appliedto A from the LHS and RHS are applied to the corresponding identit y
matrices. The resulting unitary matrices are denoted by U and V" and the memory cortent
after the bidiagonalization phasecorresppndsto M = U;Bg; V" whereA = UBVH.

Diagonalization

The diagonalization phase consistsof multiple diagonalization steps (indicated with k) and is
illustrated in Fig. 3.2. Givensrotations are subsequetly applied from the LHS and from the
RHS to the bidiagonal matrix By such that all o-diagonal ertries f; (for i = 1;2;:::;r 1)
of Bk becomezero. The diagonalization phaseis stopped whenewer all f; are consideredto be
zeroand all d; (for i = 1;2;:::;r) correspond to the unordered singular values. Analogous to
the bidiagonalization phase,all Givensrotations are also applied to the corresponding unitary
matrices sud that nally, M = U;S;VH isthe SVD in (3.1).

In order improve the corvergenceof the diagonalization phase, and hence,to reduce the
overall computation time of the SVD, the rst Givens rotation of ead diagonalization step
(indicated with RHS in Fig. 3.2) is adjusted by the Wilkinson shift [1]

q___
=a,+d signd) d2+ 12, (3.2)
whered= 3(a, 1 an) and

an 1 b1

b1 @

correspondsto the trailing non-zerosubmatrix of T resulting from computing T = B B,.

T(n 1:njn 1l:n)= (3.3)

3.2.2 QR-Decomp osition

The QR decomposition ofaM N -dimensional complex-valued matrix A is [7]
A = QR (3.4)

whereQ is a complex-valuedM N -matrix with orthonormal columsand the upper-triangular
N N-matrix R has real-valued ertries on its main diagonal. The QRD is performedin a
similar fashion as the bidiagonalization phase of the SVD (seeFig. 3.2) where only the LHS
Givensrotations are applied. This minor modi cation results in an upper-triangular matrix R
with real-valued ertries on its main diagonal. All Givensrotations applied to A are alsoapplied
to the orthonormal matrix Q sud that M = fQ;R; Iy g correspondsto the QRD in (3.4).

3.3 VLSI Arc hitecture

In cortrast to a systolic array implementation, we describe a low-area matrix decomposition
architecture, which is designedto operate on complex-valued 4 4 matrices. The time-shared
architecture is depicted in Fig. 3.3 and consists of tree main componerts described in the
following.
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Figure 3.3: Matrix decomposition architecture overview: the instruction-based sequencercon-
trols the arithmetic unit and the matrix memory, in orderto perform the decomposition sequence
stored in the instruction RAM.

3.3.1 Matrix Memory

The matrix memory providesstoragefor three complex-valued4 4 matricesM = M ;M2 M3
which is su cien t to store the result of an SVD and of a QRD (seeSection 3.2). A complex
value in M is stored at a single memory adress,is 32bits wide, and ead real and imaginary
part requires16bits. The matrix memory consistsof a two-port 48 32bit SRAM and requires
0:06mm?. The matrix memory interface allows to read or write two di erent real or imaginary
valuesin at most two clock cycles.

3.3.2 Arithmetic Unit

In order to designa high-level VLSI architecture of the arithmetic unit (AU), Givensrotations,
square-roots, multiplications, and additions/subtractions are requiredto compute the SVD and
the QRD (cf. Section 3.2). Givensrotations and the squareroot can e cien tly be computed
by CORDIC, whereasmultiplications and additions/subtractions are computed in a dedicated
multiply-accumulate (MA C) unit.

CORDIC  Unit

CORDICs cane cien tly compute two-dimensionalrotations [8] by performing a seriesof micro-
rotations with the aid of shifts and additions/subtractions (cf. Fig. 3.4). To keepthe circuit
area low, a single CORDIC is used by the meansof time sharing and has been designedto
support vectoring and rotation. Rounding is performed after ead add/subtract stagein order
to reduce quantization errors. A complex Givens rotation is performed by three real-valued
vectoring CORDICs (denoted by C4, Cp, and Cj), i.e.,

c f R R g R
' 0



52 MASCOT D2.1.2

In order to perform the corresponding rotation on a complex-valued 2-dimensionalvector, four
rotation CORDICs are required: the rst two (C; and C») rotate eady complex eniry indepen-
dently, whereasthe third and fourth CORDICs rotates the real and imaginary part of both
complex valueshby Cs.

unroll factor: 3 unroll factor: 1

—

L

AT

e/

— |

L

AN

e/

4

register

multiplexer

arith. shift right

add/subtract unit

Figure 3.4. CORDIC architecture overview: iterative decomposition can (ideally) reduce the
area without a ecting the computation time per CORDIC. The unroll factor corresponds to
the number of micro-rotations per clock cycle.

The square-rmt required to compute the Wilkhnson shift in (3.2) cane cien tly be obtained

with the CORDIC in vectoring mode. Note that  d2 + B2 ; correspondsto the nonzeroresult
of the CORDIC with d and b, ; applied to the input.

Multiply-Accum  ulate Unit

To compute the trailing submatrix of T = B! B, asdescribedin (3.3), a real-valued multiply-
accurrulate (MA C) unit has beeninstantiated. The multiplier can be switched o in order to
perform additions or subtractions required in (3.2).

3.3.3 Instruction-Based Sequencer

The programmable MDU cortains a micro-code cortrolled sequencer.This sequencerconsists
of a64 20bit instruction RAM (of size0:04mm? with storagefor 64 instructions) and a nite
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state machine (FSM), which decadesinstructions, generatatesmemory adressesand provides
control signalsfor the AU.

Instruction Set

The SVD and QRD mainly baseon a speci ¢ rotation sequenceapplied to the matrices in M
(cf. Section 3.3.1). To this end, a set of eight instructions has beende ned. Four instructions
are used to apply CORDICs from the left-hand side (LHS) or the right-hand side (RHS) to
one complex-walue or two real/imaginary-valued ertries of M > and to update all other a ected
erntries in M . One instruction is usedto initialize the diagonalization phaseof the SVD which
subsequetly performs all required diagonalization stepsin a self-corirolled manner. The re-
maining instructions are resenedto con gure the number of CORDIC micro-rotations (seeSec-
tion 3.4.1) or to cortrol the program ow. The SVD of a complex-valued 4 4 matrix requires
27 instructions, whereasa QRD of equal sizerequiresonly 17 instructions.

SVD-Algorithm Mo di cations

To simplify the diagonalization phaseof the SVD and to obtain a xed throughput, the following
modi cations have beenapplied to [1]:

O -diagonal ertries of B (seeFig. 3.2) are consideredto be zero, whenewer f; < 2 * for
i=21;2:0r L.

Since the computational complexity of the diagonalization phaseis data dependert, an
early-stopping criterion hasbeenintroducedto obtain a xed decomposition throughput.
Whenewer k = K nax, the diagonalization phaseis stopped and the current M is usedas
an estimate of (3.1).

Note that " and Knax can be de ned in the SVD-initialization instruction, which allows to
recon gure the arithmetic precision and the decomposition throughput at run time.

3.4 Implemen tation Trade-os

To reduce the area of the MDU and to improve the overall e ciency, implementation trade-
0 s assaiated with arithmetic precision, circuit area, and throughput are investigated in the
following.

3.4.1 Fixed-P oint Implemen tation Trade-0s

The arithmetic precision of a xed-p oint implemenation is assessedoy the bit error rate
(BER) of an IEEE 802.11n-basedMIMO-OFDM system with beamforming employed. The
basebandinput-output relation of the wirelesschannelisy = Hs + n where H correspondsto
the M N-dimensional channel matrix, s denotesthe M r-dimensional transmit signal, n the
M r-dimensional Gaussiannoisevector, and y the M gr-dimensionalreceiwe signal. Beamforming
is simulated by computing the xed-p oint SVD of the channel matrix H and by transmitting
s = Vs. The receiver converts the input-output relation into N single-input single-output
channels

vi= isi+nR for i=1212:::;N

wherey = UMy, ; is the ith singular value, and the noise vector r has equal statistics as n.
Finally, a soft-output demapper producesreliability information for the subsequeh soft-input
channel decader.
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Fixed-P oint Implemen tation

To corvert the oating-p oint modelin a xed-p oint implementation, the oating-p oint SVD has
beensimulated to determine the threshold parameter " and the required maximum number of

diagonalization steps. Simulations have shown that setting " = 7 and K jax = 7 doesnot result

in a signi cant BER performanceloss. Note that reducing” or increasingK max only increases
the computational complexity of the SVD and does not improve the error rate performance.
Further simulations have shown that a near-optimal BER is achieved by using 16 fractional bits

within the CORDIC. Finally, the required number of micro-rotations in the CORDIC hasbeen
evaluated. Figure Fig. 3.5 shows the impact of micro-rotations to the BER of a heamformed
MIMO-OFDM simuation?. At least 12 micro-rotations are required to acheive a BER lessthan

10 8. Reducingthe number of micro-rotations results in a BER o or, which is not suitable for

the scenariounder consideration.
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Figure 3.5: Fixed-point SVD performance (16 fractional bits in the CORDIC, " = 7, and

Kmax), measuredin a beamformed MIMO-OFDM system. The number of micro-rotations in
the CORDIC (denoted by m) have a signi cant impact on the BER.

2A convolutionally encoded (rate 1=2, generator polynomials [133, 171,], constraint length 7, random inter-
leaving) MIMO-OFDM system with four transmit and receive antennas, 16-QAM (using Gray mapping), 64
tones, and soft-input Viterbi decading is considered. One codeblock corresponds to 1024bits, a TGn type C [9]
channel model is used, and perfect channel state information at the transmitter and receiver is assumed.
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Precision/Throughput Trade-o

The number of micro rotations in the CORDIC directly in uences the arithmetic precision of
the MDU (seeFig. 3.5 and hasalso a signi cant impact on the throughput. A lower number
of micro-rotations requireslessclock cycles,which results in lowered computational complexity.
We emphasizethat the arithmetic precision requiremerts of a QRD for MIMO detection are
usually lower than the precision for the SVD in the scenario consideredabove. Hence, it is
bene cial to lower the precision of the QRD in order to increasethe decomposition speed. To
this end, we proposean arithmetic unit architecture (denoted by AU I11), where the number
of micro-rotations is programmable and allows to adjust the precision/throughput trade-o at
run time. The maximum number of micro-rotations has beenset to 12 to support su cient
precisionfor computing the SVD. An unroll factor of two has beenchosenwhich allows to chose
the number of micro-rotations from 12, 10, 8, and 6, depending on the application and precision
requiremerts. Note that all BERs achievable by AU 11 are shawn in Fig. 3.5.

3.4.2 Area/Dela y Trade-o

Replication of a low-areaunit canbeusedto achieve a giventhroughput. Lower areaimplies that
the target throughput can be obtained more accurately. Hence, additional reduction in terms
of area per decomposition unit, without a signi cant throughput decreaseis highly desirable.
To this end, iterative decomposition has been applied to the CORDIC unit to determine the
optimum choice of the unroll factor. Sinceonly the area of the AU is a ected, the area/delay
trade-o assaiated with the maximum number of micro-rotations and the CORDIC unroll
factor is showvn in Fig. 3.6. Two di erent MDUs have beendesigned:MDU | usesof the faster
but less- exible AU | (using 12 micro rotations and an unroll factor of six), whereasMDU 11
employs the slightly slower but con gurable AU 11 (using an unroll factor of two with 12, 10, 8,
and 6 micro rotations), which allows to cortrol the precision/throughput trade-o at run time.
Note that the critical path is not only determined by the CORDIC, but also by the MAC unit.
Thus, to align the critical paths of both units, one pipelining register has beeninserted in the
multiplier if the CORDIC unroll factor is lessthan four.

3.5 Implemen tation Results

Fig. 3.7 shaws the fabricated ASIC (containing MDU | and MDU 1) in 0.18 m technology.

Table 3.1: Referencemplemertation results of a complex-valued4 4 SVD for 0.18 m (1P/6M)

technology
| MDU I | I I |
Number of CORDIC micro-rotations 12 12| 10 | 8 | 6
Core area [mm?] 0.41 0.37
Maximum clock frequency [MHZz] 133 272
Power Consumption? [mW] 160 106 113 119 130
Maximum SVD time [ s] 11.57 15.83 13.29 10.75 8.2
E ciency [SVDs/s/mm ?] 210K 166K 198K 244K 325K
Bit error rate o or [BER] <10°%|[<10°® 510 ° 2 10 ° 7 10°

2Power consumption has been measuredat the maximum clock frequency of the corresponding MDU with 1.8V
core voltage.
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Figure 3.6: Area/delay trade-o achievable by iterative decomposition of the CORDIC: the fast
AU | computesthe SVD with high precision (i.e., 12 micro-rotations). The precision of AU I
canbeadjusted at run time to 12, 10, 8, and 6 micro-rotations. The numbersnext to the curves
correspond to the CORDIC unroll factor.

SVvD

The VLSI implemenrtation results for the SVD for eady MDU are given in Table 3.1. Note that
for highestprecision(i.e., 12 micro-rotations), the rst unit achievesa slightly higherthroughput
than the MDU |1 and only requires 0.04mm? more area. Howewer, the secondunit is able to
achieve 55% higher e ciency (in terms of SVDs per secondper mm?) than MDU | by reducing
the arithmetic precision down to six micro-rotations per CORDIC (seeFig. 3.5). At highest
precision (i.e., using 12 micro rotations), MDU | and MDU Il consumel60mW and 106mW,
respectively.

QRD

The implemertation results for a complex-valued QRD executed on eady MDU are given in
Table 3.2 At maximum precision (i.e., 12 micro-rotations which, however, is only desirable
for the SVD computation), MDU | adieves the higher throughput than MDU II. Note that
approximately six time more QRDs per secondper mm? than SVDs are achievable. Reducingthe
precisionof MDU |1 to six micro-rotations per CORDIC, allows to achieve 1.92MQRDs/s/mm 2,
which is 51% more e ciency than the less- exible MDU |. Note that the power consumption
increasesby reducing the precision. Hence, tuning the precision/throughput trade-o at run
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Figure 3.7: MDU ASIC in 0.18 m (1P/6M) technology. The top left correspondsto MDU |
and the top right corresponds to MDU Il. The matrix memories and instruction RAMs are
denotedby M and C, respectively.

Table 3.2: Implementation results of a complex-valued4 4 QRD
| MDU [ 1 ] I \
CORDIC rots. 12 12 10 8 6
QRD time [ s] || 1.92 2.82 2.35 1.88 141
QRDs/s/mm? | 1.27M | 0.96M | 1.15M | 1.44M | 1.92M
Power? [mW] 155 105 112 118 128

time can improve the overall e ciency of MDU II.

3.6 Conclusion

We described designand implementation trade-o s of two programmable matrix decomposition
units (MDUSs), able to compute the SVD and the QRD. Low areais achieved through extensive
use of time sharing of a single CORDIC unit. The low-area MDUs have been shownvn to be
suitable for MIMO-OFDM systems,sincethey can be easily adapted to individual throughput
requiremerts by the use of replication. One unit has been optimized for throughput, where
the throughput of the secondunit is tunable at run time by reducing the arithmetic precision.
The programability and con gurabiliy of both units allow to use the same architecture for
di erent systemrequiremerts, which avoids the designof dedicated architectures for individual
algorithms and requiremerts.
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Chapter 4

Implemen tation Sorted MMSE QR
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Peter Luethi, AndreasBurg, Simon Haene,David Perels

Integrated SystemsLaboratory
ETH Zurich, Switzerland
email: fluethi, apburg, haene,perelg@iis.ee.ethzle

minimum mean squared error sorted QR decomposition is one of the key algorithms em-
ployed for channel-matrix preprocessingin MU-MIMO communication systems. In particular,
the application of this algorithm rangesfrom orderedsuccessie interferencecancellation (OSIC)
to tree-seart algorithms [1, 2] with close-to maximum likelihood bit error rate (BER) perfor-
mance (cf. Chapters 1 and 2).

Con tribution

In this work, we presen - to the best of our knowledge - the rst VLSI implementation of a
4 4 matrix preprocessorperforming iterative sorted minimum mean squared error (MMSE)
QR decomposition for OSIC or for tree-seart algorithms. The described VLSI architecture
incorporatesoptimized xed-p oint arithmetic and shovs how a combination of CORDIC circuits
and complex-valued multipliers allows to achieve a very high throughput with low silicon area.
The implemented referencedesignin a 0.25 m technology processesl.56 million complex-
valued 4 4 channel matrices per secondmaintaining close-to oating-p oint BER performance
for OSIC detection up to a signal to noiseratio (SNR) of 40 dB.

Outline

The remainder of this sectionintro ducesthe system model and motivatesthe developmert of a
high-speed QR decomposition circuit. Section 4.1 intro ducesthe sorted MMSE QR decompo-
sition algorithm under consideration. Section 4.2 describesthe high-level VLSI architecture of
the SQRD unit and the corresponding micro-architectural choicesfor the implemenrtation of the
arithmetic units. Complexity/p erformance trade-o s assaiated with di erent sorting strate-
giesand xed-p oint considerationsare discussedin Section 4.3 and implemertation results are
preseried in Section 4.4.

59
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Notation

Bold uppercaseand lowercaseletters represen matrices and column vectors, respectively. The
ith column vector of H is denoted by h;, and Hj; stands for the elemert in row i and column
j of H.

4.0.1 System Mo del

The systemunder considerationis a MIMO systemwith M 1 transmit and M g receiwe antennas.
The matrix H describesthe MIMO channel, the Mt 1 transmit signal vector is denoted by
s=[s1:::sm,]T, and the vector n represeits the additive zero-meani.i.d. Gaussiannoisewith
variance 2 per complex dimension. The transmitted vector symbol is normalized suc that
Efssfg= Iy, . The corresponding receiwve signal vectory = [y;:::ym.]" is given by

y=Hs+n 4.1)

and the signal to noiseratio is de ned asSNR = 1= 2.

4.0.2 MIMO Detection based on QR Decomp osition

The task of the MIMO receiver is to recover s from y, assumingknowledge of the channel H.
To this end, many computationally e cient MIMO detection algorithms start by decomposing
H into a unitary matrix Q and an upper-triangular matrix R using QR decomposition sud
that H = QR. The transformation ¥ = Q"y then transforms the problem in (4.1) into

¢ = Rs+ m, (4.2)

which is fully equivalent, but can be solved with signi cantly reducedcomputational complexity
(for example through badk-substitution or spheredecaling).

The MMSE QR decomgposition is a slight modi cation to the QR decomposition of H re-
quired for example for zero-forcing linear or OSIC detection. The basic idea is to take the
additiv e noiseinto accourt by consideringan augmerted channelmatrix H = HT I " to

obtain Q = Q4 and R sud that

Qa Q¢ R _ H .
Q Q¢ 0 — al (4.3)

The QR decomposition of the augmenied channel matrix hasa computational complexity that
is roughly 50% higher comparedto the QR decomgosition of H [3]. Howewer, the algorithm
adhievesan improvemert in BER performancewith linear detection and a signi cant complexity
reduction with tree-searth basedMIMO detection algorithms.

4.1 Sorted MMSE QR Decomp osition Algorithm

The MMSE QR decomposition of H can be performed through the Gram-Scdmidt [4] orthog-
onalization or through a sequenceof unitary transformations. The main advantage of unitary
transformations residesin the fact that one can employ vector rotations as atomic operations
which presene the total power of the operands. Hence, the dynamic range of all variables is
tightly boundedand the algorithm is well suited for xed-p oint arithmetic.

To simplify the notation, the composite matrix

H o lwg

70 =
nIMT 0

4.4)
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Algorithm 1 MMSE-SQRD basedon Givensrotations

1:2=20; p=[1:::M1]
2: for j = 1;:::; My do
3 j = khjk? initial column norms
4: end for
5. for i=1;:::;Mt do
6: k=argmin_i...u; j
7. exchangecolumnsi and k in order array p and in the rst Mg+ 1 1rowsofZ
8. compute a seriesof Givensrotations | suc that rows i+ Mg;:::;i + 1 of column z;
ge:on@ﬁvle;o. z

u=(i 1)Mr+1 U
9. forj=1i:::;Mt do
10: i= ) kzZik® update column norms
11: end for
12: end for
is introduced. Eadh Givens rotation, described by the matrix i, is designedto selectiely
zero a single entry of Z{). In order to upper-triangularize the left half of Z©, the iteration
zW) = ,z0 1 js applied, which ultimately yields

H
zMN) = i 20 = R Q",i" : (4.5)

0 Qg

wherethe nulling proceedsrst row-by-row and then column-by-column asillustrated in Fig. 4.1
fori = 1;2;:::;N. The relevant parts of Z(N) for further MIMO processingare R and QY.
The sorting follows the original SQRD algorithm proposedin in [5]. However, while the original
description was basedon a modi ed Gram-Sdmidt procedure, it is adapted in Alg. 1 to be
usedwith Givensrotations.

4.2 VLSI Arc hitecture

The application eld of the circuit developed in this paper are MIMO-OFDM systemswhere
SQRD must be performed on a large number of channel matrices in a short time [6]. The
subsequen architectural considerationstarget therefore the high-speed region of the design-
space.

4.2.1 Resource Allo cation and Scheduling

For the designof a suitable high-level VLSI architecture, we start by identifying the two types
of atomic operations required for Givens rotations, in order to nally constitute the QR de-
composition algorithm described in the previous section: Vectoring subsumesthe computation
of ; and the assaiated nulling of the corresponding ertry in Z(). Rotation refersto the ap-
plication of ; to an individual column of Z{()  in which only two ertries are a ected by the
transformation.

As can be seenfrom the illustration in Fig. 4.1a, ead vectoring operation is followed by
multiple rotation operations. Hence,the number of vector rotations exceedsby far the number
of vectoring operations, even if explicit rotation is avoided when the a ected ertries of Z(®
are a-priori known to be zero. Since a VLSI architecture for high-speed matrix processing
needssuper-scalarexecutionunits, dedicated hardware resourcesare allocated for vectoring and
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rotation, allowing both operationsto be carried out concurrertly asillustrated in Fig. 4.1b. The
rotation circuit is optimized for speedsincethe number of operations to be carried out is large.
The vectoring circuit needsto perform fewer operations, it can therefore be designedto require
lesssilicon area by applying iterative decomposition. These dedicated VLSI optimizations do
not a ect the overall throughput of the QR decomposition unit, becausethe total processing
time for the area-optimized vectoring operations can be hidden behind the large number of
rotation operations.

a) i=1 i=2 i=N complete
cccCc/loo1r1 cccjoo01 RCC|CCC RCC|CcCC
cccCc/io10 cccjo1o0 ORC|ICCC ORCCCC
CCC100 RECCCOO oOoo0CilcCC O0OO0RCCC
ROOOO0OO0O 0OCC|CO0O O ORICC O O0O0O0OCCC
OROOOO ORO|OODO 0O 00|CCO OOOCCO
0O ORIOOO O OR|OO0DO 0 0O0|COO0O OOOCOO
Vectoring
Rotation
:'cycles

Figure 4.1: a) lllustration of the MMSE QR decomposition sequence.The initial matrix Z© is
shown at the left, the nal result Z(N) of the decomposition at the right. b) Parallel processing
of vectoring and rotation in the proposedVLSI architecture.

4.2.2 Implemen tation of Giv ens Rotations

The two basic operations for Givens rotations, vectoring and rotation, can both be imple-
mented using conventional arithmetic or dedicated CORDIC circuits [7]. CORDICs are a
well-established method to implement Givensrotations in hardware. In short, the concept of
the CORDIC algorithm is to decompsethe rotation of a vector into a seriesof micro rota-
tions by applying shift and add operations. This sequenceof shift and add operations is rst
determined by the vectoring block, and afterwards executedsimilarly by the rotation block. A
more detailed analysis shavs that CORDICs are particularly well suited for the area-e cient
implementation of vectoring using iterative decomposition, while fast rotation can be realized
more e cien t by using corverntional complex-valued multipliers [3], but this implies the avail-
ability of the corresponding complex-valued rotation coe cien ts. A solution to this problem
is to attach an area-optimized slave CORDIC in rotation mode to the vectoring CORDIC as
shawvn in Fig. 4.2. The input to this slave CORDIC is a unit vector, prescaledby the CORDICs
constart scalingfactor . The corresponding output valuesare the coe cien ts required for the
multipliers which carry out the vector rotation.

4.2.3 High-lev el Arc hitecture

The overall VLSI architecture of the QR decomposition unit is shavn in Fig. 4.3. The dedicated
vectoring and rotation circuits (using CORDIC and convertional arithmetic, respectively) are
extendedto handle complex-valued matrix erntries. The memory which storesthe original and
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Figure 4.3: VLSI architecture of the low latency iterativ e sorted MMSE QR decomposition with
super-scalarvectoring and vector rotation.

intermediate matrices Z() is shovn as QR Cache and is realized using RAMs with a dedicated
read and write port. To satisfy the high memory bandwidth requiremerts of the rotation block
(two read and two write accesseger cycle), the cade is split into two independert memory
banks. One bank holds the even rows, the other holds the odd rows of Z(). Sincethe rotation
block always requiresthe full memory bandwidth, the vectoring block is fed by a separateFIFO
and an additional shadov memory. This solution preverts the rotation block from being stalled
by memory accesscon icts.
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4.2.4 lterativ e Sorting

The iterativ e sorting describedin Alg. 1 is a key feature of this circuit. The sort metrics are the
column normsof Z(), which are completely calculatedfor Z(© at the beginningof Alg. 1in line 3,
and which are then iterativ ely updated for Z(), i 1 in line 10. The recursive column-norm
update procedurerequiresfew additional hardware resources and reordering of the columns of
ZW) canbeimplemerted e cien tly with simple addressremappers shown in Fig. 4.3. However,
the sorting occasionally hinders the parallel processingof vectoring and rotation. The problem
ariseswhen the update of one column norm needsto wait for the completion of outstanding
rotation operations. In this case,alsothe next vectoring operation needsto be delayed, until the
next column to be processedcan be identied basedon the updated norms. As a consequence,
iterativ e sorting introduces an additional delay comparedto QR decomposition with a xed
column order. Speculative vectoring of the rst elemen in a new column of Z() helpsto reduce
the assaiated performancepenalty. Howewer, ascan be seenfrom the comparisonin Table 4.1,
a small increasein the number of cyclescomparedto unsorted or one-time (a-priori) sorted QR
decomposition remains.

Table 4.1: Processingtime of di erent modes
Processingtime
per 4 4 matrix
unsorted MMSE-QRD 67 cycles/ 536ns
one-time sorted MMSE-QRD | 67 cycles/ 536 ns
iterativ e sorted MMSE-QRD | 80 cycles/ 640ns

Mode

4.3 Implemen tation Trade-Os

Implementation trade-o s comprise the sorting strategy and the choice of the xed-point pa-
rameters For the subsequeh analysis, considera MIMO systemwith Mt = Mr = 4, 16-QAM
modulation and MMSE-(O)SIC detection.

4.3.1 Impact of the Sorting Strategy

The BER simulation results for di erent sorting strategies are showvn in Fig. 4.4. Clearly, a
simple one-time sorting as usedin [6] already provides a signi cant performancegain compared
to unordered SIC. The iterativ ely sorted QR decomposition closesthe gap betweenthe highly
complex, but optimal V-BLAST [8] ordering and the very simple, but lesse ective one-time
sorting.

4.3.2 Fixed-P oint Considerations

A critical aspectfor the e cien t implemenation of the QR decomposition unit is a consenative
choice of the xed-p oint parameters. The ultimate performancemeasureis the implementation
losswhich relates the BER performanceof a xed-p oint receiver implemertation to the BER
adhieved with a corresponding oating-p oint receiver. Unfortunately, analytical expressionsfor
this implementation lossas a function of the number of integer and fractional bits usedfor the
intermediate variables and for the number of CORDIC iterations usedfor the vectoring are not

YIn order to reduce hardware complexity, the squared *2-norm in Alg. 1 can be approximated for example by
the “*-norm or by the *! -norm.
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Figure 4.4: BER performance of dierent MIMO detection methods for uncoded 16-QAM,
Mt = MR = 4, and perfectly known H and , ([x y] denotestotal number of bits including the
sign bit, and fractional bits, respectively)

available. Hence,we must resort to Monte-Carlo simulations. Corresponding results are shovn
in Fig. 4.4, where only the QR decomgposition has beenimplemented in xed-p oint, while the
detection stage performing SIC hasbeenimplemented using oating-p oint arithmetic to clearly
separate the two units. Moreover, the input matrix is assumedto be scaled such that the
maximum absolute value of real and imaginary parts doesnot exceedone (block o ating-point).

4.4 Implemen tation Results

The presened circuit has beenimplemented in a 0:25 m 1P/5M technology. It supports all
possiblecon gurations deductedfrom Mt Mg 4. The sort mode can either be disabled, or
setto one-time or iterativ e sorting. To achieve closeto oating-p oint performanceup to an SNR
of 40 dB, an internal quartization setting of 3 integer and 10 fractional bits has been chosen
together with 9 CORDIC iterations for vectoring. With iterativ e sorting basedon the *2-norm,
the corresponding design requires only 54k gates (2:1mm?;0:25 m) and a suitable detection
unit [6] would occupy an additional 23k gates (0:9mm?;0:25 m).

In comparison,the MMSE V-BLAST describedin [9] hasa footprint of 9:0mm? in a 0:35 m
technology which corresponds to roughly 190k gates. A rst reasonfor this signi cant area
penalty is the fact that the V-BLAST algorithm employs two sequetial setsof unitary trans-
formations instead of one, which translates either into a twofold areaor into a twofold increase
in processingtime. A secondreasonlies in the higher sensitivity of the V-BLAST algorithm to
quartization e ects, which ultimately calls for more complex arithmetic units.
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Figure 4.5: Layout of the iterativ e sorted QR decomposition ASIC in 0:25 m 1P/5M technology:
125 MHz maximum clock frequencyand nal core areaof 2.61 mm? at 83% core utilization.

45 Conclusions

MMSE-SQRD is a key preprocessingstep for many relevant MIMO detection algorithms, in-
cluding successie interference cancellation and spheredecading. The key to an areae cien t,
high-throughput VLSI architecture is the joint consideration of algorithmic and VLSI imple-
mentation aspects. The implemented MMSE-SQRD algorithm employs Givensrotations. The
corresponding rotation matrices are obtained with CORDIC circuits and are applied through
complex-valued multipliers. The iterativ e sorting adds only a small penalty in terms of silicon
area and throughput, but provides a considerableBER performanceimprovemen with OSIC
and potential for complexity reductions in humerousadvanced MIMO detection schemes.
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Chapter 5

Multiuser Detection

In a Dynamic Environmen t:
Detection of Activ e Users and their
Data

Ezio Biglieri

Departament de Tecnologiesde la Informacio’ i les Comunicacions
Universitat Pompeu Fabra, Barcelona, Spain
email: e.biglieri@ieee.org

5.1 Intro duction

In typical random-accessommunication systems,the number of active users,their location, as
well asthe parametersthat characterize their channel state, vary with time. Thus, techniques
aimed at identifying not only the data transmitted, but alsothe userparameters,play a certral
role in analysis and design of those systems. Examples of application of these techniques can
be found in multiuser detection (MUD), spatial multiplex schemes,and ad hoc networks. In
MUD, it haslong beenrecognizedthat oneof the important issuesis that the set of active users
at any time may not be known to the receiver. For corverntional (matched- Iter) receiwers,
this dearth of information doesnot a ect performance,while for other receivers the simplistic
assumption that all usersare active will causesigni cant degradation. 1 In addition, certain
detectors basedon interference cancellation must know the strongest active usersin order to
perform satisfactorily [6]. Moreover, asobsened in [24], \identi cation of active userswill help
the systemto promptly processrequestsand e cien tly allocate channels. In suc a way, system
capacity can be increased.”

The problem of detecting active usersin a multiuser system has beenaddressedby seweral
authors in a CDMA context [3, 6, 15, 16, 17, 23]. Typically, the resulting multiuser receiver
is a combination of two separatemodules, namely, the active-useridenti er and the multiuser

1See,e.qg., [4, 15, 23]. As an example, if a decorrelator detector [20, Chapter 5] doesmore nulling than needed,
its performance is impaired. Ref. [7] describesa casewhere a multiuser detector su ers from catastrophic error
if a new user becomesactive.

69
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detector. The treatment in [6, 15, 16] focuseson the problem of detecting a single user entering
or leaving the system. Ref. [23] advocates a subspace-basednethod (MUSIC algorithm) for
identifying the active users,under the assumptionthat the receiver knowsthe pool of all possible
spreadingcodesthat may be usedin transmission. In [9], the active-user-ideni cation algorithm
is subspace-basedas in [23]; the receiwer is not interested in decading all active users, but
only those transmitting a messageto it. Ref. [24] addressesthe problem of estimating the
number of active userswhen synchronousand asyndronoususersco-existin the system. Further
performanceimprovemert can be expectedif the receiver can exploit a priori information about
users entering and exiting the system. The knowledge of a trac model is exploited in [4],
whoseauthors useit to improve the detection of active users. They model bursty trac for an
individual sourceas a two-state Markov chain.

Other systemsin which useridenti cation is necessaryinclude spatial multiplexing schemes,
where the total system throughput can be optimized by properly selectinga subset of users
to which the power is allocated [10, 25. Thus, optimum power-cortrol strategy requires the
identi cation of this bestsetof users. In ad hoc networks, optimal transmissionstrategiesrequire
the identi cation and localization of active nodesin the neighborhood of the transmitter.

In this chapter, we examine the general problem of detecting the identities of active users
and their data. Unlike previous work donein this area, which advocates a two-stagereceier,
we focus on optimal design of a receiver which estimates simultaneously the number of users
and their parametersand data. The receiver performance can be enhancedif one usesthe a
priori information o ered by a trac model, i.e., a dynamic model for the number of active
usersand for their parameters. In fact, information from the past history of the parameters
may bring a considerableamourt of extra information if their changesare not overly abrupt
(for example, if the number of active usersdoesnot change considerablyfrom frame to frame).

Having to deal with random sets, i.e., with sets comprising a random number of random
vectors (those including what is unknown about ead user), a tool that can be usedis Random
Set Theory (RST: seethe Appendix and the referencestherein). RST, recertly applied in
the context of multitarget tracking and identi cation (see,e.g.,[5, 11, 12, 13, 14, 21, 22)) is
basedon a probability theory of nite setsthat exhibit randomnessnot only in ead elemert,
but also in the number of elemens. RST (and in particular its formulation, referred to as
Finite Set Statistics, or FISST [11, 12, 13], speci cally tailored to problemsin whoseclasslie
those we are consideringin this Report) dewvelops conceptswhich are not part of convertional
probability theory. In fact, a certral point in FISST is the generation of \densities" which are
not the usual Radon-Nikodym derivativesof probability measuresbut rather \set derivatives"”
of nonadditive \b elief functions." On the other hand, these densities, which capture what is
known about measuremenh state space,usersstate space,and usersdynamics, can be derived
in a rather straightforward way from the system model by using the FISST toolbox. RST is
a tool that has considerablegenerality and exibilit y, is consistert with engineeringintuition,
and is easyto use.

To illustrate the application of RST to random-accesscommunication, we focus on MUD
problems, and derive Bayesian- Iter equationsdescribingthe ewolution with time of the a poste-
riori probability density of the unknown user parametersand data. Speci cally, in this chapter
we restrict ourselvesto interferer identi cation and data detection, while in next chapter we
examine the problem of estimating users' parameters as well. We hasten to claim that the
applications consideredhere do not exhaust the potential of RST for the analysis of random-
accesssystem: thus, many of the simplifying assumptionsare not made becausemore realistic
models cannot be dealt with using our theory, but rather becausewe do not want to muddle
the intrinsic simplicity of the RST tool with marginal details. This chapter is organized as
follows. Section 5.2 describesthe channel model, while Section 5.3 statesthe MUD problem in
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the context of RST. Section 5.4 describesan application to CDMA, while Section 5.5 provides
somenumerical results illustrating the theory.

5.2 Channel model and statement of the problem

We assumeK + 1 userstransmitting digital data over a common random-accesshannel. Let

s(xEO)) denote the signal transmitted by the referenceuser at discretetime t, t = 1;2;:::, and

Each signal hasin it a number of known parameters, re ected by the deterministic function
s( ), and a number of random parameters,summarizedby xg'). The index i re ects the identit y
of the user, and is typically assaiated with its signature. The obsened signal at time t is a
sum of s(xgo)), of the signals generatedby the usersactive at time t, which are in a random
number, and of stationary random noisez;. We write

X )
yr = s(x) + s(x(") + z, (5.1)
x2x

where X ; is arandom set, encapsulatingwhat is unknown about the active users. The notations
of (5.1) implicitly assumethat user O is active with probability 1 and its parameters (but not
its data) are known (this restriction can be easily removed).

To motivate the developmen preseried in this chapter, and in particular our useof RST,
we proceedto formulate the general problem through three intermediate steps. Speci cally,
we examine three scenariosof increasing complexity, under the assumptionsthat the users'
parametersare all known, that the number of interferersis random and unknown to the receiwer,
and that we are interested in detecting the data transmitted by the referenceuser:

A The receiver hasno information about the a priori protabilities that the individual interfer-
ers are active. Two options we may considerhere are maximume-likelihood (ML) detection
of the referenceuser'sdata under the assumptionthat all potential interferers are active,
or joint ML detection of the number of active interferers and of the referenceuser's data.
Consider binary transmission for simplicity. In the rst case,detection implies choosing
among2 2K hypotheses.In the secondcase,the choiceis among2 3K hypotheses,as
ewery interferer may transmit one betweentwo binary symbols, or be inactive. The di er-
encein performancebetweenthe two situations is illustrated in Fig. 5.1, which compares
the two detectors described above. The ordinate shows the bit error probability of the
referenceuser in a multiuser system with 2 independert interferers transmitting binary
antip odal signalsover an additive white Gaussiannoise(AWGN) channel with the samea
priori probability of activity , spreading-sequencesonsisting of Kasami sequenceswith
length 15[12, p. 240], and perfect power control. The single-userbound is also showvn as
a reference. It is seenthat RST yields a detector much more robust than classicMUD
to variations in the usersactivity factor. We also obsene that classicMUD can outper-
form RST for high valuesof , as this situation corresponds to its having reliable side
information about the number of active users.

A The receiver knows the a priori prokabilities that the individual interferers are active.
System performance can be further improved if the receiwver is able to exploit additional
side information in the form of a priori probabilities of user activity. By assumingthat
the activity factor is known, maximum a posteriori (MAP) detection yields the results
showvn in Fig. 5.2
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Bit error probability of reference user
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Figure 5.1: Bit error probability of the referenceuserin a multiuser systemwith 2 interferers,
independenly active with probability . Lines with diamond markers: Classic multiuser ML
detection, assumingthat all usersare active. Lines with circle markers: ML detection of data
and interferers number. Dashedcurve: Single-userbound.

A The receiver has a dynamic model of users' activity. The receiwer performance can be
further improved by using additional information about the interferers, in the form of a
model of their dynamic behavior. This information can be generated once a model of
users' mobility is available.

Obsere again that the information carried by the interferers is contained in the set

whoseelemerts arerandom vectors,and k is itself a random integer. RST dewvelopsa probability
theory on random sets of this form, which are modeled as single ertities. Roughly speaking, a
random setis a map X betweena samplespaceand a family of subsetsof a spaceS. This is the
spaceof the unknown data and parametersof the active interferers. For example, if everything
about the interferersis known, exceptfor their number and identit y, then X takesvaluesin the

parameters (the interferer power, etc.) are alsounknown in addition to the interferers’ number
and identities, while the transmitted data are known (for example, in a training phase). In
mathematical terms, Sis generally a hybrid sjpee S, RY U, with U a nite discrete set, and
d the number of parametersto be estimated for ead user. In the remainder of this chapter
we shall restrict oursehesto the cased = 0, and leave to Chapter 6 the discussionof the case
dé 0.

With channel model (5.1), the receiver detects only a superposition of interfering signals.
Thus, the random set describing the receiwver, denoted Y ¢, is the singleton fy,g, wherey; has
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Bit error probability of reference user
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Figure 5.2: Bit error probability of the referenceuserin a multiuser systemwith 2 interferers,
independertly active with probability . Lines with diamond markers: ML detection of active
usersand data. Line with circle markers: MAP detection using a priori knowledge of the value
of . Dashedcurve: Single-userbound.

conditional probability density function

fyix.(YtiB) =1yt (B)) (5.2)

their parameters/data. Moreover, f ;( ) is the probability density function (pdf) of the additive
noise,and
X
(B), s(bi) (5.3)
bi2B

5.2.1 Dening estimators

Developmert of estimators with our model must take into accoun the peculiarities of RST. For
example, expectations cannot be de ned, becausethere is no notion of set addition, and hence
estimators basedon a posteriori expectations do not exist (this point is discussedthoroughly
and eloquertly in [15]). A possibleestimator maximizesthe a posteriori probability (APP) of
X givenyi.7, the latter denoting the whole set of obsenations corresponding to a data frame
transmitted fromt = 1to t = T. Another possibility is to restrict oneselfto a causal estimator,
which seartes for the maximum probability of X given y1¢. In a delay-constrained system,
onemay estimate X on the basisof the obsenationsy; .+ ,with a xed interval duration
(sliding-window estimator).
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5.2.2 Consideration of a dynamic environmen t

Sincefxtgtlzl forms a random set sequencethe statistical characterization of X ; is neededfor
all discrete time instants t. If a dynamic model of the transmission system s available (which
is what we assumein this report), then the APPs can be updated recursively, thus allowing
oneto take advantage of the information gathered from the past ewlution of the system. We
obsene in passingthat the conceptof an adaptive receiver was examined previously by se\eral
authors (see,e.g.,[19] and referencegherein), while the e ects on analysis of a dynamic model
were touched upon, among others, by the authors of [2, 6, 15, 16].

We make the assumptionthat fXg-, forms a Markov set sequencej.e., that X depends
on its past only through X; 1. This allows us to useBayesian- Iter recursionsfor R, [16]:

th+1 jél:t (B J ylit)

= fxt+1jxt(B J C)thjY 1;t(C J yl:t) C (54)
th+1jY 1t+1 (B J Y1:t+l)
Ity X Vet §B) X jy o (B i Y1) (5.5)

The integrals appearing in the equations are set integrals, de ned in the senseof RST (seethe
Appendix). The notation for the di erential re ects this de nition.

Thus, the causal maximum-a-posteriori estimate of X ; is obtained by maximizing, over B,
the APP fx v, (B j Y1), which is tantamount to minimizing

mB), (ye (B)* "(B)

where"(B) , Nolnfy y,, ,(B Yyt 1). The rst term in the RHS of de nition above is the
Euclidean distance between the obsenation and the sum of the interfering signals at time t.
Its minimization yields ML estimates of X ;. The secondterm in the RHS, generatedby the
uppermoststep of iterations, re ects the in uence on X ; of its past history, and its consideration
yields MAP estimates.

The Bayesian- Iter recipe (5.4)-(5.5) requirestwo ingredients. The rst oneis the channel
model, through the pdf f,(y: ] X¢). For example, assumingreal signals, and the noiseto be
Gaussianwith mean 0 and known variance Ng=2, we have

fayei X))/ expf (yi  (X1))*=Nog

The secondingrediert is the dynamic model of the random set sequenceX ;, described by
the function fx ., jx,( | ) that describesthe time ewlution of data and parameters of the
system. Examples of this modeling procedureare available for the problem of tracking multiple
targets [16, 22)].

From now on we restrict ourselesto the detection of the number and identity of active
interferers, and of the data they carry, under the assumption that the remaining parameters,
which were previously estimated by the receiwer in atraining phase,do not changein any appre-
ciable way during the tracking phase. Estimation of these parametersusing RST is described
in next chapter.

5.3 Detection

5.3.1 Activ e users

We assumerst that we are only interested in detecting which interferers, out of a universeof
K potential systemusers,are presen at time t. This information may be usedfor exampleto
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do decorrelation detection, under the assumption that the signaturesof all usersare known at
the receiwver. In our theory, X takesvaluesin 2X. Sincethis setis nite, a probability measure
for X can be de ned by assigningall probabilities P(A), A 2 2K,

Static model

At any xed time t, supposethat the probability of interferer XE') to beactiveis , independert
of t and i. In this casethe probability of the interferer set X dependsonly on its cardinality
iXtj, and we can write

fx.(B)= 1Bl@x )KI® (5.6)

To derive this result, we useRST by rst computing the belief function

x(S) . PX 9§

X8 X
= P(X = B)
j=0 B:B S & jBj=j
) S IR I .
= IS e (5.7)

j=o !

and subsequetly computing its set derivative, which, in the discrete case,becomeshe Meobius
inversion formula (5.50).

Dynamic model

Consider now the ewlution of X;. We assumethat fromt 1 to t somenew usersbhecome
active, while someold usersbecomeinactive. We write

Xt=St[ Nt (5.8)

whereS; isthe setof surviving usersstill activefromt 1,and N isthe setof newusersbecoming
active at t. The condition N{\ X 1 = ; is forced, becausea user ceasingtransmissionat time
t 1 cannot reenter the set of active usersat time t. We proceedby constructing separate
dynamic models for S; and N, which will be evertually combined to yield a model for X ;.
Consider rst S;. Supposethat there are k active usersatt 1, the elemerts of the random

setXy 1= fx§1>l; S ;xEk)lg. Then we may write, for the set of surviving users,

[k
— 0]
St - Xt (59)
i=1

whereXEi) denoteseither an empty set (if useri has becomeinactive) or the singleton fin)g
(useri is still active). Let  denotethe \p ersistence"probability, i.e., the probability that a user
survivesfromt 1to t. We obtain, for the conditional probability of S; giventhat X; 1 = B:

icia  yeiici c B

fsijx. (CJB)= o Cx g (5.10)
For new users,a reasonablemodel has
) iCi(1 KiBiiCi: c\B=":
fugee ((CiBY= ) (5.11)

(0 C\B6;
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Finally, by assumingthat births and deaths of usersare conditionally independert given
Xt 1= B, the conditional pdf of the union of the random setsS; and N is obtained from the
genealized convolution [5]

fxtjxt X(CJ B)
= fStht 1(W J B)thth 1(C nW J B)
w C
fsix, 2(C\ B)fuyx, ,(CN(C\ B)) (5.12)

Bayesian- Iter recursions

In our context, recursions(5.4)-(5.5) can be implemented as follows. Determine rst:

A The a priori probability distribution of X o at the beginning of the detection process.
Description of this distribution consistsof assigning probabilities to all the elemerts of
2K . This canbe donefor exampleby assumingindependert userswith the samestationary
activity factor.

A The conditional pdf's fy ;x,, depending on the channel model.
A The \evolution" pdf's fx,,, jx,, depending on the dynamic model.

The recursion goesas follows: omitting the subscripts for notational simplicity here, and iden-
tifying random setswith their realizations, we have
Z

f(X1)= f(X1jXo)f(Xo) Xo

With this, we can compute
f(X1jyn)/ fly1] Xq)f(Xa)
which allows the calculation of the causalMAP estimate 3@1. Next, we compute
Z
f(X2jy1)= F(X2jX1)f(X1jy1) Xz

and hence
f(X2jyr2) ! f(y2jX2)f(X2jyi)
which allows the calculation of 3@2. The generalrecursionhas, for t = 2;::::
Z
f (X1 jy1t) = f (X J X)) (X jyar) Xy

f(Xter JY1te1) 1 F(Yerr ] Xer2) T (K2 J Y1)

and, in the caseexaminedin this section,

f (Xt+1)£ Y1)
= f(Xeer X)) F (Xt jyai) (5.13)
X (22K
f (X1 ] Y1te1)
I Tyt (Ken)) F(Xee1 [ Y12t) (5.14)
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5.3.2 Activ e users and their data

Assumebinary information data, independen from time to time and acrossusers,and a discrete-
time unit suc that from t to t + 1 ead usertransmits N binary symbols. In this caseX ; takes
valuesin a set with

X

2kN — (1+ 2N)K
k=0
elemerts, that we denote (1 + 2V)X. Eq. (5.6) becomes

fx,(B)=2 NIBI iBig  )KiBj (5.15)

where the new factor 2 NiBi accourts for the fact that there are NjBj equally likely binary
symbols transmitted at time t by jBj interferers.
Similarly, (5.10) is transformed into

o nC18)
- (Z);N’C’ Gl B c.B (5.16)
and (5.11) into
) é;NJCJ se e cipe. (5.17)

5.3.3 Possible scenarios

We recall that throughout this chapter we assumethat the only unknown signal quantities may
be the identities of the usersand their data. Speci cally, we may distinguish four casesin our
cortext:

A Static channel, unknown identities, known data. This corresponds to a training phase
intended at identifying users,and assumeshat the useridentities do not change during
transmission. In this casewe write X in lieu of X.

A Static channel, unknown identities, unknown data. This may correspond to a tracking
phasefollowing A above. We write again X in lieu of X, and assumethat X cortains
the whole transmitted data sequence.

>

Dynamic channel, unknown identities, known data. This correspondsto identi cation of
userspreliminary to data detection (which, for example, may be basedon decorrelation).

A Dynamic channel, unknown identities, unknown data. This correspondsto simultaneous
user identi cation and data detection in a time-varying environment.

5.4 Application to DS-CDMA

Assumenow the speci ¢ situation of a DS-CDMA systemwith signature sequence®f length L
and additive white Gaussiannoise. At discretetime t, we may write, for the su cien t statistics
of the receiwed signal,

Vi = RAb ((Xy{) + z; t=1,::;T (5.18)
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where X is now the random set of all active users,R isthe L L correlation matrix of the
signature sequencegassumedto have unit norm), A is the diagonal matrix of the users'signal
amplitudes, the vector b{(X) hasnonzeroertries in the locations corresponding to the active-
useridentities described by the componerts of X, and z;  N(0O; (Np=2)R) is the noisevector,
with No=2 the power spectral density of the received noise. We further assumeN = 1, i.e., that
at ewvery discrete time instant only one binary antip odal symbol is transmitted.

5.4.1 Static channel

The a posteriori probability of X, giventhe whole received sequencgwe omit the time subscript
for simplicity), is

FXjys i yT)
/ fxéx)f(yliiiii)’T i X) ) (5.19)
1 X
=exp §- (i RAD (X)°R T(y: RADb (X))
t=1
fx (X)
Thus, the MAP estimator of users'identities is
R = argmaxf (X jyiT) (5.20)
X 22K

R = argmaxf (X j yu) (5.21)

where the set of possiblerealizations of X includes (1 + 2T)K elemerns: in fact, in T time

interval the number of transmitted binary symbolsis 2’XIT and
X K ..
o 2XT = (14 2K
o JX]
jXj=0
The expressionabove can be rewritten in such a way that the presenceof the sequenceof
transmitted data is made more explicit. Speci cally, we may write, in lieu of X, the sequence

tion of this \ ne-grain” notation for the random set suggeststhat the MAP detector may be
implemented in the form of a sequetial detector, thus simplifying its operation (more on this
infra).

5.4.2 Dynamic channel

Considernow a dynamic channel, and examine rst the caseof known data. We have, accouring
for the Markov property of our channel model,

fF(Xyin Xy jywr) (5.23)
- W .
[yt jXq i Xt) f(Xq) f(Xtj Xt 1)
t=2
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with f (X 1) a density whoseassignmen is basedupon prior knowledge of the channel state at
the beginning of the transmission. The MAP estimator here maximizesthe RHS of the above

this casewe may think of a sequemnial detector, which searties for the maximum-APP path
traversing a trellis having T stagesand a number of states at stagei equal to the number of
realizations of the random set X ;.

Implemen ting a sequential detector. Implementation of the sequetial detector through
a version of Viterbi algorithm leadsto the following consequences:

A The decision on the whole sequenceof users'identities and their data should be taken

A The decisionon the users'identities and their data at time t dependsnot only on the past
obsenations, but also on obsenations that have not beenrecordedyet at time t.

A A suboptimum version of the optimum sequettial algorithm, the sliding-window Viterbi
algorithm (see,e.qg., [1, p. 133 .]) canbeimplemented. This consistsof forcing a decision
on Xy, by(X) basedon a sliding window of obsenations that includesy, but whoselength
is smallerthan T.

5.4.3 PEP analysis

We now evaluate the performance of the detectors described above. We assumeN = 1 for
simplicity, and derive boundsand approximations to error probabilities using the pairwise error
probability (PEP) P(X ! %t). This is the probability that, when X is the true value of the
random setto be detected, the receiver assignsa higher APP to R 6 X, (see,e.qg.,[1, p. 43]) 2

Static channel

De ning
Si(X; i@)h _ (5.24)
i
. R 1y, RAb(R) y; RAbR)°
Yi= RADb t(X)+ Zt
we have
Si(X;X)=R z2? (5.25)
and

0

Si(X;R)=R ! RAd ((X;R)+ z RAd ((X;R)+ z (5.26)

whered(X;R), bi(X) bi(R). Basedon the above, the PEP with ML detection of unknown
useridentities can be written as

( "g # )
PX! R)=P tr Si(X;R) Si(X:X) <0 (5.27)
t=1
2|t might be worth observing here that, contrary to a fairly widespread misconception, P (X ! kt) is not

the probabilit y of mistaking R, for X+, unlessX; and R are the only possible alternativ es.
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Now, obsene that
h

i
tr Si(X;R) Si(X;X)
= tr R ! RAd (d’%AR + zd’AR + RAd ;Z°
= tr AddAR + R 1zd?AR + Ad .z}
= tr Ad(dAR + zdPA + AdZ?
= tr RAd(d’A +2tr Ad.Z]

MASCOT D2.1.2

Denoting by a(i) the ith diagonal elemen of matrix A, by d;(i) the ith entry of d¢, by rjx the

ertry in row j and column k of R, and by z(i) the ith entry of vector z;, we have

tr RAd (d%A a(i)a(j)de(i)di(j)ri;
i=1 j=1

X

tr Adz? a(i)di()z (i)

i=1

Finally, sincewe are assumingz; N(O; (No=2)R), we have

||XT #
tr St(X;R)  Si(X;X) N( 1;2No 1)
t=1
where
XXex
T, a(ia(j )de(i)de (j )ri;
t=1 i=1 j=1

In conclusion, we obtain I

r =

PX! R)=0 NTO

where Q( ) denotesthe Gaussiantail function.

(5.28)

(5.29)

(5.30)

(5.31)

(5.32)

Before proceedingfurther, we commert briey on the structure of vectors d;. They have

the following nonzeroerntries:

A The jX \ Rj terms corresponding to userspresert in both sets: theseterms may take on

valuesin f0O; 2g.

A The jk’ nXx\ 3@] terms corresponding to userspresen in 4 only: theseterms may take

on valuesin f 1g.

A The jX nX\ %j terms corresponding to userspresen in X only: theseterms may take

on valuesin f 1g.

Similarly, the PEP with MAP detection hasthe form

PX! R)=0Q p;N—OT

where " #
fx (R)
fx (X)

(5.33)
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Obsernwe herethat, with R a positive de nite matrix, we have
(Ad )R(Ad;)> 0 forAd;6 0

which entails
lim P(X! R)=0
™™

Notice also that, for given signal-to-noiseratio, (5.33 also suggestsa minimum length of the
data frame in the form of the \op en-eye" condition T  Tpin , where

( )
Tmin, inf T:min $(X;R) (X;R) >0
X;k

The PEP for the caseof detection of useridentities and data can be dealt with with similar
technigues, and we shall not delve in this issueany further here.

Dynamic channel
In this case,de ning the true state sequenceX , (X){; and the competing state sequence
R, (R, weobtain the PEP for the MAP detection of unknown identities:
0 1
X; R X; R
Poxt R)= Q@GR TR (534
2No 1(X;R)

and the PEP for the MAP detection of unknown identities and data:
P X (X ! R (bR
0@ T%(_;K) T (X5 R) 0

(5.35)
2No 1(X;R)
where
XT
TXGR) dPARAd (5.36)
t=1 " #
X fygxe (Rei Ry )
X:R) . No In JuXe MPti7td 5.37
TOGR) L Mo N K X D) (5:37)
—X:R) . T(X5R)
X' h i
+No  jXi jRi In2 (5.38)
t=1

Similar argumernts, which we omit here for brevity's sake, apply to ML detection.

5.4.4 Error probabilities

Seweral approximations to error probabilities are possible, based on the union bound (see,
e.g.,[1]), onthe PEP derivations outlined supra, and on assumptionson userstatistics, spreading
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codes, and users' amplitudes. We obtain, for the union bound to the probability of mistaking
the set of active users,
X X
P(e) f(Xi) PXi! Xj) (5.39)
i=1 j6i
which, under maximum prior uncertainty asto the channel occupancy becomes:
1 X
x P(Xi! Xj) (5.40)
i=1 j6i

P(e)

where Xi; X 2 2K, This union bound can be simpli ed by restricting the inner summation to
those pairs of realizations of the random setsthat are most likely to contribute signi cantly to
error probability. For example, if we restrict it to the pairs that dier in at most n entries, we
obtain an approximation depending on n:

XX
P PM(e, ZiK P(Xi! Xj) (5.41)
=Ly n

where
i IXin XV X+ Xy nXi\V X)oon
Likewise,for a dynamic scenario,we have that the union bound for useridenti cation is written
as: X X
P(e) fX)  PX! R (5.42)
X2(2K)T X6R

wheref (X) can be easily determined by applying the chain rule to the Markov set sequenceX..
Approximations similar to (5.41) can be deweloped; likewise,the caseof joint useridenti cation
and data detection can be handled by noticing that the con gurations of X becomenow 3K T,
and the joint density f (X) is written as:

- Yy oo
f(X) =20 Xf(Xq) 20 XUE (X j Xy 1) (5.43)
t=2

The above relationships also suggesta semi-analytical method to evaluate the approxima-
tions without summing up an exponertial number of terms: indeed, since an averageover the
joint density (5.43 is to be performed, this can be e cien tly evaluated through Monte-Carlo
counting by generating a substartially smaller number of independert set sequencepatterns
obeying the Markov law (5.43).

5.5 Numerical results

In this sectionwe shov somenumerical examplesthat illustrate the theory deweloped before.

Fig. 5.3 shaws how the knowledge of the channel dynamics can improve the performance of
a multiuser detector.

Fig. 5.4 refers again to a static channel and to the casethat the active userstransmit a
known sequenceof bits in order to be identi ed: we assumehere that all users(including the
referenceuser) are active with probability = 0:5. Now K = 6, the transmitted signals are
binary antip odal, spreadingis done through m-sequenceswith length 7, the power control is



WP-2 83

. Dynamic Channel: a=0.2, m=0.8
10 T T T T T

Bit error probability of reference user
=
ov

EN
4
4

=
S,
T
4

Il

-5 ! ! ! ! !

10
6
E/N, (dB)

Figure 5.3: Bit error probability of the referenceuserin a multiuser systemwith 2 interferers,
following a dynamic model described above with = 2and = 0.8 Line with diamond
markers: Classic multiuser ML detection, assumingthat all usersare active. Line with circle
markers: MAP detection basedon the knowledgeof alone. Line with star markers: causal
RST detector, based on Bayes recursions. Line with square markers: Viterbi RST detector.
Dashedcurve: Single-userbound.

perfect (hence,A is ascalarmatrix) and the data-frame length variesfrom T = 1to T = 3. Here
we evaluate the accuracy of the union bound to the probability of an error in the identi cation
of active users (set-error probability, or SEP), and of its approximation P (e) (obtained by
assumingthat the errors can only be generatedby the evert, denoted E(1), of mistaking an
active-user set by another di ering by only one of its elemers). Simulation results are also
shown for reference'ssake. It can be obsened how, especially for large valuesof signal-to-noise
ratio, the error probability is dominated by the event E(1).

Fig 5.5 refersto a system with the same con guration asin Fig. 5.4, but on a dynamic
channelwith K = 3, = 0:2and = 0:8. The systemdynamics are tracked over an interval
with length T = 10. The ordinate shaws the set error probability (SEP), i.e., the probability of
an erroneousestimate of the active-usersequence.Here a comparisonis made betweena non-
causal Viterbi set estimate and a causal estimate, obtained through Bayesian- Iter recursions.
To elicit the impact of the causality constraint, we represen the SEP for the set X 1, wherethe
causality constraint prevents sequencedetection, and for the set X 1o, where such a constraint
has no e ect: as expected, the performancesof the Viterbi algorithm and of the Bayesian
recursionscoincide when estimating X 10, while the causality constraint hasa perceivable e ect
on the performancewhen X 1 is estimated.

In order to provide global gures of merit of both trained and untrained systemsin a dynamic
ervironment, we usethe \Set SequenceError Probability"(SSEP). For trained systems,this is
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Static Channel, K=6, T=1to 3, L=7

107 |

-6~ P(e), T=1 2,
w 10° | | 0= PWee), T=1 *
[ =¥~ ML (simulation), T=1 °

-0~ P(e), T=2 "V)

- Ple), T=2 %
== ML (simulation), T=2 }
.0 P(e), T=3 ?
10 pWe), T=3 = ?
10° F W' ML (simulation), T=3 = }

10 ! L L L L ! J
0 2 4 6 8 10 12 14

E/N, [d8]

Figure 5.4: Set-error probability with ML detection basedon RST with K = 6, L = 7. Com-
parison among\exact" probability (obtained by simulation), union-boundto it (denoted P (€)),
and approximation (5.41) to the union bound.

the probability that for somet, 1 t T, the estimated set R, diers from the true set X
either in its cardinality or in its elemens. For untrained systems,it is the probability that at
somet the estimated and the true setdi er either in the cardinality and/or in the identities of
the active usersand/or in the transmitted data. Plots of the SSEP are shown in Fig. 5.6 for a
trained systemwith K = 6 maximum number of active users: also shaovn in the gure is the
curve obtained through the semi-analytical approximation suggestedin the previous section,
which apparertly follows the numerical results quite closely

The casethat not only the identities, but alsothe data of the active usersareto be estimated
is showvn in Fig. 5.7, assuminga maximum of K = 3 active usersand, again, L = 7; the data-
frame length is T = 10. Here we compare a Viterbi-algorithm receiver with one basedon
Bayesianrecursionsfor estimating the set of interferers and the transmitted bits. The ordinate
shaws the bit-sequenceerror probability, at time t = 1 and at time t = T = 10, de ned asthe
probability that the estimated and the true set do not coincide: the term "bit sequenceerror
probability” is tied hereto the fact that an error in estimating the identities of the active users
automatically implies an error in estimating the stream b(X ), while the corverseis not true.
Onceagain, the e ect of the causality constraint on the performanceis elicited, and the results
are in accordancewith the intuition aswell aswith the curvesof Fig. 5.5.

APPENDIX: Random-set theory

This appendix describes,in a rather qualitativ e fashion, the fundamentals of Random-SetThe-
ory. For a rigorous approac and additional details, see[5, 21, 22] and the referencestherein.
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Dynamic Channel, n¥0.8, a=0.2, K=3, T=10, L=7

10

107 |

=%~ Viterbi based MAP, 1st epoch
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Figure 5.5: Trained acquisition of the set of active usersthrough the Viterbi Algorithm and
Bayesrecursion: e ect of the causality constraint

Givenasamplespace (the spaceof all the outcomesof a random experiment), a probability
measurecan be de ned on it. If a random variable (i.e., a mapping from  to another space
S) is de ned, it is corveniert to generatea probability measuredirectly on S. This can be
given in terms of a density function, oncecertain mathematical operations, sudh asintegration,
are de ned on S. Random sets can be viewed as a generalization of the concept of a random
variable. A nite random setis a mapping X : ! F(S) from the sample space to the
collection of closed sets of the spaceS, with jX(!)j < 1 forall! 2 . For our purposes,
the spaceS of nite random sets is assumedto be the hybrid space S= RY U, the direct
product of the d-dimensional Euclidean spaceR? and a nite discrete spaceU. The elemerts
of S characterize the users' parameters, some of which continuous (d real numbers) and some
discrete (for example, the users'signaturesand their transmitted data). An elemen of Sis the
pair (v;u), v a d-dimensionalreal vector, and u 2 U.

Belief mass functions

A fairly natural probability law for X is the probability distribution Px, de ned for any (Borel)
subsetT of F(S) by

Px(T), P(X2T)

Howewer, RST is based on a probability law given dierently. Specically, the belief mass
function of a nite random set X is de ned as

x(C), P(X C) (5.44)
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Dynamic Channel, n¥0.8, a=0.2, K=6, T=3, L=7

10" @k
10" |
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[}
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10° 1 | | | | 1 J
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Figure 5.6: Set sequenceerror probability with K = 6, L = 7. Also, the curve corresponding
to a semi-analytical performance evaluation under trained acquisition of the set of the active
users.

where C is a closedsubsetof S. As obsened in [22, p. 42], the belief function corresponds
to the cumulativ e distribution function of a real random variable, and di ers from it because
subsetsare only partially orderedby the inclusion relation . The belief function characterizes
the probability distribution of a random nite set X, and allows the construction of a density
function of X through the de nition of a setintegral and a set derivative. Speci cally, the belief
density, i.e., the set derivative of the belief function, plays the role of a probability density
function in ordinary probability calculus (for this reason,in this report we refer to it simply as
a density). The belief density is obtained as

fx(Z) = g (5.45)
S=;

where denotesthe set derivative, to be de ned belon. As obsened in [5, p. 163], the value
x (Z) of the belief density speci es the likelihood with which the random set X takesthe set
Z asa speci ¢ realization.
Notice how, in the special caseof a random set consisting of a singleton, X = fxg, x a
random vector, we have

x(C), PX C)=P(x2C)=P(C)

with P( ) the ordinary probability measureof x.
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Dynamic Channel K=3, T=10, L=7, m=0.8,a=0.2

2 -©- Viterbi based MAP, 1st epoch
107 F =9~ Viterbi based MAP, 10th epoch

Bayes recursion based MAP, 1st epoch
=B~ Bayes recursion based MAP, 10th epoch

Bits sequence error probability
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Figure 5.7: Bit-sequenceerror probability of the referenceuser. Data estimated with Viterbi
algorithm and Bayesianrecursions.

Set deriv ativ e

Let C(S) denotethe collection of closedsubsetsof S. If F is a setfunction de ned on C(S), then
its set derivative at x is de ned asthe set function

F (SnBx(1=) > Bxl=i) F(S)
X jnin m Byx(1=i)

whereBy (1=j), By (1=i) arean openball of radius 1=j and a closedball of radius 1=i, respectively,
both certered at x, and m( ) denotesthe hybrid Lebesguemeasure,i.e., the product of the
ordinary measurein RY and of the courting measure. The set derivative of F at a nite set
X = fxz1;:::;Xn0 is de ned by the recursion

F(S) F(S)

X ' xn o fxgiiiixa 19

In particular, the belief density of the random set X is given by

x (S)

fx(B)= —5
S=;

(5.46)

Two useful rules of derivation are the following (seealso[18, p. 386 .]). Let F, G be set
functions, and a;b2 R. Then

(aF(9) + b&(S) _, F(S), , G(S)
B B B

(5.47)
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and
F(9G(S) _ X F(9) _G(S) (5.48)
B c s B (BnC)
Set integral
Let f denote a set function de ned by
_ F(S
f(X)= X o
The setintegral of f over the closedsubsetS Sis given by
z
f(X) X (5.49)
s
% 47
= f(f,g)+ M f(fxq; i xe@)dm(xq)  dm(xg)
k=1 - sk
wheref (fxq;:::;xk@) = 0if Xq;:::; Xk arenot distinct. Sincewe are dealingwith nite random

sets, the summation above cortains only a nite number of terms.

Special case: d= 0
The special cased = 0 (which corresponds to making S a discrete nite set) reducesthe set
derivative to the Mebius inversion formula [22, p. 43]:

X ) )
fx(A)= ( 1yA™ 4 (B) (5.50)
B A

and the setintegral to

X 1 X
f(fg)+ M f(fx1;::0;%Xk0) (5.51)
k=1 " x16::6 Xy
where the summation is extendedto all possiblecombinations of k distinct elemens xx 2 S

(in this case,the hybrid Lebesguemeasurereducesto the courting measure,and hencethe
Lebesgueintegralsin (5.49 becomesummations).

Generalized fundamen tal theorem of calculus

Set derivativesand set integrals turn out to be the inverseof eat other: we have

z
f(X)= @S_. () F(S= Sf(X) X (5.52)

By using the above result, belief functions and belief densitiescan be derived from one another.
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email: e.biglieri@ieee.org

6.1 Intro duction

The estimate of the identities and the parametersof usersin a dynamic ervironment has sev-
eral applications to communication systems,e.g., userlocalization in wirelesssystems,neighbor
discovery in ad hoc networks, and power-cortrol strategy optimizations. Seweral approades
for tracking single-userewlution have been proposedin the literature under diverse models
[19, 14], while in [4] a joint detection-estimation problem is formulated through Bayesiantheory
and solved by Sequetial Monte Carlo (SMC) method, yielding better performancethan tradi-

tional approades (most of them basedon extended Kalman Itering [13] or sum of Gaussian
approximation [1]) in nonlinear and nongaussianervironment. The presert chapter aims at
preseriing a new theoretical framework for multiuser tracking in a dynamic scenario,whereby
usersmay appear and disappear in a random manner, while the parametersof persisting users
are themselhestime-varying: asa consequencetracking involves on-line estimation of the user
number, their identities, possibly their data, and of a number of channel parameters, typically

a ected by users'mobility. The object of interest is thus the set of parametersof all users;the
cardinality of this varies with time, whereasin single-usertracking the object of interest (the

single user's parameters) hasa xed dimension.

As in previous chapter, the mathematical tool we useis random-set theory (RST), which
provides a natural, exible, and mathematically consistert framework for the problem under
study. The key conceptis to treat the collection of usersas a single set-valued state. After
introducing appropriate notions of probability density for random sets, known as Finite Sets

91
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Statistics (FISST) [15, 9, 22], [18, Chap. 11] the multiuser tracking problem can be rigorously
formulated as a Bayesian set-valued ltering problem. Since exact solution of this problem is
not practical due to the lack, even for linear-Gaussianproblems[2], of closed-formexpressions
for the relevant densities,a Sequetial Monte Carlo (SMC) approximation of the Bayesian Iter
is used.

The balance of this chapter is organized as follow. Section 6.2 de nes the signal model
and states the problem, while Section 6.3 de nes optimal set-estimators. Section 6.4 describes
the Sequerial Monte Carlo approximation of the Bayesrecursive Iter. Section 6.5 presens an
application of our methodology to joint multiuser detection and channeltracking in syndironous
DS-CDMA systems;somenumerical results are also described. The App endicesare dewvoted to
sometechnicalities of random-settheory, and to a model for the ewlution with motion of user
powers.

6.2 Channel model and statement of the problem
We assumeK userstransmitting digital data over a common channel. Let s(xgi)) denote the

hasin it a number of known parameters, included in the deterministic function s( ), and a

number of random parameters,summarizedby the vector in). The index i re ects the identity

of the user, and is typically assaiated with its signature. The obsened signal at time t is a
sum of the signalsgeneratedby the usersactive at time t, which are in a random number, and
of stationary random noisez;. We write
X .
yi = s(x{) + z (6.1)

MOPS

where X is a random set, encapsulating what is unknown about the active users. The set
X, fxgl); o ;xgk)g, whosek elemerns are random vectors (k is a random integer denoting
the number of active users), is a nite random set de ned over a hybrid space S (see[9, 22|
and referencestherein). This is a map between a sample spaceand a family of subsetsof S,
where the hybrid spaceS is the Cartesian product S= U RY consisting of all pairs (u;d),
with d 2 RY and u 2 U. RY cortains the values of the d real parameters of the active users,

of the identities of the interferers,or U= K f+1; 1g, the setof interferers eat transmitting
binary antip odal data.
Formally, at time t the random set that concernsus is given by the union of singleton-or-

empty sets [
— (k)
k2K
where (
x (K) = fxgk)g; if userk is active at time t
0=

- otherwise

We may considertwo distinct situations, namely:

(a) Known-data (\trained") systems,whereU = K, S= K RY, and xgk) = [k;agk)]T, with

k . .
a§ ) a d-dimensional random vector.

(b) Unknown-data (\un trained") systems,whereU = K M, S= K M RY with M an
M -ary symbol alphabet, and xEk) = (k;dgk);agk))T, dgk) the transmitted symbol.
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For future use, we introduce the notation (G) to denote the nite discrete random set
cortaining the identities of the usersin G. This is the projection of G onto K i.e., the set of
indices of the active users. Similarly, {G) is the projection of G onto RY, sothat, in a trained
system, the elemeris of set G have the form ( (g); 409)).

6.2.1 Measuremen t Mo del

With measuremen model (6.1), the receiver obsenesonly a superposition of signals. Thus, the
random set describing the receiver, denoted Y , is the singleton fyg, wherey; has conditional
probability density function (pdf) given by?

i X (k)
fyv x (YiXt) = f2 vyt s(X¢ ) (6.2)
x®2x,
with f,() the pdf of the additive noise.
6.2.2 Dynamic Mo del
The multiuser set can be expressedn the generalform
th St[ Nt (63)

with S; the set of userssurviving from time t 1 into time t, and N the set of newly born
users. Thesetwo setsare related by

Xt 1)\ (Ny) = and (St) (Xt 1)

The rst condition expressedhe fact that no userbeing active att 1 can migrate to the set
of new users;the secondstatesthat the surviving usersat t are a subsetof thoseactiveatt 1
(seeFig. 6.1). SinceX; = S;[ N¢, and sinceS; and N are conditionally independert given

users active at timet-1 new users a timet

L @

o al potential users
users surviving at

Figure 6.1: Dynamic model for usersat time t.
Xt 1, for the conditional belief functions (App endix 6.5.2) we have:
xijx: 1(Z1B)=P(Xy ZjXt1=B)= gijx, .(ZiB) nyjx, 1(£]B) (6.4)

We make the assumptionthat fX gk, forms a Markov set sequencej.e., that X depends
on its past only through X 1, and that the death-and-birth processis ruled by a binomial law.
More precisely we denote by the probability that a usersilent at time t 1 becomesactive
at time t, and by the probability that a useractive at epoch t 1 survivesinto epoch t. We

'This measuremen model is not the most general one. For more complex models, including provisions for
sensorfailure, missed measures,etc., see[9].
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assumea trained system rst. The conditional belief measures(given X 1 = B) of surviving
and newly born user setsare written as

i %2)i X
sjx: 1(ZjB) = f soix. » (G)B PfSt GjXt 1=B; (St)= (G)g6.5)
=0 (G) (2)j (G)j=]
i) X
NeX, 1(Z]B) = f nojx. » (G)iB PINy  GjX¢ 1=B; (Ny)= (G)d6.6)

=0 (G) (2)i (G)i=]
with
1@ YBII (G jf (G) (B)
0 otherwise
(6.7)

f spix. . (G)B , Pf (S)= (G)jXt 1=Bg=

and

i . NG| KiBii (®)if (G)\ (B)=:
f(Nt)jxt ., (G)jB , Pf (Ny)= (G)jXt 1=Bg= ( ) if (G)\ (B)

0 otherwise
(6.8)
Likewise,assumingthat at(k) and aEm) are independert for k & m, we have:
z
Y
PfS; GjX{1=B; (S)= (G)g= fa00,500 (@7 1b®)dal  (6.9)
O(G)kZ f) t t 1
| Y Ky 4o )
PfIN{ GjX{ 1=B; (N)= (G)g= foo(ar”) day (6.10)
Ck2 @)

Computing the setderivative of the above (seeAppendix 6.5.2) we obtain, with somenotational
abuse:

: . Q k) :
fxaxi ((CIB)=F spix (( OV (B)IB) “h2 on (@) fajam (@ 100

N k
f voixe +( (©)n €V (B)IB) “ia o on () fao @) =
(6.11)
= 1@V BN HBii (©V (B § (C)n(C) (Bi(g YK I B (C)n () (B)]

Q

(k) ; Q (k)
2 ©n (8) a0, (A 0% "o oy on ) Faw (@)

The companion caseof untrained systemsmay be dealt with in a very similar way. Indeed,

if we denote by dgk) the data transmitted by the kth user, the Markov assumptionon X is not
violated under either one of the following conditions:

(&) The sourcedata are memoryless.

(b) The sourcedata form a rst-order Markov chain; in this case,the densitiesfd(k)() and
t
f . 0 (j) are assumedknown.
diidi

Under condition (b) , which trivially subsumes(a), (6.11) generalizesto:
fy.x, (CiB)= JCV (Biq  )iBi (G (B) § (C)n (C)\ (B)i(q KB (C)n (GO (B)]

Q k). (K k) - Q Kk K
k2 (C)\ (B)fdt(k)Jdt(k)l(dg )Jd§ )1)fa§k)jat(k)1(a§ )Jb(k)) k2 (C)n (C)\ (B)fdt(k)(dg ))fat(k)(ag ))

(6.12)
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6.3 Optimal Bayesian sets estimators

In causaldynamic set estimation, a random set at time t is described by its a posteriori belief
density given the obsenations up to time t, which we denote f x ,jv .. (Xt J Y1t). A common
method for the evaluation of the above density relies on Bayes' recursions,which in RST take
the form:?

z

fxiyie Xelywt 1) = fxiixe X ] Xt DFxy gjyee (Xt 1Yt 1) Xia
fxve Xejye) 1 Fyigxo (Ve Xo)fxy e Xl Yo 1) (6.13)

fort= 1210071, with fx y,(X1jYo), fx,(X1), aknown initial prior density (the notation
Xt 1 indicates that the integral is a \set integral” in the senseof random-settheory).
Once fx,jy ... (Xtjy1t) is made available, we are faced with the problem of de ning a suit-
able set estimator. In general,if we assumethat an obsenation y is given, and the a posteriori
probabilities fy;, (X j y) have beencomputed, they can be usedto generatea Bayesian esti-

mator, i.e., a function %(y) that minimizes the risk R, E[C(X;ﬂ@)] assaiated with a given
cost function C [21, p. 54 .]-[ 18, p. 63 .], wherethe expectation is taken with respect to the
joint probability density function of X andy. Within RST, the choice of a cost function may
not be an obvious task. In fact, while with discrete setsa natural choice is the minimization
of error probability (i.e., the probability of choosing an erroneousset of active usersand their
data), with hybrid setsone must balancethe cost of choosing the wrong set of userswith the
cost of a discrepancy betweenthe estimated and the correct set of cortinuous parameters. In
addition, the cost function chosenshould result in an estimator with tractable complexity.
Recall that the hybrid random set X has elemens (by;x;), with x; a random vector, Iy a

quartities.
Two cost functions related to hybrid random setscan found in the literature. The cost Cp
involvesonly the number of elemerts in X [9, p. 192]:

(

Ry, O iRj = jXj

b o i 6.14
1L jRj6 jXj 619
In our cortext, this cost function implies that only the choice of the correct number of active
usershasrelevance. The cost function C; weights the error in the estimate of the cortinuous
part of X [9, p. 192]:

8 8 . ..
3 < jRj=jXj and
. 0; B=h;i=1:::;jXj; and
Ci(X; R), : ’ AR _ 6.15
1 ) 3 (11 Rx) (X 1;:115X jxj) 2 A for somepermutation ( )

1; otherwise
where A is a closedball in R4XI, The choice of this function implies that no cost is incurred
whenewer the number of active users, their identities, and their discrete data are estimated
correctly, and in addition there existsan index permutation suc that the two djX j-dimensional

of \closeness,"i.e., the the amourt of tolerable di erence betweenthe two vectors). If any of

2We could also seekfor a xed-lag smoothing estimation. However, in this report we neglect this attractiv e
alternativ e.
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these conditions is not satis ed, then the costis 1. Before commerting on the suitability of C
in our cortext, let us obsene the structure of the estimators derived from the cost functions
above. Minimization of the cost function Cg yields the estimator (whose consistencyhas not
beenproved) known as GMAP-I [9, p. 191],also called a Marginal Multitar get Estimator in [18,
p. 497 .]:

b , argmr?xfnjy(njy) (6.16)
R arg max fy;, (X jy) (6.17)
jx)j<:b
where Z
fy(MIy) = fxy(XGy) X (6.18)
jXj=n

This is a two-step estimator, which rst evaluates the number of active users, next their pa-
rameters under the assumptionthat the number of active usersis known and coincideswith b.
Minimization of the cost function Cy + C; yields the consistert estimator known as GMAP-I|
[9, p. 191],[L5], also called a Joint Multitar get Estimator in [18, p. 497 .].

% fn (X jy) & 6.19

rg max i T .
i, argmaxfyy ( JY)JXJ! (6.19)

wherec is a small constart re ecting the sizeof A, and hencethe accuracyto which the estimate
needbe performed [18, p. 500]. Unlike GMAP-I, this estimator is basedon a single operation,
although it can also be realized in two stepsas follows [18, p. 500]. For all n, compute

R, argj%i\flijy(x 1y)

next,

jaII ) jQﬁ

where o
n, argmnaxijy(f(’n ] y)m

We obsene now that neither of the above estimators, in spite of their relative simplicity and
intuitiv ely satisfactory structure, is perfectly suited to the problem consideredin this chapter.
In fact, GMAP-I doesnot weight the errorsin the continuous parameters,while GMAP-I | gives
a zero cost to an estimate that yields near-exact values, but assaiates them with the wrong
users. A simple family of cost functions appropriate to our problem is

. o} R) 6 (X)
COCRY. k) (R)= (X) (6.20)

This assignscost Q to any wrong estimate of the set of active usersor of their data. If this
estimate is correct, the cost dependson a function g of the discrepanciesbetween estimated
and true continuous parameters. The actual selectionof Q and of g re ects the relative weight
of an error in the discrete and the corntinuous parameters(more on this later). Straightforward
modi cations of the argumertsin [9, p. 192-193]Jeadto the risk assaiated with the costfunction
C:
2 3
X
R, EC(X;R)]=QP (R)6 (X) +P (R)= (X) E4  gixitk) (R)= (X)3
i2 (X)

(6.21)
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The resulting Bayesian estimator requires the minimization of the sum (6.21). Besides
the necessiy of choosing Q and g (which may not be an obvious task), computation of the
minimum may involve an unacceptable complexity. For this reasonwe de ne a suboptimum,
simpler version of the estimator, one that minimizes serately the two terms, and is realized
with a two-step procedure. The rst step minimizes the probability P (i@) 6 (X)jy . This
is obtained through a MAP estimator of (X), the set of active usersand their data, which
maximizesthe condgional pdf of X by assumingthe cortinuous parametersof X as nuisance.
In the secondstep, , ®) E[g(x;;®i)] is minimized. If g is a quadratic function, this second
minimization yields the conditional expectation

i = EXijyl, i2 (R) (6.22)

We call GMAP-I |1 the resulting estimator.®

We nally obsene that, although the above discussionrefers for simplicity to a single ob-
senation, we may easily extend it to the estimation of a whole sequenceX 1.t. In this case,if
we constrain the estimator to be causal,that is, we have ﬂ@t = %t(yl;t), the derivations in this
section apply to the cumulated risk

X h i
R= E C(XyRy)
t=1

and result into the approximate estimators

~~
x5
—
~
|

arg max f i(Xt)jyl;t

ExVjyn ;12 R

=
~
=
1

Theseequations, along with their counterparts obtained for di erent cost functions, emphasize
the relevance of Bayes' recursions.

6.4 Numerical appro ximations of Bayes' recursions

We have seenhow Bayesianrecursive ltering provides a framework for optimal set estimation.
The main problem with (6.13) is the lack of a closedform to implement the inference. In fact,
for hybrid stochastic systems,not even the linear{Gaussian caseadmits a closedform [2]*, which
calls for approximate methods. Among these, the simplest use grid-based Iters, in which the
continuous parameter are discretized into a xed grid. The main di cult y with this approac
is that, for reasonableaccuracy a very densegriding is needed,which may easily result into
an unmanageablecomputational burden. A more e cien t approad relies on sequetial Monte
Carlo, or \particle lItering,” methods (see,e.qg,[5] and referencestherein). Supposewe have
a set of random samplesf X 1;igiN:1, ead assaiated with a weight fw; 1;igiN:1, such that the

3Observe that, unlike GMAP-I and GMAP-I |, estimator GMAP-I |1 relies upon the condition jXj = j (X)j.
This is the requirement that the discrete elemerts of the random set X be distinct. Now, this condition is
obviously met in the multiuser communication scenario of this report, where each user is uniquely identi ed, but
may not be in multitarget applications [18], where the discrete elemerts could identify type or threat level of the
target. In the latter applications, since dierent targets may share the sametype or threat level, we generally
havejXj j (X)j. Seealso[18, p. 505 .].

4The only caseof hybrid systemsthat admits an optimum closed expression seemsto be the jump{Mark ov
linear{Gaussian system [7]. Yet, this expressionis not a recursive one, and the optimum rule has a complexity
which grows exponertially with the frame length.
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sample{weight pairs (\particle”) represen the density fx, ,v,, , as

X
fx sjvee Xt 1JY1t 1) Wy 1imx, (Xt 1) (6.23)
i=1

where my, (A) is the \0-1" measurede ned by

z

1, ifA C
My, 1(A) Xt 1=
(o

0; otherwise (6.24)
Sequetial Monte Carlo methods provide a rule for propagating and updating these samples
and weights to obtain a set of new particles f X t; ; We; gi'\':1 represening fx vy, as

X
fxth 1;t(xtjyl:t) Wei My (Xti) (6.25)
i=1

Among the various Sequetial Monte Carlo methods, the bootstrap Iter [10] hasreceived con-
siderable attention for its simplicity. Whit this, particles are recursively updated as:

X ti fxxe (XXt wi); 1=12000N (6.26)

Wi = we gifyjx, (YXei) (6.27)
Wi

Wi = P (6.28)
j=1 W

A common problem with (6.26){( 6.28) stemsfrom the degeneacy phenomenon,which causes
all but one particle to have negligible weights after few iterations [6]. A brute-force approad
to reducingits e ect consistsof using a very large N, thus increasingthe computational e ort.
To reducethe degeneracyphenomenonwith low complexity one could use adaptive resampling
This consistsof eliminating particles that have small weights, and concenrating on particles
with large weights wheneer the dngeneracybecomesreIevant An indicator of this relevanceis
the e ective samplesize N , 1= I; th Here,Ne 2 [1;N], with asmall Ne (in practice,
smaller than a threshold Ny, typically equal to N=4 or N=2 in most applications) suggest
ing degeneracy The resampling step involves generating a new set of particles X ; ; w,; g,
by resampling (with replacemen) N times from the approximate posterior density in (6.25),
computed by (6.26{( 6.28), in such a way that

P(X¢i = Xgi) = W (6.29)

The new weights are setto be uniform, i.e., w;; = 1=N. Finally, if resamplingis performed, the
posterior density is setto be

. 1 X
fxthl;t(Xt J Ylit) W mxt(Xt;i) (630)
i=1

With a represenation of fy vy, (Xt ] Y1) in term of particles, the estimators described in
Section 6.3 can be implemented in a rather straightforward manner.
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6.5 Application: Joint multiuser detection and amplitude esti-
mation in CDMA

Following in the footpath of previous chapter, in this sectionwe apply the above methodologies
to the scenarioof an uncoded, syncironous, single-rate direct-sequencecode-division multiple-

accesgDS-CDMA) systemwith a maximum number K of users,processinggain L, and additive
white Gaussiannoise. Let us assumecoherert detection, while the amplitudes are unknown.

The chipwise matched- Iltered received signal at time t is

yi = Sv(Xy) + zi; t=21,2::::T (6.31)
where:
(@) SisanL K matrix whosecolumns are the spreading codes of the users.

(b) v(Xy) is a K -dimensional vector with non-zeroertries in the locations dictated by (X ).
In particular, we have

d™a™: ifm2 (Xy)

Vim (X¢) =
m(X0) o; otherwise

(6.32)

whereas beforedgm) denotethe datum of userm at time t, while agm) is the corresponding
received amplitude.

() zz N(0;Nel.) is an L-dimensionalwhite Gaussiannoisevector, where N (=2 is the power
spectral density of the received noiseand | denotesthe L L identity matrix.

As a consequencethe set X consistsof a random number of elemerts, eat elemeri con-
taining the active-useridentity, the transmitted data, and the received power (in random-set
theoretical parlance, the hybrid spaceisnow S= K M R*, with M the symbol alphabet).
Thus, the measuremeh model is

fyx (YiXe) = fz ye  Sv(Xy) (6.33)

We consider a binomial birth-and-death processwith parameter and , asin (6.7)-(6.8).
Assuming independert, equally-likely symbols and memorylessmodulation, we have, de ning
M, Mj:

. 1
fdjd = d¥ = 8k2 (X (6.34)
2
Denote now by Pt(k) , aEk) the power received from the kth userat time t. Its level may

vary with time, due to both user mobility and fading. Using the model and the notations of
Appendix 6.5.2 we de ne the random variable t(k) sud that

k k k
PO = (0p(K) (6.35)

Thus,
1 P

f —f (k) —v
(k) (k)
Pt 1 ! Pt 1

P(k) (Pt(k) j Pt(k)l = (6.36)
t o1

p (K]
wherely the amplitude-transition model can be obtained as

q_—
k k) L(k
a?= [a (6.37)
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yielding
(k)
K) . (k 1 a
fa5k>ja§k)l(a§ Vial) = at(—k)fq o at(t—k) (6.38)
1 t 1
and (
2wf (k)(Wz) forw> 0
t (6.39)

fa —(w) =
fk)( ) otherwise

With this, the set densitiesin (6.11) and (6.12) are fully speci ed.

6.5.1 Trained CDMA

A synchronous, uncoded, single-rate DS-CDMA systemwith processinggain L=7 is employed
in this simulation. The maximum number of active usersis K = 3. Each user is assigned
an m-sequenceof length 7, and the transmission duration is T=10. Egs. (6.33 and (6.11)
describe the measuremeh model and the dynamic model, respectively. The birth rate and
the persistenceprobability take value = 0:2 and = 0:8. The parameters of the dynamic
power model are () = 0:9999,"®) = 1:2 and ) = 0:5 for all k. We assumethat the users
transmit known symbols (trained system), whereby only the identities and the power of active
usersare to be estimated. In approximating Bayes' recursions, a bootstrap Iter is usedwith
N = 1000patrticles and threshold Ny, = N=4. De ne the Discrete SetError Prokability (DSEP)
asP (i‘(’t) 6 (Xy) . Sincethis macro-parameteronly measuresthe systemability to identify
the active users, a further performance measureis neededto assesghe quality of the power
estimates. To this end, we usethe standard root-mean-square

- 0 1

X
RMS = Tl — ! @ a2 g °A (6.40)
=1 ] RV (Xl ROV (X0)

N[

which makessensefor (R)\ (X)) 6 ;.

Fig. 6.2 shows the DSEP for the GMAP-I, GMAP-I |, and GMAP-I Il estimators. As a base-
line for performance comparisons,we also report the DSEP corresponding to perfect channel-
state information (labeled CCSI), i.e., perfect knowledgeof the channel parameters(in this case,
the power). Fig. 6.3 shaws the distance (6.40 for the GMAP-I and GMAP-I | estimators.

Notice from Fig. 6.2 that GMAP-I and GMAP-I |1 perform equivalertly in terms of DSEP,
and both are slightly better than GMAP-I I. This behavior can be justied by noticing that
both GMAP-I and GMAP-I Il rely upon a marginalization of the conditional pdf with respect
to the cortinuous parameters of the ransom sets. Moreover, since GMAP-I estimatesonly the
cardinality of the set of active users,while GMAP-I || also estimatestheir identities, and since
anerroronj (X¢)j necessarilyimplies an error on (X;) (but not vice versa), we arguethat the
most critical aspect of active-usersidenti cation is the estimate of the cardinality of their set.
This statemert is consistert with obsenations in previous chapter. The advantage of GMAP-
11 over GMAP-I and GMAP-I | is apparert from Fig. 6.3, which shows the RMS for the three
estimators examined here.

6.5.2 Untrained CDMA

The system parametersare the sameasin subsection6.5.1, and binary antip odal transmission
isassumed(M = f 1g). Of course,DSEP is now de ned asthe probability that the estimated
set containing the identities and the data of active usersdiers from the true setin either
its cardinality, or its elemerts, or both. Fig. 6.4 shavs such a DSEP for GMAP-I, GMAP-I I,
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Figure 6.2: DSEP for various receivers (trained CDMA).
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Figure 6.3: Root-mean-squareerror for various receiwers (trained CDMA).

GMAP-I 11, and CCSl receiwers, while Fig. 6.5 shawvsthe setdistancefor GMAP-I and GMAP-I 1.

From Fig. 6.4, we obsene that trained and untrained CDMA perform very similarly asfar
as DSEP is concerned,and that, asin trained CDMA, GMAP-I and GMAP-I | are practically
equivalent. This is again consistert with obsenations in previous chapter, whereit was noticed
how errorsin joint useridenti cation and data detection are mainly causedby erroneousestima-
tion of the cardinality of the set of active users. Fig. 6.5 con rms the superiority of GMAP-I1 11
in the estimation of the cortin uous parametersof the active users.

APPENDIX: Computing belief densities

In this Appendix we shav how belief densities can be computed in the corntext of the problem
describedin this chapter. For simplicity, we considera static environment, and the setof random
variables modeling the corntinuous unknown parametersof the K potential users,assumedto be
independent and equally distributed. We denote by P ( ) the probability measureof eah set,
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Figure 6.4: DSEP for various receivers (untrained CDMA).
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Figure 6.5: Root-mean-squareerror for various receivers (untrained CDMA).

and by p( ) the corresponding probability density function. Moreover, denotethe probability
that a useris active.

According to RST, the belief density of the random set X, denotedf x ( ), is de ned through
the set derivative of the belief function of X. Thus, we rst needthe belief function

x(S), P(X S) (6.41)
of a subsetS of interferers. In general,

X X ¥
x (S) = fa )k P(ftig) (6.42)
j=0 Ti(S)i=1

5Observe how the belief function has the general form examined in [22, Theorem 5.17, p. 52].
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Next, the belief density is obtained by computing the set derivative of (6.42) at S= ;:

fx(2) = O (6.43)
Z o
As illustrated for examplein [9, p. 163], the value fx (Z) of the belief density species the
likelihood with which the random set X takesthe setZ asits speci c realization.
We obsene the following:

A The belief function of a random vector is just its ordinary probability measure. Thus, if
X = fxg, then
x(S)=P(X S)=Px2S)=P(S)

and the belief density correspondsto the ordinary probability density function f (s), with
S = fsg: more precisely we have

_ f(s); S=1fsg
x®= iSi6 1

A If ais a constart, then [22, p. 56]

—Za=0; if Z6 ;

A The set derivative of P(fs;g) P(fs,0) is obtained by using the following property [22,
De nition 5.22,p. 55]:

8 k
S (T): z6:
_Z(T) = S1 Sk ’ ’
(T Z=;
where is a setfunction, and Z = fs;;:::;s¢g. We obtain:
8
% P(fs19) P(fsz20); Z=;
p(s1) P(fs20);  Z=fsi9
—P(fs19) P(fs29) = P(fsi9) p(s2); Z = fsg
2 p(s)  p(s2); Z = fs1;59
-0 iZj> 2
Applying the above to the belief function (6.42), we obtain
g @ ) Z=;
. Y
fx(2) = 5 '@ )YV p(si), Z=fsy;iis9 S (6.44)
-
0; jZj> K

APPENDIX: A model for fading and motion

Here we model the e ects of user's mobility and of fading on the power received from user k
at discrete time t, denoted Pt(k). The superposition of thesetwo e ects yields a model for the
dynamics of signal-amplitude variations.
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We denote by xEk) the noiselesspart of the signal received from userk at time t. This is a
deterministic function of the random power Pt(k), SO we can write

x = x(P{) (6.45)

and hence ) ) ) )
pix) i x{) = px(P{]) i P (6.46)

For notational simplicity, in the balance of this Appendix we omit the superscript k assiate
with the user.
E ect of fading

Denoting by P the referencepower, and by R; the fading amplitude at time t, we may write

P, = R?P (6.47)
and hence )
_ R _
Py = ?Pt = P (6.48)
t
where  is the random variable de ned as
RE4
; 6.49

E ect of motion

We consider two classesof users: one includes stationary users, the other includes usersin
motion. The latter classexperiencesa power variation from time t to time t + 1 equalto " 1.
Thus, we can write, for the e ect of motion:

Pt+1 = tPt (650)
where  is a random variable taking values

8
< 1  with probability 1

t= with probability =2 (6.51)
" 1 with probability =2

where" > 1 dependson the user'svelocity, and may be called the mobility factor of the user.

Joint e ects of fading and motion

We have
Pier = ¢ tPr= Py (6.52)
where the random variable
th ot (6.53)
models the joint e ects of fading and motion. Hence,
P X(Pt+1) ] X(Pt) = p x( ¢Pt) ] Pt (6.54)

and the dynamic modeling problem is reduced to the problem of modeling statistically the
random process . Our basicassumptionsherearethat fast fading and motion are independert,
and that the fading processis rst-order Markov (see[24]).
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Mo deling , with Rayleigh fading
Rn, Rh+1 indep endent Rayleigh

If Ry and Ry+1 are independent Rayleigh random variables, with normalized pdf
pr(r) = 2re e, r>0 (6.55)
then the pdf of S, R? is exponertial:
ps(s) = e % s>0 (6.56)

and hencethe ratio n.+; = RZ,; =R2 has pdf
Z,

p(r)= ye Ye Ydy= !
0

g ' 0 (6.57)

Consequetly, with the assumptionsabove we obtain the following pdf for the random variable
n- 1 . -

p(y)=( )(1+y)2+§(--+y)2+§(" 1+y)2; y>0 (6.58)

Rn, Rn+1 correlated Rayleigh

In this case,we assumethe generalexpressionprovided in [20, Eq. (121)] for the bivariate pdf
of correlated exponertials (s1;sz) , (RZ%;R3) with correlation

1 1 2] p—
Pousa(s1%2) = TP T—(s1+ %) lo I Pss 0 susm>0 (659
The pdf of the ratio , R3%=R? is obtained from the generalformula
Z,
p(z) = XPs; s, (ZX; X) dX (6.60)
° z, p_
_ 1 z+1 2j z
=1z, X exp 1 >X o ﬁx dx (6.61)
1+z
= @1 °? 6.62
( )((1 +2)2 4 2z)%2 (6.62)
which yields
1+y)
= (1 1 2 ( +
PY) = A A AT sy
n 2 n 2 —n
@ a+ty) @ Aa+y=) (6.63)

T2z ATy 2 D 47y

Fig. 6.6 illustrates the behavior of p (y) for somevaluesof its parameters.
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Figure 6.6: Probability density function of the random variable de ned in (6.53).
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7.1 Intro duction

While the dewelopmeris described in the previous two chapters lead to the evaluation of the
limiting performanceof multiuser detection with an unknown number of active users,their ap-
plication requiresthe derivation of detectorswhosecomplexity allows practical implementation.

This is precisely the goal of the present chapter. Here, spheredetection techniques (possibly
in an approximate version) are applied to the implementation of the multiuser detectors. This
chapter is organized as follows. Section 7.2 describes the essefials of the sphere detection
algorithm in the form that is immediately applicable to the problem examinedin this report.

Sections 7.3 examinessphere-detection-basedalgorithms for the ML and MAP estimations of
the active usersand their transmitted data, respectively, in an ervironment wherethe dynamic
behavior of the userscannot be accourted for, and detection must be undertaken at ead symbol
interval. Section 7.4 describessimpli ed receivers accourting for a Markov model of the users
logging in and out of the system. Numerical results are presented in Section 7.5.

7.2 Sphere detection

Here we describe a simple version of sphere detection (SD), in a form which will be useful

to its K argumerts, all taking valuesin a discrete set with M elemers. While brute-force
minimization involves the evaluation of all M ¥ valuesof f, SD simpli es the problem under

1SD was rst applied to digital detection problems in [16]. For recert developmerts, see[1, 2, 4, 5, 8, 12, 15|
and the referencestherein. A VLSI implementation is described in [2].
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the assumption that f can be written in the form of a sum of nonnegative functions with an
increasingnumber of argumerts:

I 1
f(xg; i Xk) = frk kK Kketook (XK ki XK k+15:005XK) (7.1)
k=0

The minimization of (7.1) can be described graphically by using an (K + 1)-level tree graph
whosepaths mergeinto a common uppermost node (level 0) to the M K leaves (level K ). Each
node at level k emanatesM branches which join it to a node at level k + 1, ead one being
assaiated with avalue of xx g; hence,ead node at level k correspond to a value of the partial
sum of the rst k terms of (7.1), and ead terminal branch (or leaf) to a value of f. Fig. 7.1
shaws an example of this tree, corresponding to the function

f (X1;X2;X3) = f3(X3) + fo3(X2; X3) + f1:2:3(X1;X2; X3)

with X1;X2; X3 taking on valuesin the setf0; 1g.

level O

I3

level 1

L2

level 2

1

level 3

Figure 7.1: Treellustrating the minimization of f (x1;X2;X3) whoseargumerts take on values
in fO;+1; 1g. Thus,M = K = 3 here.

Now, brute-force minimization of f canbe interpreted asthe processof probing all the M K
paths joining the root node to all terminal leaves. SD simpli es the processas follows. Start
from the root node and proceeddownwards; at level-k node (k = 0;:::;K 1), only onebranch
stemming from it is chosen,that assaiated with the smallestvalue of fx .k k+1:::k - This
leadsto a single node at level k + 1, from which only one branch is chosenaccording to the
samecriterion, etc. This is equivalent to the following algorithm:

R k= r’slrganﬂink f kk keimk Xk KRk ke1s iRk ) k=03 K 1 (7.2)
where ®- denotesthe value chosenfor x-. At the end of this process,we obtain a preliminary
estimate of the minimum value of f , which we call f. Next, we proceedto probe the branches
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that were left out, badtracking from the leaf assaiated with f and excludingall the branches
that will certainly end up into a leaf correspnding to a value of f larger than f). To do this, all
branchesemanating from a node are removed from the tree (\pruned out") whene\er the value
of the partial sum at that node is already greater than f. Whenewer a leaf is readed, if this is
assaiated with a valuef < f, then this new value replacesf , and the procedureis coninued.

7.2.1 Variations of the basic algorithm

Se\eral variations of the basic SD algorithm are possible,basedon di erent seart schedules|2,
5, 6, 13]. Among these,a breadth- rst seard, or an M -best seard, can be implemented in lieu
of the depth- rst seard described supra [2]. The M -best seard consistsof an approximation
of the breadth- rst seard, wherely at ead level of the tree only M nodesare kept, viz., those
with the smallest partial metrics. This solution may not lead to the minimum (and henceis
suboptimum), but hasthe advantage of requiring a constart number of operations, and henceof
reducing the maximum, rather than the average,complexity. Another variation, to be described
below in the speci ¢ corntext of the problem consideredin this chapter, is categorizedunder the
rubric of lattice reduction techniques.

7.3 Sphere Decoding for ML and MAP MUD

In this sectionwe reviewthe MUD approad basedon random-settheory (RST), asadvocatedin
the previous chapters, consideringmaximum-likelihood (ML) and maximum a posteriori (MAP)
detectorsin situation where decisionsare made at ead signaling interval.

7.3.1 Signal Mo del

We assumea random number of userstransmitting digital data over a common channel. We

denote by K the maximum number of active users, and by s(xgk)) the signal transmitted at
discretetime t by the kth user, if active. Each signal hasin it a number of known parameters,
re ected by a deterministic function s( ), and a number of random parameters, summarized by

xEk). The obsened signal at time t, denotedy¢, includes s(xgk)), the signals generatedby the
usersactive at t, which are in a random number, and stationary random noisez;. Thus,

X (k)
Yt = S(Xy ') + Z4 (7.3)
K

Let X; denotethe random-setencapsulatingwhat is unknown about the active users. We write

[
Xp= x® (7.4)
k=1
where ng) is the singleton-or-empty set
k Lok . , , .
X = fxE )g= f[k,x§ Mg if userk is active at time t (7.5)
: otherwise
Here, xgk) is a singletonwhoseelemert is the vector containing the userindex k and an unknown
(k)

(possibly random) parameter x; ’. The latter takesvaluesin the nite setM, with cardinality
jMj = M, represering the digital data transmitted by userk at time t.2

2|In a more general setting, the random set may also contain contin uous parameters due to the propagation
channel, as fading coe cien ts and time delay. We do not consider this model here.
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A simple model for the random-set sequencef thtlzl assumesthe setsas independert and
identical distributed, with

fy (Xt) = M i Xt J'th(l )KJ' Xij (7.6)

where jX;j denotesthe cardinality of X;. With this model, the usersare independertly active
with the sameprobability , wherely the active usersmust beidentied and possibly decaled
at ead signaling interval.

Observ ation model

Under the assumption of direct-sequencecode-division multiple-access(DS-CDMA) with sig-
nature sequence®f length N K, and of zero-meanadditive white Gaussiannoisewith power
spectral density No=2, we can write, for the su cien t statistics of the received signal at time t,

Vi = SAXt + 7t (77)

wherey. is the N -dimensional column vector of the obsenations, S, [s1;:::;sk]isaN K
matrix whose columns contain the signature sequencesf all the potential K users, A is the
K K diagonal matrix of the useramplitudes, and x; = x{(X;) is a K -vector whosekth eriry

is de ned as ( ©
0 if X¢ =

xt(K) = ! ’ 7.8

) xEk) otherwise (7.8)
Assuming further that the system is power-cortrolled, i.e., A = Ik, where l¢ denotesthe
K -dimensional identit y matrix, we obtain

. 1

fvix (YiiXt) = P—TOeprk yt  Sx¢k?=Nog (7.9)

7.3.2 ML-based MUD

The (symbol-by-symbol) ML-based MUD is the optimum (minim um-error-probability) receiver
if all of the outcomesof X; are independert and equally likely - or must be assumedso, due
to missing prior information as to the activity factor . With this model, the ML receiver
generates

R, = arg rr;(?xlantht(ytht) = arg rr)1(itn kyy Sx¢k? (7.10)

To reducethe complexity of this receiver, spheredetection can be applied. In fact, let®
y=Sx+1z (7.11)

denotethe obsened signal, where S is a known N K matrix, x the unknown K -vector whose
componerts, to be detected, are random data taking on a nite number M + 1 of values, and
z a white Gaussiannoise vector. QR decomposition of S generatesthe preprocessedobsened
vector

¢, Q)y=Rx +e (7.12)

whereR isa K K upper triangular matrix, QYQ = Ix, ande, QYz is a noise vector with
the samedistribution asz.* As a result, ML detection of x can be obtained by minimizing the

3For notational simplicity, in the following we shall omit the dependency on t.
“The dagger? denotes transpose conjugate.
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metric kg  Rx k?, which, due to the structure of R, has exactly the form (7.1), i.e.:

X X
ke Rxk®=  je(k) i X(j)j? (7.13)
k=1 =k

ML detection of a multiuser signal received syndronously is a special caseof the above.
Here, S accourns for the matrix of the signatures of the K users. If the transmitted data are
binary antip odal,® the assumptionof an unknown number of usersleadsto three valuespossibly
taken on by the componerts of x, i.e., 0and 1. With three users,the tree of Fig. 7.1 describes
the ML detection of x. One may notice that \standard" ML detection [14], which assumeghat
all potential usersare simultaneously active and henceis suboptimal in the presert context,
corresponds to using a simpli ed tree, derived from that of Fig. 7.1 by removing all branches
labeled 0. Notice also that the preliminary estimate which is the starting point of the SD
algorithm is usually referred to asthe decision feedback (DF) estimate [14].

The e ciency of SD algorithm may be further improved by using a special type of prepro-
cessingknown as\lattice reduction.” [6, 13, 23, 18, 17, 21, 19]. The certral ideais to treat (at
least initially) the set of valuestaken on by eat argument xy of (7.1) asin nite in size,and
forming a lattice [3]. Assumethat S is real.5 Under the assumptionthat S hasfull rank, the set
Sx forms a lattice . Thus, disregarding for the momernt the fact that the actual constellation
is nite, the decading problem is reducedto the minimization of ky ~ Sxk? with respect to
Sx 2 . This minimization is a well-studied problem, known as \lattice closest-ector prob-
lem.” To solve this in an e cien t way, we start from the obsenation that the samelattice can
be generatedby seeral possiblematrices S. In particular, if we postmultiply S by a unimodular
matrix / P, the lattice generatedby the \reduced" matrix

Sred, SP
is the sameasthe original lattice. Thus, we can write
y = Sredxo+ z

where x%is an integer vector (the latticelas an in nite set of points|has not changed). The
trick here consistsof choosing a S;eq \more diagonal" than S, sothat DF estimate of x ° will
be better than of x (i.e., it will yield an estimate closerto the true value than without lattice
reduction). An extensive comparison of di erent detection techniques, motivated by MIMO
but directly applicable to the problem examined here, is cortained in [19]. Optimization of the
lattice reduction is a complex task, but approximate algorithms are known which work well
(LLL algorithm, Seysen'salgorithm [12]).

7.3.3 MAP-based MUD

We further consider a casewherein the parameter X is random with the distribution (7.6).
In previous chapter, the MAP decisionrule is presenied as the optimum detector for sud a
problem, as

R= arg m)?xlnf (Xjy) = arg m)!n ky Sxk? NoInfx(X) (7.14)

5We make this assumption for simplicit y's sake only: the extension to a more general caseis straightforw ard.

5This is not a restriction. If S is complex, by doubling the dimensionality of the problem, the latter can be
reducedto a real one.

"This is a matrix with integer entries and determinant equalto 1, sothat alsoits inversehas integer ertries.



114 MASCOT D2.1.2

Due to userindependence the function Inf x (X) can be factored as

X X
Infx(X)=  Inf(xX®)= iX®jin +@ x®pin@a ) x®jinm (7.15)
k=1 k=1

Thus, after QR decomposition of S, the minimization in (7.14) can be solved through the SD
algorithm by writing

R

argmxin ke Rxk?® Nglnfx(X)

X X
argmin je(k) N X2 No iX®jin + @ X®pm@ ) jx®jinm
k=1 =k

(7.16)

7.4 MUD in adynamic environmen t. Bayesian recursions

Consider now a dynamic model for the userslogging in and out of a multiuser communication
system. Denote by X; the random set whoseelemerts are the active userswith their data at
time t, and considerits ewlution with time. We assumethat fromt 1 to t somenew users
log in, while someold userslog out. We write

Xe=S&[ Nt (7.17)
where & is the setof surviving usersstill activefromt 1, and N, is the setof newusersbecoming
active at t. The condition N¢\ X; ; = ; is forced, becausea user ceasingtransmission at time
t 1 cannotreerter the set of active usersat time t. S _

Assumethere are jX; 1j activeusersatt 1,ie. X; 1= sz1 XEJ )1. Then we may write,
for the set of surviving users, [
S = " (7.18)
i2 (Xt 1)

where the notation (X; 1) is introduced to denote the identities of the users cortained in
the random set X; 1, while é') denoteseither an empty set (if useri has becomeinactive) or

the singleton fin)g (useri is still active). Let denote the "p ersistence"probability, i.e., the
probability that a usersurvivesfromt 1to t. We obtain, for the conditional probability of S
giventhat X; ; = B:

MG G HBiid, c B

fsix. .(CIB)= o+ B (7.19)
Denote the probability that a new userarises®. Then, a reasonablemodel is
. _ Migida YKIBiiG: c\B=;
thth 1(CJ B) - o’ C\ B 6 : (720)

8Wwith a slight abuse of notation, we retain the samesymbols for the probabilit y of a userto be active and
the probabilit y that a new user arises.
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Finally, by assumingthat births and deaths of usersare conditionally independert given
Xt 1 = B, the conditional pdf of the union of the random sets S; and N; is obtained from the
genealized convolution [7]

X
thth 1(Cj B) = fStht 1(WJ B)thth 1(CI’]Wj B)
W C
= fStJXt 1(C\ B)thJXt 1(Cn(C\ B)) (721)

Now, assumethat two functions are available to model the dynamics of the system. One
models the obsenation, and has the form of the probability density function f (y j X;) of the
obsenation y; given the realization of the random set X; (eq. (7.9)). The other oneis a Markov
model for the ewlution of X; with time, i.e., the probability f (X; j X; 1) (eq. (7.21)). These
two functions can be used as the ingredients of Bayes recursionsfor courntable sets: denoting
Vit » (Y1;:::;y¢) the channel-output obsenations from time 1 to time t, we have for the
conditional a posteriori densities

X
f(Xeer J Y1) = f (Xeer J Xe)F (Xt ] ya) (7.22)

Xt
f(Xerr jyYnter) 1 F(Xper JY2)f (Y1 J Xes1) (7.23)

Thus, the optimum causal detector for Xi.+1 is
Riss = argmaxf (Xu | Y1) (7.24)

t+1

Eqg. (7.22) predicts X{+1 on the basis of its past and of the obsenations up to time t,

while (7.23) corrects this prediction by accourting for the additional obsenation made at time
t+ 1. Notice, in particular, that the maximization of (7.22) with respectto X+, Yyieldsthe best
prediction of X;+; basedon the obsenations y;.
In the previous chapter, the above recursionis consideredasthe optimal solution for the causal
estimation of X;. The problem of (7.22-(7.23) is that they require a complexity for the cal-
culation of (7.22) and the evaluation of the maximum in (7.23) which grows exponertially in
K. Moreover, taking the logarithm of both sidesof (7.23), the problem is not amenableto SD
since(7.22) doesnot admit a factorization asin (7.15. Howewer, one can exploit the structure
of recursions(7.22)-(7.23) to further simplify the detection process.This is the subject of next
subsections.

7.4.1 Reducing the recursion complexit y: Zero-order appro ximation

As anticipated, the complexity of the evaluation of (7.22-(7.23 and that of the maximization
in (7.24) grow exponertially with K. We can reduce the complexity of the calculation of the
summation (7.22) by rst noticing that:

X
f(Xeer ] XOF X Y1) = F Keer J ROFRejyaa) + f (X § XOF (Xt jy1x) (7.25)
Xt thm

where ?t is the MAP estimate form the previous interval. On the other hand, for su cien tly
large signal-to-noiseratio, the a-posteriori probability f (X; j y1.t) exhibits a sharp peak around
its maximum R;, whereby the term f (Xix1 j R)f (Ri j y11) is expected to give the largest
cortribution (at least asymptotically) to the Left Hand Side summation in (7.25. The sim-
plest possible approximation to (7.22) thus retains only this term, leading to the \zero-order
approximation":

f(Xur iyae) Ko j ROFRejyaa) (7.26)
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which, combined with (7.23), yields

f Xt j Vi) F X JROF Ryt (Ve § Xen) (7.27)
For future reference,de ning

( Xte1 jY1te1) . NoInf(Xesa jyite) (7.28)
we have, under the approximation (7.27):
( Xee1 JY1ts1)  Kye1r  Sxewak®+ (Rijysr) Nolnf(Xe jRi) (7.29)
which yields the approximate MAP estimate

Risq argmin. ky 41 Sxis1 k2 Nolnf (Xes1 j Ro) (7.30)

t+1

7.4.2 Using the SD algorithm with a dynamic model

We examine here the adaptation of the SD algorithm to our estimation problem, wherely the
zero-orderapproximation (7.26) is combined with the structure of the iterations (7.22)-(7.23).

For simplicity, we treat the problem of estimating the set of active usersand their data: asa

consequencehe quantities xgk) are allowedto take on valuesin the setM|[ f0Og, the valuexgk) =0

being an evidencethat userk is inactive. Then, we shov how this model can encapsulatethe
problem of estimating only the useridentity in a trained fashion.

Estimating the activ e users and their data

The zero-orderapproximation can be viewed as yielding, from Bayesrecursions,
f(Xesa Jy10) 1 f (Keaa RO
which in turn yields

f (Xt JY1e1) 1 FC Kewr) | RONF (Yewr ] Xeeg )M T X2 (7.31)

where (X;) f1,:::;Kgdenotesagainthe set of the identities of usersactive at time t.
Now we obserne, basedon the conditional independenceof the users,that f ( (X,,;) ] R)))
can be factored in the form

b S
F( Xe)i RY = ) RYY (7.32)

k=1

(a crucial point to simplify the SD algorithm), where, after some straightforward calculations
basedon (7.21),

FCx9y ) RWy = T EDY Ry RO R i
k

PO BRI oyt R e A (xipiga)
and hence,

FXpp jRY = MIT el § Ko Raig )i ROl ROV ()]
i (Xes1)n RN (Xt+1)j(1 )K] ROJT - KeszIn ROV (Xes1)i (734)
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Perusal of the last equationsshaws that they are preciselyin a form allowing application of the
SD algorithm. In fact, with S= QR, with (R);; = 0,i > j and ¢ = QYy, the quartity to be
minimized is

( Xer1 ] R1:t+1)

% . % . 2 . . .
= B (i) rij e (i) Nolnf( (Xe1)§ (Ro)) + NoiXeszjIn M
i=1 j=i
(7.35)
% . . . .
= O X+1 (K);:iiiiXes2 (i) NoInf( (Xes1) (?t)) + NojXi+1jIn M (7.36)
i=1
where 2
. . % .
g X+ (K)o Xeen (i), 2 (1) Fij Xe+1 (J)
j=i
(Observe that

Nolnf( (Xes1)j (R)) 0 and NojXwijinM 0

two conditions that will be exploited in the sequel).
A preliminary decisionasto the presenceof user K can be made by resorting to decision-
feedba&. Precisely denote

n 0
LK) =arg min g (K) rccxe (K No (e (K); (R)) - (7.37)
where
. In(1 ); ifK2 R
©; (Ry), In(1 ); otherwiset (7.38)
o () @) =inm M TK2 Ry g0 (7.39)

In ; otherwise

S
It may be worth emphasizingthat, rewriting X; = XEk), with XEk) singleton-or-empty sets,
we have that
K): (K
(xe1 (K); (Ro)) = Inf (x(1R{)

A preliminary decisionon the activity of userK 1 is thus made through:

REI(K 1) = arg o min o TR (K)o 1k BT (K)  re 1k xewr (K D)2
+No (X1 (K 1); (RY) (7.40)

where (Xi+1 (K 1); (Rt)) is the sameasin (7.38 and (7.39 with K replacedby K 1.
Iterating the above procedure,we obtain an initial estimate of the set of active usersand their

data in the form
RO = v viin i 7.41
t+1 bg—i ('1) bR—E (|L) ( )
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where L , j?ﬁ?f)j and the superscripts DF emphasizethe decision-feedbak technique em-

ployed to obtain sudh an initial estimate. The corresponding metric can be evaluated (up to
terms that are irrelevant in the overall comparison) as:

_ X
=GR (K)o BRT () Nolnf( (R (R))+ NoLinM (7.42)
i=1
This represerts the referencevalue that can be adopted in an SD algorithm to improve the
estimate, as outlined below. The key ideais to assesghe likelihood of the membership of eat
singleuserto (Xt+1). Notice indeedthat the assumptionthat the K th userbelongsto (Xi+1)
increasesthe accurrulated metric by an amourt

In  ifK2 R)

+
Ok (Xt+1 (K)) + NolnM — No In  otherwise

while the assumptionthat it is absert increasesthe accunulated metrics by

InL ); ifK2 (R

Gk () No In(1 ); otherwise

Assumefor examplethat K 2 (?t), K2 (?ﬁ?lp)), and that
gk (xt+1(K)) + NoInM Ngln = > 8xu1 (K)2 M

Now, any path including K as an active userwill end up with a cumulated metric larger than
that of paths not including it: thus, a number of branchescan be pruned out. If all the branches
must be kept, then for ead branch we have to evaluate the likelihood of the menbership of
userK 1, which requires evaluating the following metrics:

(&) UsersK 1 andK hoth active. Add

In ifK 12 Ry

K):xw (K 1)+ NolnM N :
Ok 1(Xer1 (K)s X ( ) oin ° In  otherwise

to
In ifK2 R)

K) + NgInM N ;
Ok (Xt+1 (K)) oln O In otherwise

(b) User K 1 inactive, user K active. Add

InL ); ifK 12 (R

ok 1(xt+1(K);0)  No In(1 ); otherwise

to
In; ifK2 (R)

K) + NgInM N ;
Ok (Xt+1 (K)) oln % In: otherwise

(c) UsersK 1andK both inactive. Add

In1 ); ifK 12 (R)

G 1(0:0) No In(1 ); otherwise

to
InL ); ifK 2 (R

G (0)  No In(1 ); otherwise
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(d) UserK 1 active, user K inactive. Add

In; ifK 12 (R)

. +
Ok 1(0;Xt+1 (K 1))+ NoInM  Ng In ; otherwise

to

InL ); ifK2 (R
0) N ’ ,
o (0) 0 In(1 ); otherwise

Comparing the partial metrics to  should allow pruning out further paths. It should not be
necessaryto recall that, if a branch is examinedup to its terminal leaves,and if its cumulated
metric it smaller than , this new metric would be chosenas the new referencevalue for next
steps.

Estimating only the activ e-user set

Giventhe above, the problem of estimating only the active-userssetin a training phasewherea
known data sequencds transmitted is fairly straightforward. In fact, this casecan be handled
by the samealgorithm, where M = 1 and where the decision tree has a number of terminal
leaves equal to 2K . Before moving to the algorithm validation, we obsene that:

a The algorithm suboptimality may be uniquely tied to the zero-order approximation (7.27).
Once this approximation is accepted,the seart procedureis ensuredto single out the
path with maximum (approximate) a-posteriori probability;

b As all SD algorithms, signi cant savings can be achieved only if the initial estimate is reli-
able. It is thus expected that, if the channel changeslittle from t to t + 1, i.e. if is
su cien tly closeto one,while is sucien tly small - for the adopted model this implies
that f( (Xt+1) ] (?t)) peaksat (Xi+1) = (?t) -, then pruning proceedsfaster than in
highly dynamic situations.

7.5 Numerical results

Consider now the performance of the proposedSD algorithm for MUD in a dynamic environ-
ment. We examine error probability and algorithm complexity, and compare our results with
thosein Chapter 6.

Assumea training phase. Let the spreadingsequencede m-sequencesvith processinggain
N = 15,and = 0:8and = 0:2. For the measuremeh model, we assumeSNR=10 dB for
all users. The frames have length T = 10. The computational complexity of the SD-based
receiver, measuredas the average number of explored nodes per decision, is represened in
Fig. 7.2 for a maximum number of usersvarying from K = 2 to K = 10. We note as the
averagecomplexity grows linearly instead of exponertially with K, aswould happen should the
exact Bayesrecursionsof Chapter 6 be implemented.

Considernext the samescenarioasabove,with N = 7,K = 6, =08, = 02,andT = 10.
Fig. 7.3 shows the averagecomplexity of the SD algorithm versusSNR. As expected, SD is less
and lesscomplex asthe SNR increaseswhile exact Bayesrecursionsare exponertially complex,
irrespective of the SNR. Moreover, at high SNR's the SD complexity bottoms out at (M + 1)K,
re ecting the increasing reliability of DF-based initializations. It should be underlined again
that SD is \optim um” in the sensethat it doesnot prune out any branch having an overall
metric smaller than the one chosenat the algorithm termination, suboptimality being possibly
dueto the zero-orderapproximation of (7.27) only. In order to demonstrate the validity of such
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an approximation, we refer to Fig. 7.4, which is derived under the samesystem parameters as
Fig. 7.3. Fig. 7.4 showns the set-sequenceerror probability (SSEP), de ned as

SSEP, P X171 6 Ry1 (7.43)

for varying SNR. In trained scenarios,it represeits the probability that the estimated and the
real sequence®f the set of active usersidentities di er at any epoch t. Conversely in untrained
scenarios,it is the probability that, for somet, the estimated and the real set sequencedli er

either in the identity or in the transmitted data or both. Inspecting Fig. 7.4 shows that the
zero-orderapproximation entails only a marginal losswith respect to exact Bayesrecursionsin
the whole range of examined SNR's, wherely we conclude that, at least for trained systems,
the complexity saving doesnot entail any signi cant lossin terms of SSERP

Consider nally an untrained scenario,and assumethat the userstransmit binary antip odal
signals(i.e., M = f 1;+19). Fig. 7.5 shaws the complexity of the SD receiver for a maximum
number of usersvarying from K = 2to K = 10,N = 15, = 0:8, = 0:2,and T = 10. Evenin
this scenariothe complexity savings of the SD receiwer is apparert. Fig. 7.6 shaws the average
complexity of the SD algorithm versusSNRfor K = 6,N =7, =08, = 02,andT = 10,
giving further evidenceof the merits of the SD algorithm, as comparedto Bayes recursions.
Fig. 7.7, nally , shavs the SSEP for untrained scenariowith K = 6,N =7, = 0.8, = 0.2,
and T = 10, demonstrating, in the new scenario,on one side the suitability of the zero order
approximation, on the other the e ectiv enessof the proposedSD algorithm.

We nally underline that so far the nominal® and the actual valuesof and have been
assumedcoincidert and known to the receiwver, while in real systemsa discrepancy between
thesevaluesbe obsened. As pointed out in [9], the nominal valuesof and may be alsoused
as a degreeof freedomto tune the receiver tracking capabilities. Indeed, overestimating is
expected to improve the capabilities of detecting the activity of a new user, at the price of an
increaseof the falsealarm probability, i.e. of declaring usersthat are not actually transmitting.
Similarly, underestimating correspondsto assumingthat active usersceasetransmission more
frequertly than they actually do, thus enhancingthe systemadaptivity at the price of increased
probability of missing active users.

9The nominal values are those used for setting the receiver parameters.
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Figure 7.2: Complexity of the SD receiver and a receiver basedon exact recursions,for di erent
valuesof K, in atraining phase.
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Figure 7.3: Complexity of the SD receiver and a receiver basedon exact recursions,for di erent
valuesof SNR, in a training phase.



122 MASCOT D2.1.2

K=6, n¥0.8, a=0.2, T=10, N=7

10°e ® ® | —
r : —»—Bayes Recursion
: —©— Sphere Detection []
10
& n2
n 107
%)
10° E ]
D
10* I I I I I I I
0 2 4 6 10 12 14 16

8
SNR [dB]

Figure 7.4: Set-sequenceerror probability (SSEP) for the SD receiver and a receiver basedon
exact recursions,for di erent valuesof SNR, in a training phase.
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Figure 7.6: Complexity of the SD receiver and a receiver basedon exact recursions,for di erent
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8.1 Intro duction

Of late, wirelessnetworks, and in particular sensornetworks, have beenthe object of a good
deal of interest, also spurred by the manifold applications they can be assaiated with (see,for
example, their applications to classi cation and tracking [1] and to monitoring [2]). A charac-
teristic requiremert of se\eral wirelessnetworks, which enablesthem to adapt themsehesto a
changing environment, is that they be \self-con guring,” i.e., that a large number of wireless
nodesorganizethemsehesto perform the tasks required by the application they have beende-
ployed for: examplesof self-con guration include construction of routing paths, clustering, and
formation of minimum-weight trees. In this chapter, we consideran aspect of self-con guration
in wirelessnetworks referred to as neightor discovery (ND). Neighbor discovery is the determi-
nation of all nodesin the network a given node may directly communicate with. Knowledge
of neighbors is essetial for all routing protocols, medium-accessonrol protocols, and sewral
other topology-cortrol algorithms. Ideally, nodesshould discover their neighbors as quickly as
possible,which will allow nodesto save energyin their discovery phase. Also, rapid discovery
allows for other protocols (such asrouting protocols) to quickly start their execution. In addi-
tion, ND may also be the solution for \partner selection" in cooperative wirelessnetworks. In
fact, cooperation amongusersmay carry advantagesonly if the partners are chosenin a proper
way: for example, \decode-and-forward" (DAF) protocols may suer from cooperation with
weak users,thus failing in the goal of increasingthe diversity order [3].

Recerily, a number studies on ND algorithms have appeared (see, e.g., [4, 5] and the ref-
erencestherein). Most of these approadh ND at a protocol level, de ning node A to be a
neighbor of node B if A can exceedB's signal to noise-ratio requiremert. as a consequence,
A is inserted in the neighbor list of B based solely upon successfulreception, at node B, of
a padket sert by node A. Moreover, the Internet Engineering Task Force proposesto perform
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Neighbor Discovery \at IP Layer" [6]. The corresponding protocol assumesa broadcast capa-
bility at physical layer, and a MA C which handlescortention. Now, ND algorithms for wireless
networks may not be corntention-based when energy constraints are tight: retransmission in

the caseof a collision costs energy which might be a resourceat a premium. In this context,

we considera transmission sdheme which avoids collisions at modulation level and is basedon

simultaneous transmission of signatures. In principle, if the nodes' waveforms were orthogonal,

no collision would occur. In practice, thesewaveforms exhibit a small correlation, which causes
an interference. In a\standard" network approad, signature transmission fails whene\er there

is interference,becausethis causesa \collision" which may occur very often during a ND session
if there are many neighbors. Using multiuser detection, interference does not causecollisions
(these are in a sense\automatically resolved") and can be controlled by multiuser-detection

algorithms.

ND can be performed in a supervised or unsupervised manner. In supervised methods,
there is a certral cortroller (e.g., a leader node) which processeghe signal received from all
nodes, determines the network con guration, and communicates to all nodes their neighbor
lists. Supervised ND algorithms are expected to cost a large amourt of energy and hence
they should be discarded for energy-limited networks, like sensornetworks. Unsupervised ND
algorithms have no certral cortroller, and ead node discovers its own neighbors. Another
important issuein ND problemsis the timing aspect. In [7], the frame-syndironous assumption
is justied by the presencein ead node of Global Positioning System (GPS) devices. In [5],
asyndronousalgorithms are addressed assumingthat nodescan syndironize at bit level (which
is the assumption we make in the following).

The goal of this work is to provide the foundations of signal processingfor ND in wireless
networks. We consideran unsupervised wirelessnetwork, where ND is operated independertly
of the regular excdhange of padkets in a frequency- at Gaussianmultiple-accesschannel, shared
by K + 1 nodeswhich transmit, syndironously and independertly, a set of known signatures
accordingto the stheme advocated in [5]. Each node is identied by its own unique signature,
and every node keepsa list of all the signatures of the network.> A node is called a neighlor
of the referencenode if its amplitude, received by the latter, exceedsa preassignedactivity
threshold say .2 Moreover, nodes cannot transmit and receive simultaneously on the same
channel? and the maximum number of active nodesis xed and nite. We clarify that a
neighbor relation betweentwo nodesneednot be bidirectional, sinceead node discovers those
nodesit can receiwe from.

The organization of this chapter is the following. In Section 8.2 we provide a model for the
physical aspects of the networks, and we formulate our problem. ND algorithms are introduced
in Section 8.3, and analyzedin Section 8.4. Section 8.5 shavs somenumerical results.

lWe do assumethat ND can occur in a separate channel of a mobile system. In a sensor network, where
energy is at a premium, it makessenseto perform ND as soon as nodes are deployed. Other ND algorithms can
be based on higher layer proto cols such as IP, but these might seriously waste energy. Even if TCP/IP is in use
(in a mobile network, say), then allocating a small fraction of overall system resourcesat the physical layer to
ND might be better than running ND periodically as an application program.

2Note that this de nition can be generalized: for example, one may de ne a neighbor as one whose power-to-
interference plus noise ratio exceedsa given threshold. In this chapter we stick to a more restrictiv e de nition,
which allows simpler algorithms. In general, any information gleaned through ND will help sdceduling, or
medium-accesscontrol, or routing algorithms to be more e cien t, becausethey will be armed with neighbor
information.

3For simplicity, we disregard the more general caseof nodesthat can bein an idle state, i.e., they are neither
receiving nor transmitting.
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Figure 8.1: A sthemefor syndironous neighbor discovery.

8.2 Signal model and problem form ulation

Our scenariois basedon the transmission schemeillustrated in Fig. 8.1, which correspondsto
node 0 searding its own neighbors among four other nodes.* In ewery time interval (\slot"),
ead nodei, i = 0;1;:::;K, transmits its own signature, independertly of the other nodes,with
probability ";, while otherwise (and hencewith probability 1 ";) it senseghe channel. This
probability is actually designedas a part of the algorithm, and it in uences the ND algorithm
performance,as we shall examinein our analysis.

The ND algorithm runs in a nite period, called a discovery session whose duration is
denotedTp . During Tp, every active node transmits a number of signalscorntaining oneor more
copiesof its signature. Each signal hasduration T = Tp=N, with N the number of slotsin the
discovery session.The network is assumedto be unsupervised, which implies that all nhodesare
independent and at the same hierarchical level: as a consequencethe ND algorithm is run in
parallel by all nodes. Under the assumptionsmade in Section 8.1, the basebandrepresenation
of the signal received by node 0 in the time interval (n 1)T;nT ,n2f1,2;:::;Ng, is

P

= ; 8.1

on=1
where | denotesthe channelgain, i.e., the complexamplitude of the signal received from node
k and assumedto be constart during all the discovery session,si() is the kth node signature,

k:n IS @arandom variable taking value 1 if nodek is transmitting at time n, and value O otherwise
(sothat P( y.n = 1) = "), and z(t) is additive white complex Gaussiannoise having spectral
density 2Ng. We assume  to be modeledby a complexcircularly symmetric Gaussianrandom
variable with variance 2 ﬁ The signatures can be expressedas

b p_
sk(t) = sk t (1 DTc=1L (8.2)
=1

wheres;x 2 f 1;+1gis the Ith chip of the kth signature, L is the processinggain, T = T=L is
the chip duration, and () is the (unit-energy) chip waveform.> The slots dewoted to channel
sensingneed not be adjacert: howewer, due to our at-fading assumption, we may assume,

4We consider node 0 to be the referencenode. Since all nodes are at the same hierarchical level, the same
analysis applies to any node.
5The signatures are assumedto have unit energy.
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without any lossof generality, a sensingphaseof
Mo= (1 on)=N o (8.3)

consecutie slots with intermittent other-usersactivity, with ¢ the number of slots where node
"0" is transmitting. Notice that Mg is random (N is assumed xed and node 0 has its own
activity factor "), but the valueit takesis known to node 0. Hence,in all subsequen derivations
we refer to a given value of M. Of course,we may adopt the silent phasesof node 0 as a time
scale,recasting (8.1), with a slight notational abuse,in the form:®

X
y(t) = kp kSk t (p DT +2z(t); 0 t MgT; p=12:::;Mg (8.4)
k=1

Our problemis now reducedto determining the indexesk sud that fj kng:1 exceedan\activit y
threshold" A, basedon model (8.4).

Since z(t) is white Gaussian noise, the componerts of y(t) orthogonal to the subspace
spannedby the signatures are irrelevant to our detection problem [8]. As a consequencewe
might in principle adopt the signaturesthemseles, and their delayed versions,as an expansion
basisfor such a subspace.Alternativ ely, we may usethe L dimensional orthonormal basis

L[l

‘=0

t T (p LT (8.5)

to expandthe signalin the interval (p 1)T;pT . The two approacesare obviously equivalen,
but the latter is mandatory in situations where the discovering node has no prior information
asto the signaturesof other users: although we do not deal blind ND in this chapter, we choose
this one due to its inherent exibilit y.
De ning the scalar products
Z o1

Yip » y) t (i D1Te (p 1T dt (8.6)
(p 1T

with  denoting conjugation, we obtain a vector represetation yp , [V1:p;Y2;p;::: ;y|_;p]T 7 of
the signalreceivedin (p 1)T;pT :

X
Yp= kp kSktZp=S p +Zp (8.7)
k=1
wheresc ,  P[SikiSakiiiiisuklTy S [susziiiisk]l, p, diag( i 2piiii ki)
o2 k1T zZp, [ZupiZopsiitizipl, and
Zip | z(t) t (i DT (p 1T dt (8.8)
(P DT

The ND problem now consists of assessing,after observing the set of M vectors yi:m, ,
fy1;::::¥YM,0, Which ones,amongj 1j, ..., ] k], exceedthe \activit y threshold" a.

5Notice that the index n refersto consecutive time slots, while p refers to the time scalede ned by the silent
phase of node "0".
"The symbol T denotes transposition operation
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8.3 ND algorithms

A sensiblecriterion for the selectionof a ND algorithm consistsof minimizing the probability
of choosing, amongthe K network nodesunder scrutiny, an erroneousset of neighbors of node
0. Sincethere are 2¢ such sets, eat corresponding to one hypothesisH , this error probability
is minimized by the maximum a posteriori (MAP) decisionrule:

M = argmaxP (H)p(y1m, | H) (8.9)

where P(H) is the a priori probability of hypothesisH, and p(y1.m,jH) is the probability
density of the obsenations given H. As an example,if K = 2, the 4 hypothesesare showvn in
Table 8.1.

Hq H» Hs Hgu
j U< a j 14> a J i< a J 14> a
j 2l< A j 2l< A j 21> A j 20> a

Table 8.1: Hypotheseson the set of neighbors of node 0 in a network with 3 nodes.

Now, p(y1:m, ] H) dependson the actual pattern of transmit/receiv e intervals of ead node,
denoted 1.v,. Sincethis is unknown under our assumptionthat the transmission of signatures
is not coordinated, it should be obtained from the marginalization

P( umo)P(Ymo I H:  1:M0)

1Mo

which has a complexity that grows exponertially with K M.

To overcomethis complexity obstacle,the decisionon the neighbor set works asfollows. We

rst obtain estimatesof the instantaneouspowersjdij2 of all nodes, next we decidethat a node

is a neighbor by comparing eat of them with a threshold, i.e.,
i 2 2 (8.10)

where

H1: The received instantaneous power exceeds ,f.

Ho: The received instantaneous power is belov ,f.

The performanceof this test can be expressedthrough its probability PF(i) of a false-alarm
and its probability Ph(,:) of a miss, de ned as:

n 0
Pnjdijz> 2ijii< Ag

0
y T
=
1

. o (8.11)
Pl\(/:) = P JdiJ2< inJ il> A
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Theseare related to the overall error probability through?®
PO(e) = POPT] j< ag+ PYPRi ij> ag (8.12)

Now, the maximume-likelihood (ML) estimators of the instantaneouspowers can be obtained
by jointly estimating and the matrix sequence 1.v,. Straightforward calculations show that
the ML estimatesof and 1.v, result from the solution of the 2K Mo |inear systems| eadh
corresponding to an outcome 1.v,;; Of the matrix sequence 1.v,:

0 1 o0 1
o Wo

@ S A =@ gy A (8.13)
p=1 p=1

with ¥ denoting Hermitian operation. Computing

Wo
min Ky, S pibik? (8.14)

bML = arn
gi=1 ..... 2K Mg

with b; the solution correspondingto  1.m,:i, and recalling that ML estimatescommute under

nonlinear transformations, test (8.10 can be implemented by using jdij2 = jbmLij?

Evenwith this receiwver, implementation complexity would be unrealistic, and hencea further
simpli cation is called for. Instead of dealing with the receivwe/transmit pattern related to the
whole discovery session,we rather obtain estimates basedon a single T-interval obsenation,
which are then combined accordingto a suitable integration strategy.

8.3.1 Suboptim um ND algorithms

Consideragain model (8.7). The ML estimateof |, , baseduponthe obsenation y, available
in slot p, is
d, =(g¥s) 'g¥y,=S"y, (8.15)

where S* denotesthe pseudo-irverseof the tall matrix S.
A closerlook at this solution revealsthat, since

S'yp,=S"S p +S"zp= , +wy (8.16)

with E[wpw%] = 2No(SYS) 1, the interferencefrom the other usersis completely eliminated, at
the price of somenoiseenhancemeh re ecting the increaseof the variance of its ith componert
by the factor f(SYS)i.ilgiKzl. It is interesting to notice that this estimate is noise-limited, but
not interference-limited, implying that any receiver basedon (8.15 is asymptotically e cient
[10]; likewise,near-far resistan@ is granted [10].

Since there are M sensingphases,the M estimates resulting from repeated application
of (8.15 should be combined to yield the nal test statistic. Borrowing techniquesfrom radar
detection theory, reasonablecombination criteria are coherent integration (Cl), wherein an es-
timate of the instantaneouspower is obtained as

d 1 Xe |
iz o STV (8.17)
p=1

8In what follows, the superscripts will be skipped whenever no confusion is induced by this notational simpli-
cation.
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and incoherent integration (I1)

Wo

o 1 Xo .
idi2, Mo (STypif? (8.18)
0 =g
Notice that
h i . 1
. o o 1 " 2No(S'S).
E 2o, Moij il = il i St (8.19)
h | 0 0
E j9ij2, Moij 2 = ] ij2i+ 2No(S'9)," (8.20)

implying that both jdijZ,, and jdijzCI can be interpreted as biased estimators of the instanta-
neouspower received in ead slot from nodei: biasescan however be absorbed in the detection
thresholds i, while what matters hereis that they are both consistentin the meansquaresense,
a property that will be exploited later on. Inserting (8.17) and (8.18) into (8.10), and skipping
factors that can be absorbed in the detection thresholds, we obtain the coherent detector (CD)

8 Py 2 o
< p:°1 (S"yp)i > 21 nodei is a neighbor

Pwu 2 o _ (8.21)
=1 (STYp)i < 21 nodei is not a neighbor
and the Incoherert Detector (ID):
PMO'S+ G2 2 deii iahb
P ﬁnzlj( ypij>> 2! nodei is a neighbor 6.22)
o1 J(STyp)ij< 2! nodei is not a neighbor '

Notice how the CD can also be interpreted in a di erent way. Indeed, it may be obtained
by rst pre-processingthe obsenations soasto form the cumulative sum:

Xo Mo X X
y, Yp = kp kSk+ Zp = k kKSk+Z=SV +1z (8.23)
p=1 p=1 k=1 k=1
where
o Mo
k s k;p z, Zp (8.24)
p=1 p=1
and V , diag( 1;:::; k), then multiplying the new obsenation by S* and nally extracting
the ith componert to form the test statistic (8.21). Rewriting equation (8.23) in the form:
X
y = |i_{z‘_$}' + k kSk* {5 (8.25)

useful signal r6I {z—} noise

interference

with z  N¢(0;2NoMogl ), wherel| isthe L L identity matrix, the CD is easily seento be a
member of the family of linear ND tests (LNDT), wherein a decisionon the proximity of user

i is made basedon the rule:
Hi

jiclyiz 2 7 (8.26)
Ho
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Thus, the CD (8.21) can be also interpreted as the zero-forcing (ZF) member of the family
(8.26), obtained asthe unique solution to the constrained minimization problem:

] _ . . yP K 2

Cizrp = argming, E j&i |1 «k kS« 8.27
cl,esi= 2 &:27)
iZF™l

with 6 0, which yields®
Cizr= IL SiS si=Pis (8.28)
whereSj isthe L (K 1) matrix obtained skipping the i th column from S and P; denotes

the projector onto the orthogonal complemert of the column span of S;. For future reference
we remind herethat [10]

if K6 i
js/Pisij? =k si» k* if k=i
where s;., denotesthe projection of s; on the above orthogonal complemen: needlessto say,
sincek s;.» k?= 1:[(SVS)i;i1], the noise power is enhancedby a factor (SVS)i;il.

The vector ¢; can be designedaccordingto a number of di erent criteria. For example, an
LNDT basedon corvertional matched ltering (MF), i.e., assuming

CiMF , Si (8.30)

can be proposed. MF is indeed simple, but it results into interference-limited performance,as
we shall prove soon, nor doesit retain the near-far resistanceproperty granted by ML-based
detectors.

A possiblealternative to the ZF criterion is o ered by the minimum-mean-output-energy
(MMOE) strategy, rst introduced in [11], wherein the vector c; is obtained as the unique
solution to the foll%wing constrained minimization problem:

jclz psi® = (8.29)

P
_ : K

Cim MmoE = argming E ¢ (L k kSt N (8.31)
. .
Z Ly _
CimmoeSi = 1
namely:

M yylsi

(8.32)
S'M yy's

CiMm MOE =

P L -
whereMyy , K., 2 2E[ Zlscs)+ 2NoMol | . Due to the invariance of the decisionrule to any

positive scaling of the test statistic, an equivalert detector relies upon setting

Cim MOE = M y's (8.33)
It might be worth recalling here that, since
i la o
NI:)r!nOM vy Si | Pisi (8.34)

MMOE is itself asymptotically e cient. Likewise,it retains the near-far resistanceproperty
since the projection direction ci\y m og tends to becomeorthogonal to those signatures whose
amplitudes becomeincreasingly large [11]. The advantage of (8.33 over ZF is that it easily
lends itself to adaptive implementations in situations where the signatures of the active users
are unknown. Even though we do not deal with adaptive ND in this chapter, we anticipate
that a number of reduced complexity algorithms, ranging from the O(L)-complex Least Mean
Squaresto the O(L?)-complex Recursive Least Squares, can be easily applied for adaptive
MMOE implementation.

®Notice from (8.28) that the parameter 2 hasbeenset to W



134 MASCOT D2.1.2

8.4 Analysis

From now on we assumethat the node to be detectedis node "1". Consider rst the ID. The
conditional false-alarmand miss probabilities in assessinghe proximity of node 1 canbe written
as:

Pwm
Pr

P(1< 251> A 1:Mo) (8.35)
P(1> 2] 1< Al 1Mo) (8.36)

P
with 1, 'g":(’l j(S*yp)ljz. Givenj ijand 1.m,, 1 isnoncertral chi-squaredistributed with
2M, degreesof freedomand parameters 1j 1j2 and 2, = (S¥S),.;No, implying
PS4
P( 1> £ii aii 1m0) = Quo : (8.37)
n;1 n;1

where Qum,(; ) is the Marcum function of order Mg. Using the seriesexpansionof modi ed
Besselfunctions

X (X:2)n+2k
W= hr ke D (8.38)
k=0
we obtain
r ok
j 1j2_2-1_1 P, i = ,
.. . n n 1 .
P(1> £jj 1 1mp)=e — 2 k=0 Tk (Morly~ Mot Kz
2.5 i = 1 P 11 “ . f . A
P( 1> 55 1> a 1:Mo)—ﬁ k=0 1+ 5 1 Q MO"'k,z—ﬂ Q k"'l,z—’f(l"' 1 1)
(8.39)
where Z,
k.
(kix) t e tdt:  Q(k:x) = % (8.40)
X

are the upper incomplete Gamma function and its regularized version, respectively, while 1 is
the signal-to-noiseratio after decorrelation, i.e.:

2 2

— 1 1
1= = (8.41)
21 No(¥9).1

We thus obtain the conditional measure:

2
ef; X 11 f { A
Pu =1 Mo+ K; —5— k+ 1, 5@+ 8.42
M 1+ 11 1+ 11 Q 0 2%;1 Q 2%( 11) ( )

k=0

which should be averagedover 1 to yield the conditional probability of a missgiven M. Similar
dewvelopmerts hold for Pg, yielding

2. _ 1 R 11 K £ A
P(1> 5] 1< a 1Mp) = 1"'711k_0 1+ 14 Q M0+k’2—§-1 P k+1; 2—%(1+ 11)
i | (8.43)
where Z, .
kx).  tKletdt: Pex)= KX (8.44)

0 (k)
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are the lower incomplete Gamma function and its regularized version, respectively. Finally,
from (8.43 we easily obtain:

A
et A A 11 f /.2\
PE= ———csh -5 T Mo + k; P k+ 1 1+
F 21+ 1 1) 42 o 1+ 1 1 Q Mo > %;1 ( 11)
(8.45)
Consider now the test family (8.26). Notice that, since
X
g, cly= |1Cy81 + KCiSk Kk + C)z (8.46)
useful signal i<=2 {z }

interference+noise

jouj? is conditionally chi- square with two degreesof freedom, given 1, f g, and My, with
non-certralit y parameterj 1cys; 1j° =j 1j% 2cysis1Yc; and scaleparameter

X
%(c1) , j kCYski® £+ MoNokeik? = 2 2cYsksk’c1 + MoNokerk? (8.47)
k=2 k=2

wherely, reproducing the samestepsleading to (8.42) and (8.45), we obtain:

2
7 k
Py = 1 * Led g ksl Q kit Loh(l+ 2o) (849
2
T AR e o P iR,
Pe = csh 4 Q k+1; P k+ LA 1+
F 2(1+ % o9 42 - 1+ 2 ¢ 2 2(cy) 2 %( 1 eq)

(8.49)

where ¢q represers the signal-to-interference-plus-noiseatio (SINR) at the output of the linear
Iter, i.e.:

_ 2¢fsis1Yc

- ?(c1)

Relationships(8.48) and (8.49 are quite reminiscert of (8.42) and (8.45), respectively, onemajor
di erence being the dependency of the performanceon 2 ¢, rather than ; 1. Of course,
the quadratic factor in 1 stems from the fact that linear detectors operate on a coheren
combination of the obsenations, while ID combines the slot-by-slot estimates incoherertly.
Notice, however, that the above relationships represert conditional measures,given Mg (i.e.,
given o) andf gk, . If the discovery sessionis long enough,sothat the matrix sequence 1:v,
may exhibit its typical behavior, namely, if N(1 "o) 1, thenthe ('stend in probability to
Mo"k, whereby the unconditional performancesmay be obtained by averagingthe corresponding
conditional measureson the typical set of valuesof f kgE:l and Mg only, implying:

-Mo' N(@ "o);
- k' Mo'= Nl ")

In this limiting situation, it is interesting to notice the relationship betweenthe "cumulated”
SNR's for ID and CD (i.e., the ZF of (8.28)), i.e. (seealso (8.29 and subsequeh commerts):

> _ fiksip k' _ i1
1ed MoNg k s1.» k2 MONo(SyS)l;}

(8.50)

"1 (8.51)
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Thus, in terms of cumulated signal-to-noiseratio and for large N, ID seemsto be preferableto
CD, ewen though a global superiority cannot be claimed due to the di erent forms assumedby
the respective false-alarmand miss probabilities.

Sofar no criterion hasbeengiven to selectthe decisionthreshold 1. Notice, howewer, that
the consistencyof the estimates(8.17) and (8.18 allows devising the asymptotically optimum
thresholds (those adchieving minimum error probability for large N) from (8.19 and (8.20 in
the form:

h [
2co = N@ "0 N AIN@ "0)"1+ (1 "]+ 2No(S’S), (8.52)
[
fio = N@ "0 "1+ 2No(S'9)yg (8.53)

For short discovery sessionsand under known activity factors of nodesto be discovered, op-
timum detection thresholds can be obtained by evaluating numerically the unconditional error
probability, and then determining the points whereit hasa minimum.

8.5 Results

We consider here a fully loaded network with K + 1 = 7, eat node being assigneda length-7
m-sequence As in the previous section,we assumethat node "0" hasto decideon the proximity
of node 1. Figure 8.2 assumesSNR; , 2=Ng = 0 dB, N = 100, a power-cortrolled scenario
wherein all nodesare received with the sameaveragepower, uniform activity factor (" = " =
0:5), and an activity threshold equal to the median of the fading amplitude distribution, i.e.,
such that P(j 1j > a) = 0:5. The gure represens the pair Py, Pg for the various receivers
examinedsofar. Interestingly, \convertional" MF su ers from the presenceof the other nodes
even in this rather benign situation, while MMOE, ZF (which coincideswith CD rule) take
advantage of their asymptotic e ciency: from now on, corvertional MF will not be considered
any longer.

The reliability of the asymptotic approximation for long discovery sessionsan be assessed
through gures 8.3{8.5 for the CD, and through gures 8.6{8.8 for the ID, which refer to the
samescenarioasin Fig. 8.2. The curvesof these gures represer:

- The unconditional false alarm and miss probabilities obtained by simulation.

- The samepair obtained by a semi-analytical method, i.e., by estimating the averagesof their
conditional courterparts.

- The asymptotic approximation.

From the plots, it is evidert that the asymptotic approximation tends to overestimate the
performancesin the interesting region of low error probabilities, while coming closerand closer
to the true performanceas N increases:notice that the approximation is extremely tight for
N = 500, a realistic value indeed in real applications, which, for o = 0.5, corresponds to
Mo "' 250. However, it should be kept in mind that, for larger activity factors of the discovering
node, the minimum value of N for the asymptotic behavior to be reached inevitably increases.

The validity of the approximations (8.52) and (8.53), yielding the asymptotically optimal
thresholdsfor CD and ID, respectively, canbe veri ed through Figs. 8.9 and 8.10 shawing P (e)
versus 1 for CD and ID, respectively, for somevaluesof SNRy, "=0.5, N = 500and » sud
that P(j 1j > a) = 0:5. These plots, obtained numerically, shaov that the error probability
admits a unique minimum; moreover, the optimal valuesof 1 are surprisingly closeto those
resulting from the asymptotic approximations in (8.52) and (8.53. It might be marginally
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worth noticing that sud an optimum value is practically independert of SNR; for CD, while
being strongly tied to SNR; for ID.

Fig. 8.11is aimed at comparing CD and ID. It represens the error probability versusthe
signal-to-noiseratio SNR; using the optimal thresholds for both receiwvers, and assumingagain
"= 05N = 500,and A asbefore. It is interesting to notice that CD outperformsID for small
signal-to-noiseratios, while 1D is preferable for medium-to-large valuesof SNR;.

T
i CONV
ZF

09F = = =MMOE H

- I
0.6 0.7 0.8 0.9 1

Figure 8.2: Performanceof various ND algorithms under perfect power cortrol, 2 2= 2Ng= 1
(SNR1=0 dB), N = 100 fully-loaded network.



138

0.9

MASCOT D2.1.2

+++ Simulation
Semi analytical
= = = Asymptotic

0.8

0.9

Figure 8.3: Performanceof the CD for 2 2 = 2Ng = 1 (SNR;1=0 dB),

0.9

0.8

0.7

0.6

N = 100

T
Simulation
rrooon Semi analytical
= = = Asymptotic

Figure 8.4: Performance of the CD for 2 f = 2Ng = 1 (SNR1=0 dB), N = 300
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Figure 8.5: Performanceof the CD for 2 %z 2Ng = 1 (SNR;1=0 dB), N = 500
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Figure 8.6: Performanceof the ID for 2 fz 2Ng = 1 (SNR1=0 dB), N = 100
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Figure 8.7: Performanceof the ID for 2 2 = 2Ng = 1 (SNR;=0 dB), N = 300
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Figure 8.8: Performanceof the ID for 2 fz 2Ng = 1 (SNR1=0 dB), N = 500
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Figure 8.9: Error Probability versusthe detection threshold for a CD operating with N = 500,
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Figure 8.10: Error Probability versusthe detection threshold for an ID operating with N = 500
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10

Figure 8.11: Global comparisonbetweenCD and ID, N = 500 " = 0:5,2 2= 1.
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