o
C mésc@t

Project Number: ftw. IST-026905
Project Title: Multiple-Access Space-Time Coding Testbed
Project Coordinator: C. F. Mecklenbrauker
Deliverable Number: D1.3.1
Title of Deliverable: Baseband Transceiver Algorithms - Preliminary Version
Workpackage: WP 1
Nature: R
Dissemination level: PU
Editors: J. Jaldén, G. Matz
Authors: D. Angelosante, E. Biglieri, H. Boche, H. Bolcskei, A. Burg, G. Coluccia,
P. Fertl, F. Hlawatsch, M. Lops, G. Matz, J. Maurer, C. Mecklenbrauker,

D. Seethaler, S. Shi, C. Studer, G. Taricco, N. Vucic, M. Wenk, D. Wiibben
Contractual Date of Deliverable: Dec. 31, 2007
Actual Date of Delivery: Dec. 21, 2007




Contents

Executive Summary

1

2

Multiuser Detection in Dynamic Environments
User identification and data detection
1.1 Introduction . . . . . . . . . .
1.1.1 Inthis paper... . . . . . . .
1.2 Channel model and statement of the problem . . . . .. ... ... ... ... ....
1.2.1 Defining estimators . . . . . . . . ..
1.2.2  Consideration of a dynamic environment . . . . . . . .. ... ... ... ...
1.3 Detection . . . . . . . . e
1.3.1  Active USErS . . . . . . . . e
1.3.2 Active users and their data . . . . . . . ... ... ... ... ... .. ...,
1.3.3 Possible scenarios . . . . . . ...
1.4  An example of application . . . . . . . ...
1.4.1 Static channel . . . . . . . ..
1.4.2  Dynamic channel . . . . . .. .. . oo
1.4.3 PEP analysis . . . . . . . .
1.4.4 Error probabilities . . . . . . .. ..
1.5 Numerical results . . . . . . . . .
1.6 Conclusions . . . . . . . . .
1.A Random-set theory . . . . . . . . . .
1.A.1 Belief mass functions . . . . . . . . . ...
1.A.2 Set derivative . . . . . . . .. L
1.A.3 Setintegral . . . . . . . . .
1.A4 Special case: d =0 . . . . . . . .
1.A.5 Generalized fundamental theorem of calculus . . . . . . . ... ... ... ...
Joint user identification and parameter estimation
2.1 Introduction . . . . . . . ..
2.2 Channel model and statement of the problem . . . . ... .. ... ... ... ....
2.2.1 Measurement Model . . . . . . ...
2.2.2 Dynamic Model . . . . . . . . . .
2.3 Optimal Bayesian sets estimators . . . . . . . . .. ... ... ... ...
2.4 Numerical approximations of Bayes’ recursions . . . . . . . . .. ... ... ... ...
2.5 An application: Joint detection and amplitude estimation in CDMA . . . . . . .. ..

2

11

12
12
13
14
16
17
17
17
20
20
20
21
21
22
25
26
28
30
31
31
32
32
33



WP-1

3

2.5.1 Trained CDMA . . . . . . . . . e 43
2.5.2 Untrained CDMA . . . . . . . . . 43

2.6 Conclusions . . . . . . . e 45
2.A  Computing belief densities . . . . . . . . . ... 46
2.B A model for fading and motion . . . ... ..o 47
2.B.1 Effect of fading . . . . . . . ... 47
2.B.2 Effect of motion . . . . . . ... 48
2.B.3 Joint effects of fading and motion . . . . . .. .. ..o 48
2.B.4 Modeling n, with Rayleigh fading . . . . . . . ... .. ... ... ... .. .. 48
Multiuser detection with an unknown number of active users 51
3.1 Imtroduction . . . . . . . . 51
3.2 Sphere detection . . . . .. 52
3.2.1 Variations of the basic algorithm . . . . . .. ... ... .. ... ... 53

3.3 Sphere Decoding for ML and MAP MUD . . . . . .. ... ... ... ... ...... 53
3.3.1 Signal Model . . . . . ... 53
3.3.2 ML-based MUD . . . . . . . . . 54
3.3.3 MAP-based MUD . . . . . . . . . 56

3.4 MUD in a dynamic environment: Bayesian recursions . . . . . . . . .. .. ... ... 56
3.4.1 Reducing the recursion complexity: Zero-order approximation . . . . .. . .. 57
3.4.2 Using the SD algorithm with a dynamic model . . . . . . . ... .. ... ... 58

3.5 Numerical results . . . . . . . . 62
3.6 Conclusions . . . . . . . . 63
Robust Transceiver Design 67
Equalization of Imperfectly Known MIMO Channels 68
4.1 Introduction . . . . . . . .. 68
4.1.1 Related work . . . . . .. 68
4.1.2 Notation and outline . . . . . . . . .. ... . 69

4.2  System Model and Main Problem Statement . . . . . . ... .. ... ... ... ... 69
4.3 Solution by Semidefinite Programming . . . . . . . .. ... ..o 70
4.4 Related MSE-Optimization Problems . . . . . . .. .. ... ... ... .. ...... 72
4.4.1 Fairness problem . . . . . ... 72
4.4.2 Precoding problems . . . . .. ... oL 73

4.5 Numerical Examples . . . . . . . ..o 75
4.6 Conclusion . . . . . . . . . e 76
Transceiver Optimization for MU-MISO Broadcast Systems 79
5.1 Introduction . . . . . . . .. 79
5.2 System Model and Problem Statement . . . . . .. ... ... ... ... ... ..., 80
5.3 Bounded Norm Constraint . . . . . . . . . . .. .. 82
5.4 Quantization Constraint . . . . . . . . . . .. 83
5.5 Numerical Examples . . . . . . .. .. o 85
5.6 Conclusions . . . . . . . .. 85



MASCOT D1.3.1

6 MSE-Constrained Downlink Precoding in MU-MIMO Systems 88
6.1 Introduction . . . . . . . . . . 88
6.1.1 Related Work . . . . . . . . 89
6.1.2 Outline of the Paper . . . . . . . . . . ... 89
6.1.3 Notation . . . . . . . .. 89

6.2 System Model . . . . . . .. 89
6.3 Problem Statement . . . . . .. ..o 90
6.4 Bounded Frobenius Norms of the CSI Errors . . . . . .. .. ... ... .. ...... 92
6.5 Quantization of the CSI . . . . . . . . . . . . . .. 93
6.6 Further Applications . . . . . . . . . . . . 95
6.6.1 Combination of Constraints . . . . . . . ... ... ... ... ... 95
6.6.2 Full Transceiver Optimization . . . . . . . . . .. .. ... ... ... ..... 96

6.7 Numerical Examples . . . . . .. . 96
6.7.1 Bounded Norms Problem . . . . . . . . ... .. ... .. 0 96
6.7.2 Quantization Problem . . . . . . .. ..o 97

6.8 Conclusion . . . . . . . . . e 98
Il Optimum MIMO Receivers for Correlated Channels 99
7 Optimum Receiver Design for Rician Fading MIMO Channels 100
7.1 Introduction . . . . . . . .. 100
7.1.1 Notation and definitions . . . . . . . . . . .. ... 102

7.2 System Model . . . . . . . 102
7.2.1 Channel Matrix . . . . . . . . . . . 103
7.2.2 Estimation of the channel parameters . . . . . . . . .. .. ... ... ... .. 103

7.3 Receiver architectures . . . . . . . . . .. 104
7.3.1 Mismatched receiver . . . . . ... 104
7.3.2 Optimum receiver . . . . . . . . . . 105
7.3.3 Iterative metric computation . . . . . . . . ... Lo 106
7.3.4 Complexity . . . . . .. 107
7.3.5 Parameter estimation . . . . . ... 108

7.4 Numerical Results . . . . . . . . . . 109
7.4.1 Optimization of the number of pilot symbol intervals per frame . . .. .. .. 110
7.4.2  Optimum receiver with Rayleigh fading . . . . . . .. .. ... ... ... ... 111
7.4.3 Optimum receiver with Rice fading . . . . . . .. ... ... ... ... ..., 111
7.4.4 Mismatched versus optimum receiver performance . . . . . . .. ... ... .. 111
7.4.5 Trained receiver . . . . . . .. L L 112
7.4.6 Additional receiver schemes . . . . . . .. ... ... L. 112

7.5 Conclusions . . . . . . . . e 112
7.A  Mathematical details for Section 7.3.2 . . . . . . . . .. ... . 113
7.B Derivation of branch metric (7.11) . . . . . . . . ..o o 114



WP-1

8 AnNn Optimum Blind Receiver for Rician Fading MIMO Channels

8.1 Introduction . . . . . . . . . . e
8.2 System Model . . . . . . . . .
8.3 Receiver architecture . . . . . . . . . ...

8.3.1 Iterative metric computation . . . . . . . . . ...

8.3.2 Asymptotic SNR performance (Ng - 0) . . . . ... ... ... ... ... ..
8.4 Numerical Results. . . . . . . . . .
8.5 Conclusions . . . . . . . .

Performance of an Optimum Receiver over a Measured Channel
9.1 Introduction . . . . . . . . . . . e
9.2 System Model . . . . . . . . .
9.3 Optimum receiver architecture . . . . . . . . . . ..o
9.3.1 [Iterative metric computation . . . . . . . . . ...
9.3.2 Parameter estimation . . . . . . ... ..o
9.4 Channel Measurements . . . . . . . . . . . . ..
9.5 Numerical Results. . . . . . . . . ..
9.5.1 Urban environment . . . . . . . . . . . ..
9.5.2 Rich scattering environment . . . . . .. ..o
9.5.3 Parameter estimation . . . . . ... ...
9.6 Conclusions . . . . . . . . . . e

IV E [cieht MIMO Receiver Implementations

10 Soft-Output Sphere Decoding

10.1 Introduction . . . . . . . . L
10.2 Soft-Output Sphere Decoding . . . . . . . . . . . .. L
10.2.1 Max-Log Soft-Output Computation . . . . . . ... .. ... ... ... ...,
10.2.2 Max-Log APP MIMO Detection as a Tree Search . . . . . . ... ... . ...
10.3 Tree-Traversal Strategies . . . . . . . . . . . . . L
10.3.1 Repeated Tree Search . . . . . . . . .. .. ...
10.3.2 Single Tree Search . . . . . . . . . ..
10.4 Methods for Complexity Reduction . . . . . . . ... ... . ...
10.4.1 LLR Clipping . . . . . . . .
10.4.2 Ordering and Regularization . . . . . . . . . . ... ... ..
10.4.3 Run-Time Constraints . . . . . . . . . . . . .. .
10.5 Performance/Complexity Trade-offs . . . . . . . .. ... ... ... ...
10.5.1 Comparison of Tree-Search Strategies . . . . . . . . .. ... ... ... ....
10.5.2 Impact of Preprocessing and Regularization . . . . .. .. .. ... ... ...
10.5.3 LLR Clipping . . . . . . . . . e
10.5.4 Run-time Constraints . . . . . . . . . . . . ..
10.6 Conclusions . . . . . . . . . . e

120
120
120
121
122
122
123
123

126
126
127
127
128
128
129
130
130
131
131
131



6 MASCOT D1.3.1

11 Detection Based on Condition Number Thresholding 152
11.1 Introduction . . . . . . . . . . 152
11.2 Impact of Condition Number . . . . . . . . . . . ... ... L 154
11.3 Threshold Receiver . . . . . . . . . . . . . . e 156
11.4 Simulations . . . . . . . . 157
11.5 Conclusions . . . . . . . . . e 158

12 The MIMO Diversity-Complexity Tradeo [ 160
12.1 Introduction . . . . . . . . . L e 160
12.2 Proposed Receiver . . . . . . . . . 161

12.2.1 Unifying Framework for ML and ZF . . . . . . .. .. .. .. ... ... ... 162
12.2.2 Proposed Scheme . . . . . .. ... 162
12.2.3 Practical Implementation . . . . . . . .. .. ..o Lo 162
12.3 Diversity-Complexity Tradeoff . . . . . . . . . ... ... oL 163
12.3.1 Diversity . . . . . . . L 163
12.3.2 Complexity . . . . . . . 165
12.4 Simulation Results . . . . . . . . .. 166
12.5 Conclusion . . . . . . . . L 167

V Lattice Reduction Techniques 169

13 MIMO Detection using Seysen’s Lattice Reduction Algorithm 170
13.1 Introduction . . . . . . . . . . e 170

13.1.1 System Model . . . . . . . . . . 171
13.1.2 LR-Assisted Data Detection . . . . . . . . . . ... .. ... ... ....... 171
13.2 Seysen’s Algorithm for MIMO Detection . . . . . . . .. .. ... ... ... ..... 171
13.2.1 Preliminaries . . . . . . . . . . . 171
13.2.2 Basic Principle of the SA . . . . . . . . .. 172
13.3 Efficient Implementation . . . . . . . . . ... oo 173
13.3.1 Algorithm Statement . . . . . . . . . . . ... 173
13.3.2 Computational Complexity . . . . . . . . .. ... . .o 175
13.4 Simulation Results . . . . . . . . . . 175
13.5 Conclusions . . . . . . . . . 176

14 Performance of Lattice Reduction Schemes for MIMO Detection 179
14.1 Introduction . . . . . . . . . e 179
14.2 System Model . . . . . . . L 180
14.3 Lattice Reduction . . . . . . . . . . . . 180

14.3.1 Basic Principle of Lattice Reduction . . . . . ... ... ... .. ... .... 180
14.3.2 LLL-Reduction . . . . . . . . . . . . . ... 180
14.3.3 Dual LLL-Reduction . . . . . . . . . . ... . . . .. 181
14.3.4 Seysen’s LR Algorithm . . . . . . .. . . ... o 181
14.4 LR-Aided Detection Schemes and their Post-Equalization SNRs . . . . . .. ... .. 182
14.4.1 LR-Aided Data Detection . . . . . . . . . . . . .. ... ... ... .. ... 182
14.4.2 LR-Aided LE . . . . . . . . 182

14.4.3 LR-Aided SIC . . . . . . . .. 184



WP-1

14.5 Performance Results of LR-Aided Detectors . . . . . . . . . . . . . . . . ... . ...
14.6 Summary and Conclusions . . . . . . . . . .. Lo

VI MU-MIMO Channel Estimation

15 Multipath Channel Tracking in OFDM

15.1 Introduction . . .

15.2 Statement of the problem . . . . . . . .. ...

15.3 Channel Tracking

15.3.1 An RST model for the multipath channel . . . . . . . ... ... .. ... ...
15.4 Application to OFDM . . . . . . . . . .

15.5 Conclusions . . .
15.6 Acknowledgments

16 Channel Estimation in OFDMA based on Irregular Sampling

16.1 Introduction . . .
16.2 System Model . .
16.3 Proposed Channel

Estimation . . . . . . . . ..

16.4 Implementation details . . . . . . . . ... oo

16.5 Simulation Results
16.6 Conclusions . . .
16.7 Acknowledgments

Bibliography

185
186

188

189
189
190
191
191
194
195
196

197
197
198
199
200
202
203
203

205



8 MASCOT D1.3.1

Editors

Joakim Jaldén, Vienna University of Technology, Vienna, Austria
Gerald Matz, Vienna University of Technology, Vienna, Austria

Contributors

Daniele Angelosante, Universita di Cassino (Cassino, Italy)

Ezio Biglieri, Universitat Pompeu Fabra (Barcelona, Spain)

Holger Boche, Fraunhofer Inst. Telecommunications - Heinrich-Hertz-Institut (Berlin, Germany)
Helmut Bolcskei, ETH Zurich (Zurich, Switzerland)

Andreas Burg, ETH Zurich (Zurich, Switzerland)

Giulio Coluccia, Politecnico di Torino (Torino, Italy)

Peter Fertl, Vienna University of Technology (Vienna, Austria)

Franz Hlawatsch, Vienna University of Technology (Vienna, Austria)

Marco Lops, Universitd di Cassino (Cassino, Italy)

Gerald Matz, Vienna University of Technology (Vienna, Austria)

Johannes Maurer, Vienna University of Technology (Vienna, Austria)

Christoph Mecklenbrauker, FTW (Vienna, Austria)

Dominik Seethaler, ETH Zurich (Zurich, Switzerland)

Shuying Shi, Fraunhofer Inst. Telecommunications - Heinrich-Hertz-Institut (Berlin, Germany)
Christoph Studer, ETH Zurich (Zurich, Switzerland)

Giorgio Taricco, Politecnico di Torino (Torino, Italy)

Nikola Vucic, Fraunhofer Inst. Telecommunications - Heinrich-Hertz-Institut (Berlin, Germany)
Markus Wenk, ETH Zurich, (Zurich, Switzerland)

Dirk Wibben, University of Bremen (Bremen, Germany)



Executive Summary

This deliverable covers a range of topics related to the baseband processing and transceiver algorithms
for multiple-input multiple-ouput (MIMO) and multiuser (MU) MIMO systems. The deliverable
consists of 16 chapters that are grouped into six parts. Each part deals with a different area where
the application of efficient transceiver algorithms is of key importance in future wireless MU-MIMO
systems. In the following, we briefly summarize the individual parts.

Part I: By the application of random set theory, a framework for multi-user detection (MUD)
algorithms in situations where the number of users is a-priori unknown is developed. Chapter 1
introduces the basic concept of random set theory and applies the theory to the detection of user
data. Chapter 2 extends the approach to include cases where several continuous user parameters,
such as power levels, are also to be estimated (in addition to the data of the users). Chapter 3 then
investigates the efficient implementation of the derived algorithm.

Part Il: This part deals with the design of transceiver algorithms that are robust to channel es-
timation errors. Chapter 3 treats transceiver design for imperfectly known finite impulse response
channels and shows how imprecise knowledge, modeled using uncertainty regions, leads to semidefi-
nite program descriptions of the transceiver algorithms. Thus, efficient algorithms based on convex
optimization may be applied in the implementation of the transceivers. Chapter 4 extends these
techniques to the MU-MISO (Multiple Input-Single Output) setting while Chapter 5 address the
MU-MIMO domain.

Part Il11: This part is mainly focused on the derivation of optimal decision metrics for receiver
algorithms targeting realistic scenarios where the components of the MIMO channel are correlated.
It also investigates the performance benefit of taking such effects into account. Chapter 7 derives
optimal receivers for coherent communication over correlated Rayleigh and Ricean channels. Chapter
8 then targets the design of optimal receivers for non-coherent, or blind, reception. Then, in Chapter
9, the performance of the optimal receivers is investigated using real-world channel measurements.

Part IV: Several issues relating to the efficient implementation of detection and demodulation
algorithms for MIMO systems are considered. Chapter 10 provides a reference implementation of
the soft output sphere-decoding algorithm and investigates how various design parameters affect the
overall performance and hardware complexity of the algorithm. Chapter 11 explains how a novel
technique termed condition number thresholding may be used to reduce the average complexity
of near optimal MIMO detectors. Chapter 12 then derives new decision metrics which allow for
algorithms that continuously trade complexity for diversity.

Part V: Lattice reduction (LR) techniques have emerged as a particularly promising tool in the
design of MIMO and MU-MIMO transceiver algorithms. LR techniques have proved to offer near
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optimal performance in transmitter and receiver algorithms at a fraction of the computational com-
plexity. Chapter 13 introduces a new LR technique, called Seysens algorithm, to the MIMO literature
and explores the pros and cons of this algorithm while Chapter 14 provides a comprehensive review
and performance evaluation of existing LR algorithms.

Part VVI: This part of the deliverable treats the problem of estimating and tracking the fluctuating
channels seen in a wireless MU-MIMO system. Chapter 15 applies random set theory to a scenario
where the number of multipart components is a-priori unknown. Relevant metrics for the estimation
problem and the efficient implementation of estimation algorithms based on these metrics are con-
sidered. Chapter 16 tackles the problem of pilot placement in OFDMA transmissions over a doubly
selective channel. It is demonstrated that the use of irregular sampling techniques can significantly
reduce the pilot overhead in such a system.
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Chapter 1

User 1dentification and data detection

E. Biglieri and M. Lops

1.1 Introduction

In typical random-access communication systems, the number of active users, their location, as well
as the parameters that characterize their channel state, vary with time. Thus, techniques aimed at
identifying not only the data transmitted, but also the user parameters, play a central role in analysis
and design of those systems. Examples of application of these techniques can be found in multiuser
detection (MUD), spatial multiplex schemes, and ad hoc networks.

In MUD, it has long been recognized that one of the important issues is that the set of active
users at any time may not be known to the receiver. For conventional (matched-filter) receivers, this
dearth of information does not affect performance, while for other receivers the simplistic assumption
that all users are active will cause significant degradation. ! In addition, certain detectors based on
interference cancellation must know the strongest active users in order to perform satisfactorily [67].
Moreover, as observed in [196], “identification of active users will help the system to promptly process
requests and efficiently allocate channels. In such a way, system capacity can be increased.”

The problem of detecting active users in a multiuser system has been addressed by several au-
thors in a CDMA context [23,67,113,114,120, 187]. Typically, the resulting multiuser receiver is a
combination of two separate modules, namely, the active-user identifier and the multiuser detector.
The treatment in [67,113,114] focuses on the problem of detecting a single user entering or leaving
the system. Ref. [187] advocates a subspace-based method (MUSIC algorithm) for identifying the
active users, under the assumption that the receiver knows the pool of all possible spreading codes
that may be used in transmission. In [92], the active-user-identification algorithm is subspace-based,
as in [187]; the receiver is not interested in decoding all active users, but only those transmitting
a message to it. Ref. [196] addresses the problem of estimating the number of active users when
synchronous and asynchronous users co-exist in the system.

Further performance improvement can be expected if the receiver can exploit a priori information
about users entering and exiting the system. The knowledge of a traffic model is exploited in [28],
whose authors use it to improve the detection of active users. They model bursty traffic for an
individual source as a two-state Markov chain.

1See, e.9., [28,113,187]. As an example, if a decorrelator detector [166, Chapter 5] does more nulling than needed,
its performance is impaired. Ref. [75] describes a case where a multiuser detector sulerk from catastrophic error if a
new user becomes active.

12
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Other systems in which user identification is necessary include spatial multiplexing schemes,
where the total system throughput can be optimized by properly selecting a subset of users to which
the power is allocated [99,203]. Thus, optimum power-control strategy requires the identification of
this best set of users. In ad hoc networks, optimal transmission strategies require the identification
and localization of active nodes in the neighborhood of the transmitter.

1.1.1 In this paper...

In this paper, and in its companion [4], we examine the general problem of detecting data and
parameters of a set of users whose number is unknown. Unlike previous work done in this area,
which advocates a two-stage receiver, we focus on optimal design of a receiver which estimates
simultaneously the number of users and their parameters and data. The receiver performance can
be enhanced if one uses the a priori information offered by a traffic model, i.e., a dynamic model
for the number of active users and for their parameters. In fact, information from the past history
of the parameters may bring a considerable amount of extra information if their changes are not
overly abrupt (for example, if the number of active users does not change considerably from frame
to frame).

Having to deal with random sets, i.e., with sets comprising a random number of random vectors
(those including what is unknown about each user), we argue that the natural mathematical tool to be
used is Random Set Theory (RST: see the Appendix and the references therein). This tool, recently
applied in the context of multitarget tracking and identification (see, e.g., [59,100,102,103,167,171])
is based on a probability theory of finite sets that exhibit randomness not only in each element, but
also in the number of elements. RST provides the most natural tool for the analysis of random-
access systems, as it unifies in a single step two steps that would be taken separately without it: viz.,
detection of active users and estimation of their parameters. RST (and in particular its formulation,
referred to as Finite Set Statistics, or FISST [100,102,103], specifically tailored to problems in whose
class lie those we are considering in this paper) develops concepts which are not part of conventional
probability theory. In fact, a central point in FISST is the generation of “densities” which are
not the usual Radon-Nikodym derivatives of probability measures, but rather “set derivatives” of
nonadditive “belief functions.” On the other hand, these densities, which capture what is known
about measurement state space, users state space, and users dynamics, can be derived in a rather
straightforward way from the system model by using the FISST toolbox. RST is a tool that has
considerable generality and flexibility, is consistent with engineering intuition, and is easy to use.
We are confident that, beside those considered in this paper, several other applications will be found
whose analysis will benefit from the use of RST.

To illustrate application of RST to random-access communication, we focus on MUD problems,
and derive Bayesian-filter equations describing the evolution with time of the a posteriori proba-
bility density of the unknown user parameters and data. Specifically, here we restrict ourselves to
interferer identification and data detection, while in a companion paper [4] we examine the problem
of estimating users’ parameters as well. We hasten to claim that the applications considered here
do not exhaust the potential of RST for the analysis of random-access system: thus, many of the
simplifying assumptions are not made because more realistic models cannot be dealt with using our
theory, but rather because we do not want to muddle the intrinsic simplicity of the RST tool with
marginal details. This paper is organized as follows. Section 1.2 describes the channel model, while
Section 1.3 states the MUD problem in the context of RST. Section 1.4 describes an application to
CDMA, while Section 1.5 provides some numerical results illustrating the theory.
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1.2 Channel model and statement of the problem

We assume K + 1 users transmitting digital data over a common random-access channel. Let s(X,EO))
denote the signal transmitted by the reference user at discrete time ¢, ¢ = 1,2,..., and S<XEI)),
1 =1,..., K, the signals that may be transmitted at the same time by K interferers. Each signal
has in it a number of known parameters, reflected by the deterministic function s( - ), and a number
of random parameters, summarized by Xgl). The index ¢ reflects the identity of the user, and is
typically associated with its signature. The observed signal at time ¢ is a sum of s(XEO)), of the
signals generated by the users active at time ¢, which are in a random number, and of stationary
random noise z;. We write

T (1.1)

Xgi)EXt

where X; is a random set, encapsulating what is unknown about the active users. The notations
of (1.1) implicitly assume that user 0 is active with probability 1 and its parameters (but not its
data) are known (this restriction can be easily removed).

To motivate the development presented in this paper, and in particular our use of RST, we proceed
to formulate the general problem through three intermediate steps. Specifically, we examine three
scenarios of increasing complexity, under the assumptions that the users’ parameters are all known,
that the number of interferers is random and unknown to the receiver, and that we are interested in
detecting the data transmitted by the reference user:

[0 The receiver has no information about the a priori probabilities that the individual interferers
are active. Two options we may consider here are maximum-likelihood (ML) detection of the
reference user’s data under the assumption that all potential interferers are active, or joint
ML detection of the number of active interferers and of the reference user’s data. Consider
binary transmission for simplicity. In the first case, detection implies choosing among 2 x 2K
hypotheses. In the second case, the choice is among 2 % 3¥ hypotheses, as every interferer
may transmit one between two binary symbols, or be inactive. The difference in performance
between the two situations is illustrated in Fig. 1.1, which compares the two detectors described
above. The ordinate shows the bit error probability of the reference user in a multiuser system
with 2 independent interferers transmitting binary antipodal signals over an additive white
Gaussian noise (AWGN) channel with the same a priori probability of activity «, spreading-
sequences consisting of Kasami sequences with length 15 [79, p. 240], and perfect power control.
The single-user bound is also shown as a reference. It is seen that RST yields a detector much
more robust than classic MUD to variations in the users activity factor. We also observe that
classic MUD can outperform RST for high values of «, as this situation corresponds to its
having reliable side information about the number of active users.

[0 The receiver knows the a priori probabilities that the individual interferers are active. System
performance can be further improved if the receiver is able to exploit additional side information
in the form of a priori probabilities of user activity. By assuming that the activity factor « is
known, maximum a posteriori (MAP) detection yields the results shown in Fig. 1.2.

[0 The receiver has a dynamic model of users’ activity. The receiver performance can be further
improved by using additional information about the interferers, in the form of a model of
their dynamic behavior. This information can be generated once a model of users’ mobility is
available.
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Figure 1.1: Bit error probability of the reference user in a multiuser system with 2 interferers, inde-
pendently active with probability «. Lines with diamond markers: Classic multiuser ML detection,
assuming that all users are active. Lines with circle markers: ML detection of data and interferers
number. Dashed curve: Single-user bound.

Observe again that the information carried by the interferers is contained in the set
1 K
Xt:{xg )7"'7XE )}

whose elements are random vectors, and k is itself a random integer. RST develops a probability
theory on random sets of this form, which are modeled as single entities. Roughly speaking, a random
set is a map X between a sample space and a family of subsets of a space S. This is the space of
the unknown data and parameters of the active interferers. For example, if everything about the
interferers is known, except for their number and identity, then X takes values in the power set 2K,
where K [C{1,..., K}. We may also consider a situation in which one or more parameters (the
interferer power, etc.) are also unknown in addition to the interferers’ number and identities, while
the transmitted data are known (for example, in a training phase). In mathematical terms, S is
generally a hybrid space S [CRF x U, with U a finite discrete set, and d the number of parameters
to be estimated for each user. In the remainder of this paper we shall restrict ourselves to the case
d =0, and leave to a companion paper [4] the discussion of the case d B 0.

With channel model (1.1), the receiver detects only a superposition of interfering signals. Thus,
the random set describing the receiver, denoted Yy, is the singleton {Yy¢}, where y¢ has conditional
probability density function

fYt|Xt<yt | B) = f2<yt - 0<B)) (12)
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Bit error probability of reference user

E./N, (dB)

Figure 1.2: Bit error probability of the reference user in a multiuser system with 2 interferers,
independently active with probability «. Lines with diamond markers: ML detection of active users
and data. Line with circle markers: MAP detection using a priori knowledge of the value of a.
Dashed curve: Single-user bound.

where B = {bg, ..., by} is a realization of X, that is, a realization of a random set of users and their
parameters/data. Moreover, f;(-) is the probability density function (pdf) of the additive noise, and

o(B) L1 s(by) (1.3)

1.2.1 Defining estimators

Development of estimators with our model must take into account the peculiarities of RST. In
particular, expectations cannot be defined, because there is no notion of set addition, and hence
estimators based on a posteriori expectations do not exist (this point is discussed thoroughly and
eloquently in [100]). A possible estimator maximizes the a posteriori probability (APP) of X; given
Y11, the latter denoting the whole set of observations corresponding to a data frame transmitted
fromt =1tot =T. Another possibility is to restrict oneself to a causal estimator, which searches for
the maximum probability of X; given y;1+. In a delay-constrained system, one may estimate X; on
the basis of the observations Yt a:t+a, with A a fixed interval duration (sliding-window estimator).
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1.2.2 Consideration of a dynamic environment

Since {X}2; forms a random set sequence, the statistical characterization of X; is needed for all
discrete time instants ¢. If a dynamic model of the transmission system is available (which is what
we assume in this paper), then the APPs can be updated recursively, thus allowing one to take
advantage of the information gathered from the past evolution of the system. We observe in passing
that the concept of an adaptive receiver was examined previously by several authors (see, e.g., [126]
and references therein), while the effects on analysis of a dynamic model were touched upon, among
others, by the authors of [20,67,113,114].

We make the assumption that {X}2, forms a Markov set sequence, i.e., that X; depends on its
past only through X;_;. This allows us to use Bayesian-filter recursions for QIOE’»]:

1]
Sxave (BlIYe) = fxaax (B 1 C)fx,vi., (C | Y1) 6C (1.4)
fxt+1\Y1:t+1<B | ylit"‘l) I:Yt+1|xt+l<yt+1 | B)fxt+1\Yl:t(B | ylit) (15)

The integrals appearing in the equations are set integrals, defined in the sense of RST (see the
Appendix). The notation 0 for the differential reflects this definition.

Thus, the causal maximum-a-posteriori estimate of X; is obtained by maximizing, over B, the
APP fx,v1,(B | Y1:t), which is tantamount to minimizing

m(B) Lk —o(B))* —<(B)

where €(B) [ NolIn fx,jv,,—1(B | Y1t-1). The first term in the RHS of definition above is the
Euclidean distance between the observation and the sum of the interfering signals at time ¢. Its
minimization yields ML estimates of X;. The second term in the RHS, generated by the uppermost
step of iterations, reflects the influence on X of its past history, and its consideration yields MAP
estimates.

The Bayesian-filter recipe (1.4)-(1.5) requires two ingredients. The first one is the channel model,
through the pdf f;(y¢ | Xt). For example, assuming real signals, and the noise to be Gaussian with
mean 0 and known variance Np/2, we have

f2(Ye | Xe) Cestp{—(y: — 0(X¢))?/No}

The second ingredient is the dynamic model of the random set sequence Xt, described by the function
JXpaax. (- | +) that describes the time evolution of data and parameters of the system. Examples of
this modeling procedure are available for the problem of tracking multiple targets [103,167].

From now on we restrict ourselves to the detection of the number and identity of active interferers,
and of the data they carry, under the assumption that the remaining parameters, which were previ-
ously estimated by the receiver in a training phase, do not change in any appreciable way during the
tracking phase. Estimation of these parameters using RST is described in the companion paper [4].

1.3 Detection

1.3.1 Active users

We assume first that we are only interested in detecting which interferers, out of a universe of K
potential system users, are present at time ¢. This information may be used for example to do



18 MASCOT D1.3.1

decorrelation detection, under the assumption that the signatures of all users are known at the
receiver. In our theory, Xy takes values in 2K. Since this set is finite, a probability measure for X
can be defined by assigning all probabilities P(A), A [2f.

Static model

At any fixed time ¢, suppose that the probability of interferer Xsi) to be active is «, independent of ¢
and 4. In this case the probability of the interferer set X depends only on its cardinality [X¢|, and
we can write

fx,(B) = alBl(1 — )<~ Bl (1.6)

To derive this result, we use RST by first computing the belief function

Gx(S) [B(X CS)
—r—
= P(X = B)

j=0 B:BCS & |B|=j

\ﬁ—_l_:lg'l:l
= _] od(1— )< (1.7)

J

J=0

and subsequently computing its set derivative, which, in the discrete case, becomes the Mobius
inversion formula (1.51).

Dynamic model

Consider now the evolution of X;. We assume that from ¢ — 1 to ¢t some new users become active,
while some old users become inactive. We write

Xt - St t (]_8)

where S; is the set of surviving users still active from ¢ — 1, and Ny is the set of new users becoming
active at t. The condition Ny n X{_; = [k forced, because a user ceasing transmission at time
t — 1 cannot reénter the set of active users at time t. We proceed by constructing separate dynamic
models for S¢ and N, which will be eventually combined to yield a model for X;.

Consider first S¢. Suppose that there are k active users at ¢t — 1, the elements of the random set
X1 = {Xﬁ)l, e ,X?i)l}. Then we may write, for the set of surviving users,

St = %’ (1.9)

where Xg) denotes either an empty set (if user ¢ has become inactive) or the singleton {Xgi)} (user
i is still active). Let p denote the “persistence” probability, i.e., the probability that a user survives
from t — 1 to t. We obtain, for the conditional probability of S¢ given that X ; = B:

':Jc'u—u)'B'*‘C', C Bl

fSt|Xt—1(C | B) = 0’ C [BI

(1.10)
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For new users, a reasonable model has
el — gkl cag -

thlxt—l(Cl B): 0, CnBE [

(1.11)

Finally, by assuming that births and deaths of users are conditionally independent given X;_; =
B, the pdf of the union of the independent random sets S and N is obtained from the generalized

convolution [59]
L1
fxix (CB) = Jsixi—1 (W | B) fnux—. (C\W | B)

wce

fsixi—1(C N B) fryx,— (C N (C n B)) (1.12)

Bayesian-filter recursions

In our context, recursions (1.4)-(1.5) can be implemented as follows. Determine first:

[J The a priori probability distribution of Xy at the beginning of the detection process. Description
of this distribution consists of assigning probabilities to all the elements of 2. This can be
done for example by assuming independent users with the same stationary activity factor.

[J The set of observations yt, t =1,...,T.
[0 The conditional pdf’s fy,x,, depending on the channel model.

[0 The “evolution” pdf’s fx,.,x,, depending on the dynamic model.

The recursion goes as follows: omitting the subscripts for notational simplicity here, and identifying
random sets with their realizations, we have

L]
FX1) = f(X1 ] Xo)f(Xo) 6Xo

With this, we can compute
F(Xalyr) LAy | Xy) f(Xy)

which allows the calculation of the causal MAP estimate XpJ Next, we compute
1

JXo|ly1) = f(Xa| Xy) f(Xa|y1) X

and hence
f(Xa | y12) LAY, | X2) f(X2 | Y1)

which allows the calculation of XzJ The general recursion has, for t = 2, .. .:

J( X1 | Y1r) = J(Xeaa | Xo) f(XKe | Yrt) 0X¢
J(Xewr [ Yorrr) T (Yerr | Xewr) f (XK | Yit)

and, in the case examined in this section,

L 1
fXer1 | Y1) = J(Xern [ Xe) f(Xe | Yait) (1.13)

XtEZK

F( X1 | Yrerr) (Y1 — 0(Xewn)) f(XKewa | Yair) (1.14)
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1.3.2 Active users and their data

Assume binary information data, independent from time to time and across users, and a discrete-time
unit such that from ¢ to ¢t + 1 each user transmits N binary symbols. In this case X takes values in

a set with I}—_%IFI
2kN — (1 + 2N)K
k
k=0
elements, that we denote (1 + 2N)X. Eq. (1.6) becomes

fx, (B) = 27NIBloBl(1 — )K-IBl (1.15)

where the new factor 2-NBl accounts for the fact that there are N|B| equally likely binary symbols
transmitted at time t by |B| interferers.
Similarly, (1.10) is transformed into

1
3-NICl/Cl(1 — Bl ¢ Rl

fsix—(C 1 B) = 0. C CBI (1.16)
and (1.11) into
L1
2-NICln[Cl(1 — q)K-IBI-ICI CcnhB =[]
th\Xt—l(C | B) = 0 ( ) CnBE [ (1.17)

1.3.3 Possible scenarios

We recall that throughout this paper we assume that the only unknown signal quantities may be the
identities of the users and their data. Specifically, we may distinguish four cases in our context:

[0 Static channel, unknown identities, known data. This corresponds to a training phase intended
at identifying users, and assumes that the user identities do not change during transmission.
In this case we write X in lieu of X;.

[0 Static channel, unknown identities, unknown data. This may correspond to a tracking phase
following [ above. We write again X in lieu of X¢, and assume that X contains the whole
transmitted data sequence.

(0 Dynamic channel, unknown identities, known data. This corresponds to identification of users
preliminary to data detection (which, for example, may be based on decorrelation).

[0 Dynamic channel, unknown identities, unknown data. This corresponds to simultaneous user
identification and data detection in a time-varying environment.

1.4 An example of application

Assume now the specific situation of a DS-CDMA system with signature sequences of length L and
additive white Gaussian noise. At discrete time t, we may write, for the sufficient statistics of the

received signal,
Yt: RAbt(Xt)+Zt, t= 1,...7T (118)
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where X¢ is now the random set of all active users, R is the L X L correlation matrix of the signature
sequences (assumed to have unit norm), A is the diagonal matrix of the users’ signal amplitudes,
the vector b¢(X;) has nonzero entries in the locations corresponding to the active-user identities
described by the components of X, and z; [CN(0, (No/2)R) is the noise vector, with Ny/2 the
power spectral density of the received noise. We further assume N = 1, i.e., that at every discrete
time instant only one binary antipodal symbol is transmitted.

1.4.1 Static channel

The a posteriori probability of X, given the whole received sequence (we omit the time subscript for
simplicity), is

1 1 R
I T (Yt = RADb(X)) R (yr = RAb(X))  fx(X) (1.20)
t=1
Thus, the MAP estimator of users’ identities is
X arg max f(X | yo.1) (1.21)
Xe2Kk
where, as usual, 1.1 [, ...,yt. The MAP estimator of users’ identities and data is
X arg max F(X|yir) (1.22)
where the set of possible realizations of X includes (1 + 27)K elements: in fact, in 7' time interval
the number of transmitted binary symbols is 2T and
L1

X[=0 X
The expression above can be rewritten in such a way that the presence of the sequence of transmitted
data is made more explicit. Specifically, we may write, in lieu of X, the sequence (X, b1 (X), ..., bt (X)).
Doing so, we may express the MAP estimator of users’ identities and data in the more explicit form

(XBX), ... B{X)) = argmax f(X,b1(X),...,br(X) | yi1) (1.23)

where the maximum has to be taken with respect to X and b¢(X), ¢t = 1,...,|X]. The introduction
of this “fine-grain” notation for the random set suggests that the MAP detector may be implemented
in the form of a sequential detector, thus simplifying its operation (more on this infra).

1.4.2 Dynamic channel

Consider now a dynamic channel, and examine first the case of known data. We have, accounting
for the Markov property of our channel model,

1
F(Xq, oo, Xy | yor) EAlyr | X, oo, X)) < f(Xy)  f(OXe | Xiza) (1.24)

t=2
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with f(X;) a density whose assignment is based upon prior knowledge of the channel state at the
beginning of the transmission. The MAP estimator here maximizes the RHS of the above (or its
logarithm) with respect to the values taken on by the sequence (Xj, ..., X1). Even in this case we
may think of a sequential detector, which searches for the maximum-APP path traversing a trellis
having T stages and a number of states at stage ¢ equal to the number of realizations of the random
set X;.

Implementing a sequential detector. Implementation of the sequential detector through a
version of Viterbi algorithm leads to the following consequences:

[J The decision on the whole sequence of users’ identities and their data should be taken only
after the whole sequence of observations yi,...,Yyr has been recorded.

[J The decision on the users’ identities and their data at time ¢ depends not only on the past
observations, but also on observations that have not been recorded yet at time .

[0 A suboptimum version of the optimum sequential algorithm, the sliding-window Viterbi algo-
rithm (see, e.g., [12, p. 133 ff.]) can be implemented. This consists of forcing a decision on X,
b(X¢) based on a sliding window of observations that includes Y, but whose length is smaller
than T'.

1.4.3 PEP analysis

We now evaluate the performance of the detectors described above. We assume N = 1 for simplicity,
and derive bounds and approximations to error probabilities using the pairwise error probability
(PEP) P(X; — Xgl This is the probability that, when X is the true value of the random set to be
detected, the receiver assigns a higher APP to p =D (see, e.g., [12, p. 43]) 2

Static channel

Defining =)
Si(X, XHCRI? y, — RAbto@mf — RAb@@ﬁ% (1.25)
ytZRAbt(X)+zt
we have
St(X,X) = R™'zz; (1.26)
and
NN N
S(X, XH= Rt RAd(X, Xz, RAd(X, X+ ztmj (1.27)

where di(X, X CBI(X) — by (%H Based on the above, the PEP with ML detection of unknown user
identities can be written as
1 | 1 1
PX - X3 =P tr Se(X, K- S(X, X) <0 (1.28)

t=1

21t might be worth observing here that, contrary to a fairly widespread misconception, P (X; — XgJ is not the
probability of mistaking X¢for X, unless X; and X¢are the only possible alternatives.
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Now, observe that

] ] ] ]
tr S(X, K-S¢(X,X) = tr R!(RAddAR + z,d;AR + RAd,Z})
] ]
= tr Add;AR + R 'z d;AR + Ad,z;
= ftr [Adtd{AR + th{A + AdtZ;]

Denoting by a(¢) the ith diagonal element of matrix A, by d¢(¢) the ith entry of di, by 7« the entry
in row j and column % of R, and by 2¢(i) the ith entry of vector z¢, we have

- - -
tr [RAidiA] = a(i)a(j)de(i)de(7)ri; (1.29)
i=1 j=1
' S—
tr [AdZ)] =  a(i)dy(i)z(i) (1.30)

i=1

Finally, since we are assuming z; [NIO, (Ny/2)R), we have

)
tr Si(X, XS (X, X)  [NI&r, 2Ngér) (1.31)

t=1
where
C T w11
& a(i)a(j)de(7)de(j)ri; (1.32)

t=1 i=1 j=1

In conclusion, we obtain
) CF— 1
P(X - X3H=0Q £ (1.33)

2No

where Q( ) denotes the Gaussian tail function.
Before proceeding further, we comment briefly on the structure of vectors d¢. They have the
following nonzero entries:

[0 The |Xn merms corresponding to users present in both sets: these terms may take on values
in {0, £2}.

0 The |)@ Xn )@lterms corresponding to users present in )@nly: these terms may take on
values in {£1}.

O The |[X \ X n X}terms corresponding to users present in X only: these terms may take on
values in {£1}.

Similarly, the PEP with MAP detection has the form
1 1

T
P(X - X0 % (1.34)
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where ] ]
x (%]
n LNbIn i (X)

Observe here that, with R a positive definite matrix, we have

(Adt)/R(Adt) >0 for Adt B0

which entails
lim P(X - X3=0

T—o0

Notice also that, for given signal-to-noise ratio, (1.34) also suggests a minimum length of the data
frame in the form of the “open-eye” condition T' = Tin , where

L1

Trin Cinf T mmgT , K- (X i£0

The PEP for the case of detection of user identities and data can be dealt with with similar
techniques, and we shall not delve in this issue any further here.

Dynamic channel

In this case, defining the true state sequence X [[X;){=; and the competing state sequence DA
(X, we obtain the PEP for the MAP detection of unknown identities:

L1 L1
X - X Q Co X (X X (1.35)
2Noér (X, X¥

and the PEP for the MAP detection of unknown identities and data:

P'X, (X)L ~ Kb (KDL, = Q r&"fgg (1.36)
2NO§T(—7j—§_I

where
1
(X, %7 1 dARAd; (1.37)
ok
X, W, I el ) 1.38
T(X j_@ 0 - n él(t‘xt—l(xt | Xe 1) _ ( )
1} 1T 01 (I
(X XH N, In xixia (Xl Xe) + Ny [X¢] — | Kef In2 (1.39)
e Pxxes (Xe | Xeey) t=1 t=1

Similar arguments, which we omit here for brevity’s sake, apply to ML detection.
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1.4.4 Error probabilities

Several approximations to error probabilities are possible, based on the union bound (see, e.g., [12]),
on the PEP derivations outlined supra, and on assumptions on user statistics, spreading codes, and
users’ amplitudes. We obtain, for the union bound to the probability of mistaking the set of active
users,

F— 1 1
Pe) < f0Xi) P(Xi - Xj) (1.40)
i=1 j#i

which, under maximum prior uncertainty as to the channel occupancy, becomes:
1 AT 11

= P(Xi — X;) (1.41)
i=1 j##i

P(e) <

where X;j, X; 2. This union bound can be simplified by restricting the inner summation to
those pairs of realizations of the random sets that are most likely to contribute significantly to error
probability. For example, if we restrict it to the pairs that differ in at most n entries, we obtain an
approximation depending on n:

11 1
P(e) = PM(e) % P(Xi - X;j) (1.42)
i=1 j:3;;<n

where

5i,j I:[Xi\Xi ﬂXj|+|Xj\Xi ﬂle =n

Likewise, for a dynamic scenario, we have that the union bound for user identification is written as:

Ple) < fX)  P(X - %A (1.43)

Xe()T X#X

where f(X) can be easily determined by applying the chain rule to the Markov set sequence X.
Approximations similar to (1.42) can be developed; likewise, the case of joint user identification and
data detection can be handled by noticing that the configurations of X become now 3X7, and the
joint density f(X) is written as:

| —
FX)=27Palf(Xy) 27 P f(Xe | Xea) (1.44)

t=2

The above relationships also suggest a semi-analytical method to evaluate the approximations
without summing up an exponential number of terms: indeed, since an average over the joint density
(1.44) is to be performed, this can be efficiently evaluated through Monte-Carlo counting by gener-
ating a substantially smaller number of independent set sequence patterns obeying the Markov law
(1.44).
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i Dynamic Channel: a=0.2, u=0.8
10 T T T

Bit error probability of reference user
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6
E /N, (dB)

Figure 1.3: Bit error probability of the reference user in a multiuser system with 2 interferers,
following a dynamic model described above with o = 2 and ;. = 0.8. Line with diamond markers:
Classic multiuser ML detection, assuming that all users are active. Line with circle markers: MAP
detection based on the knowledge of « alone. Line with star markers: causal RST detector, based
on Bayes recursions. Line with square markers: Viterbi RST detector. Dashed curve: Single-user
bound.

1.5 Numerical results

In this section we show some numerical examples that illustrate the theory developed before.

Fig. 1.3 shows how the knowledge of the channel dynamics can improve the performance of a
multiuser detector.

Fig. 1.4 refers again to a static channel and to the case that the active users transmit a known
sequence of bits in order to be identified: we assume here that all users (including the reference
user) are active with probability a = 0.5. Now K = 6, the transmitted signals are binary antipodal,
spreading is done through m-sequences with length 7, the power control is perfect (hence, A is a
scalar matrix) and the data-frame length varies from 7' =1 to 7' = 3. Here we evaluate the accuracy
of the union bound to the probability of an error in the identification of active users (set-error
probability, or SEP), and of its approximation P®(e) (obtained by assuming that the errors can
only be generated by the event, denoted E(1), of mistaking an active-user set by another differing by
only one of its elements). Simulation results are also shown for reference’s sake. It can be observed
how, especially for large values of signal-to-noise ratio, the error probability is dominated by the
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event E(1).
o Static Channel, K=6, T=1to 3, L=7
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Figure 1.4: Set-error probability with ML detection based on RST with K = 6, L = 7. Compar-
ison among “exact” probability (obtained by simulation), union-bound to it (denoted P(e)), and
approximation (1.42) to the union bound.

Fig 1.5 refers to a system with the same configuration as in Fig. 1.4, but on a dynamic channel
with K = 3, a = 0.2 and pu = 0.8. The system dynamics are tracked over an interval with length
T = 10. The ordinate shows the set error probability (SEP), i.e., the probability of an erroneous
estimate of the active-user sequence. Here a comparison is made between a non-causal Viterbi set
estimate and a causal estimate, obtained through Bayesian-filter recursions. To elicit the impact
of the causality constraint, we represent the SEP for the set X;, where the causality constraint
prevents sequence detection, and for the set X9, where such a constraint has no effect: as expected,
the performances of the Viterbi algorithm and of the Bayesian recursions coincide when estimating
X0, while the causality constraint has a perceivable effect on the performance when X; is estimated.

In order to provide global figures of merit of both trained and untrained systems in a dynamic
environment, we use the “Set Sequence Error Probability” (SSEP). For trained systems, this is the
probability that for some ¢, 1 <t < T, the estimated set j@diﬁers from the true set X; either in
its cardinality or in its elements. For untrained systems, it is the probability that at some ¢ the
estimated and the true set differ either in the cardinality and/or in the identities of the active users
and/or in the transmitted data. Plots of the SSEP are shown in Fig. 1.6 for a trained system with
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Dynamic Channel, p=0.8, 0=0.2, K=3, T=10, L=7
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Figure 1.5: Trained acquisition of the set of active users through the Viterbi Algorithm and Bayes
recursion: e[edt of the causality constraint

K = 6 maximum number of active users: also shown in the figure is the curve obtained through
the semi-analytical approximation suggested in the previous section, which apparently follows the
numerical results quite closely.

The case that not only the identities, but also the data of the active users are to be estimated
is shown in Fig. 1.7, assuming a maximum of K = 3 active users and, again, L. = 7; the data-
frame length is 7" = 10. Here we compare a Viterbi-algorithm receiver with one based on Bayesian
recursions for estimating the set of interferers and the transmitted bits. The ordinate shows the
bit-sequence error probability, at time t = 1 and at time ¢ = T' = 10, defined as the probability that
the estimated and the true set do not coincide: the term ”bit sequence error probability” is tied here
to the fact that an error in estimating the identities of the active users automatically implies an error
in estimating the stream b(Xy), while the converse is not true. Once again, the effect of the causality
constraint on the performance is elicited, and the results are in accordance with the intuition as well
as with the curves of Fig. 1.5.

1.6 Conclusions

We have described a technique for estimating the received-signal parameters and data in a multiuser
transmission system. Since the number of active interferers is itself a random variable, the set of
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Dynamic Channel, p=0.8, a=0.2, K=6, T=3, L=7
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Figure 1.6: Set sequence error probability with K = 6, L = 7. Also, the curve corresponding to a
semi-analytical performance evaluation under trained acquisition of the set of the active users.

parameters to be estimated has a random number of random elements. A dynamic model for the
evolution of this random set accounts for new interferers appearing and old interferers disappearing
in each measurement interval. A multiuser detection scheme in this context can be developed using
random-set theory. This allows us to develop Bayesian-filtering equations describing the evolution
of the MAP multiuser detector in a dynamic environment.

One question that may naturally arise at this point concerns the need for RST, and in particular
the question if the results obtained with RST can also be obtained in a more straightforward way.
Although other ways of obtaining the same results with conventional probability techniques may be
available (see,e.g., [171], where the connections between RST and point processes are explored), we
argue that not only the rigor and the generality of RST, but especially its simplicity, make it a tool
of choice for the study of random-access systems. The results of this paper are also meant to support
this claim.
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APPENDIX

1.A Random-set theory

This appendix describes, in a rather qualitative fashion, the fundamentals of Random-Set Theory.
For a rigorous approach and additional details, see [59,167,171] and the references therein.

Given a sample space 2 (the space of all the outcomes of a random experiment), a probability
measure can be defined on it. If a random variable (i.e., a mapping from ) to another space S) is
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defined, it is convenient to generate a probability measure directly on S. This can be given in terms
of a density function, once certain mathematical operations, such as integration, are defined on S.
Random sets can be viewed as a generalization of the concept of a random variable. A finite random
set is a mapping X : Q@ - F(S) from the sample space 2 to the collection of closed sets of the space S,
with |X(w)| < oo for all w For our purposes, the space S of finite random sets is assumed to be
the hybrid space S = RYx U, the direct product of the d-dimensional Euclidean space RY and a finite
discrete space U. The elements of S characterize the users’ parameters, some of which continuous (d
real numbers) and some discrete (for example, the users’ signatures and their transmitted data). An
element of S is the pair (V,u), V a d-dimensional real vector, and v [Tl

1.A.1 Belief mass functions

A fairly natural probability law for X is the probability distribution Px, defined for any (Borel)
subset T of F(S) by

Px(T) CEIX CT)

However, RST is based on a probability law given differently. Specifically, the belief mass function
of a finite random set X is defined as

B(C) CRIX [T (1.45)

where C is a closed subset of S. As observed in [167, p. 42], the belief function corresponds to the
cumulative distribution function of a real random variable, and differs from it because subsets are
only partially ordered by the inclusion relation [_The belief function characterizes the probability
distribution of a random finite set X, and allows the construction of a density function of X through
the definition of a set integral and a set derivative. Specifically, the belief density, i.e., the set derivative
of the belief function, plays the role of a probability density function in ordinary probability calculus
(for this reason, in this paper we refer to it simply as a density). The belief density is obtained as

fx(2Z) = %;S)E_@ (1.46)

where ¢ denotes the set derivative, to be defined below. As observed in [59, p. 163], the value Gx(Z)
of the belief density specifies the likelihood with which the random set X takes the set Z as a specific
realization.

Notice how, in the special case of a random set consisting of a singleton, X = {Xx}, X a random

vector, we have
Ox(C) CPIX CC) =P(x Q) =P(C)
with P(-) the ordinary probability measure of X.

1.A.2 Set derivative

Let C(S) denote the collection of closed subsets of S. If F' is a set function defined on C(S), then its
set derivative at X [Slis defined as the set function [100, p. 30]

IF(S) . F(S CAL) — F(S)
OX Izm(liglo m(Ax)
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where Ay denotes a neighborhood of X with no point in common with S, and m(-) denotes the hybrid
Lebesgue measure, i.e., the product of the ordinary measure in R® and of the counting measure. The
set derivative of F' at a finite set X = {Xy,...,Xn} is defined by the recursion

1 1
IF(S) I%j OF(S)
oX Xn  O0{X1,...,Xn_ 1}

In particular, the belief density of the random set X is given by

fx(B) = 27 g(és) g_@ (1.47)

Two useful rules of derivation are the following. Let F', G be set functions, and a,b Rl Then

8(aF(S) +bG(S) _ OF(S)  ,3C(S)

B B B (1.48)
and
sF(S)G(S)  Lsrd) sG(S) (1.49)
oB N B §(B\C) '
ccB
1.A.3 Set integral
Let f denote a set function defined by
IF(S)
X)=——=
9= "8
The set integral of f over the closed subset S [ Sls given by
L] o
OO = B+ o f(a xddma) - dm(x) (1.50)
S k=1 S
where f({Xi1,...,%X}) = 0 if X;,..., Xk are not distinct. Since we are dealing with finite random

sets, the summation above contains only a finite number of terms.

1.A.4 Special case: d=0

The special case d = 0 (which corresponds to making S a discrete finite set) reduces the set derivative
to the Mobius inversion formula [167, p. 43]:

1
fx(A) = (-1)"Pl5c(B) (1.51)
and the set integral to
4 101
B+ 5 X (1.52)

k=1 """ X1%...#X}
where the summation is extended to all possible combinations of k distinct elements Xx [ (in

this case, the hybrid Lebesgue measure reduces to the counting measure, and hence the Lebesgue
integrals in (1.50) become summations).
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1.A.5 Generalized fundamental theorem of calculus

Set derivatives and set integrals turn out to be the inverse of each other: we have

f(X) = 512;7;8) [CITAB) = f(X)oX (1.53)

S=0 S

By using the above result, belief functions and belief densities can be derived from one another.



Chapter 2

Joint user identification and parameter
estimation

D. Angelosante, E. Biglieri, and M. Lops

2.1 Introduction

The estimate of the identities and the parameters of users in a dynamic environment has several
applications to communication systems, e.g., user localization in wireless systems, neighbor discovery
in ad hoc networks, and power-control strategy optimizations. Several approaches for tracking single-
user evolution have been proposed in the literature under diverse models [93,105], while in [29] a
joint detection-estimation problem is formulated through Bayesian theory and solved by Sequential
Monte Carlo (SMC) method, yielding better performance than traditional approaches (most of them
based on extended Kalman filtering [84] or sum of Gaussian approximation [3]) in nonlinear and
nongaussian environment. The present paper aims at presenting a new theoretical framework for
multiuser tracking in a dynamic scenario, whereby users may appear and disappear in a random
manner, while the parameters of persisting users are themselves time-varying: as a consequence,
tracking involves on-line estimation of the user number, their identities, possibly their data, and of a
number of channel parameters, typically affected by users’ mobility. The object of interest is thus the
set of parameters of all users; the cardinality of this varies with time, whereas in single-user tracking
the object of interest (the single user’s parameters) has a fixed dimension.

As in the companion paper [13], the mathematical tool we use is random-set theory (RST),
which provides a natural, flexible, and mathematically consistent framework for the problem under
study. The key concept is to treat the collection of users as a single set-valued state. After intro-
ducing appropriate notions of probability density for random sets, known as Finite Sets Statistics
(FISST) [59,100,167], [104, Chap. 11] the multiuser tracking problem can be rigorously formulated
as a Bayesian set-valued filtering problem. Since exact solution of this problem is not practical due to
the lack, even for linear-Gaussian problems [6], of closed-form expressions for the relevant densities,
a Sequential Monte Carlo (SMC) approximation of the Bayesian filter is used.

The balance of this paper is organized as follow. Section 2.2 defines the signal model and states
the problem, while Section 2.3 defines optimal set-estimators. Section 2.4 describes the Sequential
Monte Carlo approximation of the Bayes recursive filter. Section 2.5 presents an application of our
methodology to joint multiuser detection and channel tracking in synchronous DS-CDMA systems;
some numerical results are also described. The Appendices are devoted to some technicalities of

34
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random-set theory, and to a model for the evolution with motion of user powers.

2.2 Channel model and statement of the problem

We assume K users transmitting digital data over a common channel. Let 8(X§I)) denote the signal
transmitted by the active user ¢, ¢ = 1,..., K, at discrete time ¢, ¢t = 1,2,.... Each signal has
in it a number of known parameters, included in the deterministic function s(-), and a number of
random parameters, summarized by the vector XE'). The index ¢ reflects the identity of the user,
and is typically associated with its signature. The observed signal at time ¢ is a sum of the signals
generated by the users active at time ¢, which are in a random number, and of stationary random
noise z;. We write |:!

Vi = s(x¢)) + 2t (2.1)

Xgi) eXy

where X; is a random set, encapsulating what is unknown about the active users. The set Xy [_1
{Xgl), . ,ng)}, whose k elements are random vectors (k is a random integer denoting the number
of active users), is a finite random set defined over a hybrid space S (see [59,167] and references
therein). This is a map between a sample space and a family of subsets of S, where the hybrid
space S is the Cartesian product S = U x RY consisting of all pairs (u,d), with d CRF and u U,
RY contains the values of the d real parameters of the active users, and U is a discrete set. In our
context, we may have, for example, U = {1,..., K} [KI the set of the identities of the interferers,
or U =K x{+1,—1}, the set of interferers each transmitting binary antipodal data.
Formally, at time ¢ the random set that concerns us is given by the union of singleton-or-empty
sets [:::%E
Xe= X®
keK
where 1
{ng)}, if user k is active at time ¢

3 _
t L1 otherwise

We may consider two distinct situations, namely:

() Known-data (“trained”) systems, where U = K, S = K x RY, and ng) = [k,aﬁ")]T, with aﬁ") a
d-dimensional random vector.

(b) Unknown-data (“untrained”) systems, where U = K x M, S = K x M x RY with M an M-ary
symbol alphabet, and x = (k, d®, a§k))T, d® the transmitted symbol.

For future use, we introduce the notation 7(G) to denote the finite discrete random set containing
the identities of the users in G. This is the projection of G onto K i.e., the set of indices of the active
users. Similarly, 7/(G) is the projection of G onto RY, so that, in a trained system, the elements of

set G have the form (7(g), 7'(Q)).

2.2.1 Measurement Model

With measurement model (2.1), the receiver observes only a superposition of signals. Thus, the
random set describing the receiver, denoted Yy, is the singleton {y:}, where y; has conditional
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probability density function (pdf) given by?
(k)
fYt|Xt(yt|Xt> = fZ Yi— S(Xt ) (22)

ng)ext

with f;(-) the pdf of the additive noise.

2.2.2 Dynamic Model
The multiuser set can be expressed in the general form
Xt - St t (23)

with St the set of users surviving from time ¢ — 1 into time ¢, and N¢ the set of newly born users.
These two sets are related by

m(Xez1) nm(Ny) = 1 and m(St) X 1)

The first condition expresses the fact that no user being active at t — 1 can migrate to the set of
new users; the second states that the surviving users at ¢ are a subset of those active at t — 1 (see
Fig. 2.1). Since X = St [N, and since St and N¢ are conditionally independent given X;_;, for

users active at timet-1 new users at time't

L |

o all potential users
users surviving at

Figure 2.1: Dynamic model for users at time ¢.

the conditional belief functions (Appendix 2.A) we have:
Oxixi-1(Z | B) = P(X¢ [ZN| Xioy = B) = fs,jx,-1(Z | B)fnyjx.—1(Z | B) (2.4)

We make the assumption that {X}i2; forms a Markov set sequence, i.e., that X; depends on
its past only through X;_;, and that the death-and-birth process is ruled by a binomial law. More
precisely, we denote by « the probability that a user silent at time t — 1 becomes active at time t,
and by p the probability that a user active at epoch ¢ — 1 survives into epoch ¢. We assume a trained
system first. The conditional belief measures (given X¢_; = B) of surviving and newly born user
sets are written as

ﬁst\xt—l(Z|B>
I 2 1 . -

= frsoixi- 7(G)IB P{St CGIX; 1 =B,n(St) =7(G)}  (25)
=0 M(G)CM(2):M(G)|=]

1This measurement model is not the most general one. For more complex models, including provisions for sensor
failure, missed measures, etc., see [59].
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Bnex.—1 (Z|B)
"1 1 ] ]

- fT[(Nt)|Xt—1 7T<G>|B P{N: CGIX 1 = B77T(Nt) = W(G)} (26)
i=0 n(G)Cn(@)In(G)I=]

with [13]
1] ]
fasqix m(G)IB - LRXw(St) = m(G)IXi-1 = B}
pM @I (1 — )BI=IM@Iif 7(G) Cz]B) 2.7)
0 otherwise '
and
] ]
fropres (OB TETING = x(G)Xc =B}
T« @1 — o)<~ B if 7 (G)n7 (B)=[1 (2.8)
0 otherwise )
Likewise, assuming that aﬁ") and aﬁm) are independent for k B m, we have:
R m—
P{S; Q| X¢_1 = B, 7(Sy) = 7(G)} = Jaq00 (¢ | b®)daf” (2.9)
T[l%G) ken(& t t—1
P{N; [CGl| X1 = B, 7(Ny) = 7(G)} = ) da 2.1
{N¢ | Xe-1=B,7(N) =7(G)} = fa§k><at ) day (2.10)

mG) ken(a)

Computing the set derivative of the above (see Appendix 2.A) we obtain, with some notational abuse:

L1 K
fxt|xt—1(c | B):fn(st)‘xt_l(ﬂ'(C) n 7T<B> | B) ken(C)nn(B) fagk)|a§li)l<a§ ) | b(k)>x

1 ®
X frNo - (T(C)\N7T(C) n 7(B) | B) kem(C)\n(C)nm(B) fagk)(at ) =
(2.11)
- M\H(C)OH(B)\(l — ,u)\B\*Iﬂ(C)ﬂTl(B)I&IH(C)\T[(C)OH(B)\(1 — a)K*\B\*Iﬂ(C)\T{(C)ﬂﬂ(B)\x

L1

(k) k (k)
X ken(©nm(®) fag’“)|a§’i)1(at | b®) ken(C)\n(C)nm(B) fagk)(at)

The companion case of untrained systems may be dealt with in a very similar way. Indeed, if we
denote by dﬁ") the data transmitted by the kth user, the Markov assumption on X¢ is not violated
under either one of the following conditions:

(2) The source data are memoryless.
(b) The source data form a first-order Markov chain; in this case, the densities f 4o (+)and f 44, -I)
t t t—
are assumed known.
Under condition (b), which trivially subsumes (@), (2.11) generalizes to:
thIXt—l(C | B): Iulﬂ(C)ﬂT[(B)l(l — Iu)|B|*\T[(C)ﬂﬂ(B)\&lﬂ(C)\T[(C)ﬂTf(B)\(1 — Oé)Klel*\T[(C)\Tf(C)ﬂT[(B)lx

1 1
K (k) (k) k (K) (k)
X ken(C)nm(B) f dgk)|d§@l(dt |di=1) S, ag’“)\at(’“_)l(at | b¢ )) kem(C)\n(C)nm(B) T dgw(dt )f agk)(at

)
(2.12)



38 MASCOT D1.3.1

2.3 Optimal Bayesian sets estimators

In causal dynamic set estimation, a random set at time ¢ is described by its a posteriori belief density
given the observations up to time ¢, which we denote fx,|v,.,(X¢ | Y1:t). A common method for the

evaluation of the above density relies on Bayes’ recursions, which in RST take the form:?
]
Sxivies (Xel Y1) = oo (K | Xeen) e vam (Keet | Yaiee1) 06X
v (Xe | Yit) Ty (Ve | Xe) Sy pes (Xe | Y1) (2.13)

fort =1,2,..., 00, with fx,)yo(X1 | Yo) Bk (X1), a known initial prior density (the notation §X¢_1
indicates that the integral is a “set integral” in the sense of random-set theory).

Once fx, v, (Xtly1:t) is made available, we are faced with the problem of defining a suitable set
estimator. In general, if we assume that an observation Y is given, and the a posteriori probabilities
Ixjy(X | y) have been computed, they can be used to generate a Bayesian estimator, i.e., a function

5@') that minimizes the risk R [HC (x,i@ﬂ associated with a given cost function C' [159, p.
54 ff.]- [104, p. 63 ff.], where the expectation is taken with respect to the joint probability density
function of X and y. Within RST, the choice of a cost function may not be an obvious task. In fact,
while with discrete sets a natural choice is the minimization of error probability (i.e., the probability
of choosing an erroneous set of active users and their data), with hybrid sets one must balance the
cost of choosing the wrong set of users with the cost of a discrepancy between the estimated and
the correct set of continuous parameters. In addition, the cost function chosen should result in an
estimator with tractable complexity.

Recall that the hybrid random set X has elements (b;, Xj), with X; a random vector, b; a random
variable taking on a finite number of values, and : = 1, ... |X|. We have defined 7(X) as the discrete
part of X, i.e., the set {b1,...,bx}. Also, we denote with a hat "~ the estimated quantities.

Two cost functions related to hybrid random sets can found in the literature. The cost Cy involves
only the number of elements in X [59, p. 192]:

L1

0, IXH=1X]|
cm(><,$€¥][::]lw KT X (2.14)

In our context, this cost function implies that only the choice of the correct number of active users
has relevance. The cost function C; weights the error in the estimate of the continuous part of

X [59, p. 192):
%P’ [X| and

bi, i = 1 +|X], and
C X b ’ 2.15
i I:(b%l Xﬂ, ..., Xqx|) A for some permutation 7 ( )

1, otherw1se

where A is a closed ball in RY%I. The choice of this function implies that no cost is incurred whenever
the number of active users, their identities, and their discrete data are estimated correctly, and in
addition there exists an index permutation such that the two d|X|-dimensional vectors (XgI. .., Xxd)

2We could also seek for a fixed-lag smoothing estimation. However, in this paper we neglect this attractive alter-
native.
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and (Xr1, ..., Xg|x|) are close enough (the size of A reflects the definition of “closeness,” i.e., the the
amount of tolerable difference between the two vectors). If any of these conditions is not satisfied,
then the cost is 1. Before commenting on the suitability of C7 in our context, let us observe the
structure of the estimators derived from the cost functions above. Minimization of the cost function
Cy yields the estimator (whose consistency has not been proved) known as GMAP-I [59, p. 191], also
called a Marginal Multitarget Estimator in [104, p. 497 ff.]:

1 drg max Jay(n 1Y) (2.16)
S g mx ey (X 1Y) 217
IX|=h
where (I
fn\y(” | Y) = = fX\y(x | y) oX (2-18)

This is a two-step estimator, which first evaluates the number of active users, next their parameters
under the assumption that the number of active users is known and coincides with f._IMinimization
of the cost function Cy + C} yields the consistent estimator known as GMAP-II [59, p. 191], [100],
also called a Joint Multitarget Estimator in [104, p. 497 ff.]:

X

Y Cark max foay (X 1Y) 5 (2.19)

where ¢ is a small constant reflecting the size of A, and hence the accuracy to which the estimate
need be performed [104, p. 500]. Unlike GMAP-I, this estimator is based on a single operation,
although it can also be realized in two steps as follows [104, p. 500]. For all n, compute

Kol s max froy (X 1Y)

next,

where o
. c
i Cagmax fgy (Kl y)—

We observe now that neither of the above estimators, in spite of their relative simplicity and
intuitively satisfactory structure, is perfectly suited to the problem considered in this paper. In fact,
GMAP-I does not weight the errors in the continuous parameters, while GMAP-II gives a zero cost
to an estimate that yields near-exact values, but associates them with the wrong users. A simple
family of cost functions appropriate to our problem is

L1
Q— (38 7(X)
C(X, %A 1 ol L x(X) (2.20)

This assigns cost @) to any wrong estimate of the set of active users or of their data. If this estimate is
correct, the cost depends on a function g of the discrepancies between estimated and true continuous
parameters. The actual selection of ) and of g reflects the relative weight of an error in the discrete
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and the continuous parameters (more on this later). Straightforward modifications of the arguments
in [59, p. 192-193] lead to the risk associated with the cost function C:

1 1
- P —
R CEIC(X, %)= QP n( @a 7(X) +P 7= 7(X) ELT  g(x;, (= 7(X) Ed21)
ien(X)

The resulting Bayesian estimator requires the minimization of the sum (2.21). Besides the ne-
cessity of choosing () and g (which may not be an obvious task), computation of the minimum may
involve an unacceptable complexity. For this reason we define a suboptimum, simpler version of the
estimator, one that minimizes separately thie_—Fwo terms and 19,;1¢pahzed with a two-step procedure.

The first step minimizes the probability P jQ_Jg m(X) | y . This is obtained through a MAP
estimator of 7(X), the set of active users and their data, Wthh maximizes the jtional pdf of X
by assuming the continuous parameters of X as nuisance. In the second step, | en(X) E[g(Xi, X)) is

minimized. If g is a quadratic function, this second minimization yields the conditional expectation

GFEX |y], i LK) (2.22)

We call GMAP-III the resulting estimator.®

We finally observe that, although the above discussion refers for simplicity to a single observation,
we may easily extend it to the estimation of a whole sequence X;.1. In this case, if we constrain the
estimator to be causal, that is, we have Xel= ﬁ@yn), the derivations in this section apply to the

cumulated risk
| I— L]
R= E C(X,X%X

t=1

and result into the approximate estimators

] L]
(ko) = argmax f X | i

X = E x|y , i Lk

These equations, along with their counterparts obtained for different cost functions, emphasize the
relevance of Bayes’ recursions.

2.4 Numerical approximations of Bayes’ recursions

We have seen how Bayesian recursive filtering provides a framework for optimal set estimation. The
main problem with (2.13) is the lack of a closed form to implement the inference. In fact, for hybrid
stochastic systems, not even the linear-Gaussian case admits a closed form [6]*, which calls for

30bserve that, unlike GMAP-1 and GMAP-11, estimator GMAP-I11 relies upon the condition |X| = [n(X)|. This
is the requirement that the discrete elements of the random set X be distinct. Now, this condition is obviously met
in the multiuser communication scenario of this paper, where each user is uniquely identified, but may not be in
multitarget applications [104], where the discrete elements could identify type or threat level of the target. In the
latter applications, since di[erent targets may share the same type or threat level, we generally have |X]| = |n(X)|.
See also [104, p. 505 []1

4The only case of hybrid systems that admits an optimum closed expression seems to be the jump-Markov linear—
Gaussian system [41]. Yet, this expression is not a recursive one, and the optimum rule has a complexity which grows
exponentially with the frame length.
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approximate methods. Among these, the simplest use grid-based filters, in which the continuous
parameter are discretized into a fixed grid. The main difficulty with this approach is that, for
reasonable accuracy, a very dense griding is needed, which may easily result into an unmanageable
computational burden. A more efficient approach relies on sequential Monte Carlo, or “particle
filtering,” methods (see, e.g, [39] and references therein). Suppose we have a set of random samples
{Xi_1iHL,, each associated with a weight {wy_1;}\.;, such that the sample—weight pairs (“particle”)
represent the density fx,_;|v,.,_, as

1
th_1|Y1;t_1(xt—1 | Y1:t—1) = wt—l,imxt_l(xt—l,i) (2-23)
i=1
where mx, (A) is the “0-1”7 measure defined by
1]
1, if A LCl
c X1 (A) 0K = 0, otherwise (2.24)

Sequential Monte Carlo methods provide a rule for propagating and updating these samples and
weights to obtain a set of new particles {Xgi, we,i}e; representing fx,|v,., as

1
iy (Xelyn) = weimx, (Xti) (2.25)
i=1
Among the various Sequential Monte Carlo methods, the bootstrap filter [60] has received considerable
attention for its simplicity. Whit this, particles are recursively updated as:

Ky,i Sxt\xt_l(xtlxt—l,i)a 1=12,...,N (2.26)

Wi = we1,ifyx, (YelXei) (2.27)
D s

wyi = e — (2.28)

A common problem with (2.26)-(2.28) stems from the degeneracy phenomenon, which causes all but
one particle to have negligible weights after few iterations [40]. A brute-force approach to reducing
its effect consists of using a very large N, thus increasing the computational effort. To reduce
the degeneracy phenomenon with low complexity one could use adaptive resampling. This consists
of eliminating particles that have small weights, and concentrating on particles with large weights
whenever the d%racy becomes relevant. An indicator of this relevance is the e [eckive sample
size, NerLIA 2, wf;. Here, Nor {1, N], with a small Nein practice, smaller than a threshold
Ny typically equal to N/4 or N/2 in most applications) suggesting degeneracy. The resampling step
involves generating a new set of particles {X{;, w{"i}'i\':l by resampling (with replacement) N times
from the approximate posterior density in (2.25), computed by (2.26)—(2.28), in such a way that

P(X{i = Xii) = wei (2.29)
The new weights are set to be uniform, i.e., wf; = 1/N. Finally, if resampling is performed, the
posterior density is set to be
1 1
Prava(Xe | Yae) = £ mx, (Xq) (2.30)

i=1
With a representation of fx,|v,., (Xt | Y1:t) in term of particles, the estimators described in Section 2.3
can be implemented in a rather straightforward manner.
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2.5 An application: Joint detection and amplitude estima-
tion in CDMA

Following in the footpath of [13], in this section we apply the above methodologies to the scenario
of an uncoded, synchronous, single-rate direct-sequence code-division multiple-access (DS-CDMA)
system with a maximum number K of users, processing gain L, and additive white Gaussian noise.
Let us assume coherent detection, while the amplitudes are unknown. The chipwise matched-filtered
received signal at time ¢ is

Vi = SV(X¢) + 74, t=1,2,...,T (2.31)

where:

(a) Sis an L x K matrix whose columns are the spreading codes of the users.

(b) v(Xy) is a K-dimensional vector with non-zero entries in the locations dictated by 7w (X¢). In
particular, we have
d™a{™ it m CER(Xy)

X,) —
Um(X) 0, otherwise

(2.32)

where as before dﬁm) denote the datum of user m at time ¢, while agm)

received amplitude.

is the corresponding

(c) zx N(0, %IL) is an L-dimensional white Gaussian noise vector, where Np/2 is the power
spectral density of the received noise and I denotes the L X L identity matrix.

As a consequence, the set X¢ consists of a random number of elements, each element containing
the active-user identity, the transmitted data, and the received power (in random-set theoretical
parlance, the hybrid space is now S = K x M x R* with M the symbol alphabet). Thus, the
measurement model is

L] L]
Feax (Yl Xe) = fz Y = Sv(Xy) (2.33)

We consider a binomial birth-and-death process with parameter a and p, as in (2.7)-(2.8). Assuming
independent, equally-likely symbols and memoryless modulation, we have, defining M [M|:

P a2 o M a0y (2.34)
Denote now by Pt(k) |3§") the power received from the kth user at time ¢. Its level may vary

with time, due to both user mobility and fading. Using the model and the notations of Appendix 2.B,
we define the random variable n§k) such that

k K) ok
P =P R (2.35)

Thus,

1
P

o 2.36)
P, k (
t(fg.

PO | p) 1
fowpw (P71 P1) = 0 — &
t—1

whereby the amplitude-transition model can be obtained as

L1
k k) (k
= O 247
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yielding 1 gy
Fom @ ]a®) = =V & (2.38)
a§ )‘ag_)l t t-1 a(k) r]Sk) a(k) .
t—1 t—1
and 1
f\/ ( ) 2U}fn(k) (wz) for w >0 (2 39)
—(w) = + .
n® 0 otherwise

With this, the set densities in (2.11) and (2.12) are fully specified.

2.5.1 Trained CDMA

A synchronous, uncoded, single-rate DS-CDMA system with processing gain L=7 is employed in this
simulation. The maximum number of active users is K = 3. Each user is assigned an m-sequence of
length 7, and the transmission duration is 7=10. Eqgs. (2.33) and (2.11) describe the measurement
model and the dynamic model, respectively. The birth rate and the persistence probability take value
a = 0.2 and p = 0.8. The parameters of the dynamic power model are p® = 0.9999, €& = 1.2, and
B = 0.5 for all k. We assume that the users transmit known symbols (trained system), whereby
only the identities and the power of active users are to be estimated. In approximating Bayes’
recursions, a bootstrap filter is used with N :ELIOOO particles @d threshold Ny, = N/4. Define
the Discrete Set Error Probability (DSEP) as P 7(Xgl 8 m(X;) . Since this macro-parameter only
measures the system ability to identify the active users, a further performance measure is needed to
assess the quality of the power estimates. To this end, we use the standard root-mean-square

L1 L1

. 1 | I @ ’

B 1 1 <) _ (=]

RMS = — @ i 240
T t=1 |7T< n 7T(Xt)| ken(X)Nm(Xy)

which makes sense for 7(Xgln 7(X¢) 8 [

Fig. 2.2 shows the DSEP for the GMAP-I, GMAP-II, and GMAP-III estimators. As a baseline
for performance comparisons, we also report the DSEP corresponding to perfect channel-state infor-
mation (labeled CCSI), i.e., perfect knowledge of the channel parameters (in this case, the power).
Fig. 2.3 shows the distance (2.40) for the GMAP-I and GMAP-II estimators.

Notice from Fig. 2.2 that GMAP-I and GMAP-III perform equivalently in terms of DSEP, and
both are slightly better than GMAP-II. This behavior can be justified by noticing that both GMAP-I
and GMAP-III rely upon a marginalization of the conditional pdf with respect to the continuous
parameters of the ransom sets. Moreover, since GMAP-I estimates only the cardinality of the set of
active users, while GMAP-III also estimates their identities, and since an error on |7 (X¢)| necessarily
implies an error on m(X¢) (but not vice versa), we argue that the most critical aspect of active-
users identification is the estimate of the cardinality of their set. This statement is consistent with
observations in [13]. The advantage of GMAP-IIT over GMAP-I and GMAP-IT is apparent from
Fig. 2.3, which shows the RMS for the three estimators examined here.

2.5.2 Untrained CDMA

The system parameters are the same as in subsection 2.5.1, and binary antipodal transmission is
assumed (M = {£1}). Of course, DSEP is now defined as the probability that the estimated set
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Figure 2.2: DSEP for various receivers (trained CDMA).
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Figure 2.3: Root-mean-square error for various receivers (trained CDMA).

containing the identities and the data of active users differs from the true set in either its cardinality,
or its elements, or both. Fig. 2.4 shows such a DSEP for GMAP-I, GMAP-II, GMAP-III, and CCSI
receivers, while Fig. 2.5 shows the set distance for GMAP-I and GMAP-II.

From Fig. 2.4, we observe that trained and untrained CDMA perform very similarly as far as
DSEP is concerned, and that, as in trained CDMA, GMAP-I and GMAP-II are practically equivalent.
This is again consistent with observations in [13], where it was noticed how errors in joint user
identification and data detection are mainly caused by erroneous estimation of the cardinality of the
set of active users. Fig. 2.5 confirms the superiority of GMAP-III in the estimation of the continuous
parameters of the active users.



WP-1 45

10° . , :
B —©-GMAP-| ||
—B— GMAP-II
—¥— GMAP-III ||
——CcCsl
10
& -2
107
la}
1073;
107 i i i i i i i i
0 2 4 6 8 10 12 14 16 18

SNR [dB]

Figure 2.4: DSEP for various receivers (untrained CDMA).
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Figure 2.5: Root-mean-square error for various receivers (untrained CDMA).

2.6 Conclusions

We have extended the results of [13] to the study of multiuser detection in an environment where
the number of active users, as well as their parameters, are unknown, and must be estimated. This
problem is solved here by applying the theory of random finite sets constructed on hybrid spaces.
In particular, we have derived Bayes’ recursions describing the evolution with time of a posteriori
densities of the unknown parameters and data. Since these recursions do not admit closed-form
expressions, numerical approximations based on Monte Carlo methods (“particle filtering”) were
used.
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APPENDIX

2.A Computing belief densities

In this Appendix we show how belief densities can be computed in the context of the problem
described in this paper. For simplicity, we consider a static environment, and the set of random
variables modeling the continuous unknown parameters of the K potential users, assumed to be
independent and equally distributed. We denote by P(-) the probability measure of each set, and
by p(-) the corresponding probability density function. Moreover, o denote the probability that a
user is active.

According to RST, the belief density of the random set X, denoted fx(-), is defined through the
set derivative of the belief function of X. Thus, we first need the belief function

Bx(S) [PIX [CS) (2.41)

of a subset S of interferers. In general,

| I— LI 11
Bx(S) = (1 —a)< P{ti}) (2.42)
j=0 T,(S) i=1

]
where T;(S) [, . .., tj} denotes one of the % subsets of S with j elements.®
Next, the belief density is obtained by computing the set derivative of (2.42) at S = []

s08)
Z)= ——= 2.43
2= " (2.43)
As illustrated for example in [59, p. 163], the value fx(Z) of the belief density specifies the likelihood
with which the random set X takes the set Z as its specific realization.
We observe the following:

[0 The belief function of a random vector is just its ordinary probability measure. Thus, if X =

{x}, then
Bx(S) = P(X [5) = P(x [S) = P(S)
and the belief density corresponds to the ordinary probability density function f(S), with

S = {s}: more precisely, we have

“Fls), S={s}
fx(S) = 0, ’ IS| 21

5Observe how the belief function has the general form examined in [167, Theorem 5.17, p. 52].



WP-1 47

O If a is a constant, then [167, p. 56]

5 .
sza=0, ifZ8 0

[0 The set derivative of P({s1}) % P({s2}) is obtained by using the following property [167,

Definition 5.22, p. 55]: -
K
o BT gy ze o
DT = 5o
T), Z=1[11
where ® is a set function, and Z = {S;,...,Sk}. We obtain:
1
L1{s:}) x P({s2}), Z= [
5 pib1) < P({s2}), Z={s:}
57 Asih) X P({s2}) = Bi{si}) xp(se),  Z={s2}
2b1) < p(S2), Z ={s1,S:}
0, |Z] > 2

Applying the above to the belief function (2.42), we obtain

L1
- o)X, Z=10[1
fX(Z) = o (1_a)K_J p(sig)a Z:{Sil,...,Sij} L S] (244>
=1
0, |Z| > K

2.B A model for fading and motion

Here we model the effects of user’s mobility and of fading on the power received from user k at
discrete time ¢, denoted Pt(k). The superposition of these two effects yields a model for the dynamics
of signal-amplitude variations.

We denote by :ng) the noiseless part of the signal received from user k at time ¢. This is a
deterministic function of the random power Pt(k), so we can write

28 = 2(PM) (2.45)
and hence
] ]
k k k k
play | 280) = p 2(PE) | Y (2.46)

For notational simplicity, in the balance of this Appendix we omit the superscript k£ associate with
the user.

2.B.1 E[edt of fading

Denoting by P the reference power, and by R; the fading amplitude at time ¢, we may write

P = R:P (2.47)
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and hence e
Pt+l = %let = ’YtPt (248)
t
where ~; is the random variable defined as
-
Tt 2 (249)
t

2.B.2 E[edt of motion

We consider two classes of users: one includes stationary users, the other includes users in motion.
The latter class experiences a power variation from time ¢ to time ¢ + 1 equal to e*1. Thus, we can
write, for the effect of motion:

Piv1 = 0t P (2.50)

where d; is a random variable taking values

L1
11 with probability 1 — A
0 = with probability \/2 (2.51)
g1 with probability A\/2

where £ > 1 depends on the user’s velocity, and A\ may be called the mobility factor of the user.

2.B.3 Joint el[edts of fading and motion

We have
Pt+1 = ’}/t(stPt = ntPt (252)

where the random variable

ne Loy (2.53)
models the joint effects of fading and motion. Hence,
] 1 (|
P .T(Pt+1) | ZU(Pt) =P .’L‘(T}tpt) | Pt (254)

and the dynamic modeling problem is reduced to the problem of modeling statistically the random
process 7n. Our basic assumptions here are that fast fading and motion are independent, and that
the fading process is first-order Markov (see [177]).

2.B.4 Modeling n, with Rayleigh fading
Rn, Rn+1 independent Rayleigh
If Ry and Rn+1 are independent Rayleigh random variables, with normalized pdf
pr(r) =2re™™, r >0 (2.55)
then the pdf of S [REF is exponential:

ps(s) =e ®, s>0 (2.56)
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and hence the ratio yn+1 = R3,;/R2 has pdf

4 1
_ “2Yo=Y duy = : 0 2.57
py(T) 0 ye € Y (1 +7,‘)27 r> ( )

Consequently, with the assumptions above we obtain the following pdf for the random variable ny:

1 A€ Aot
paly) = (1= A)(l T T e V70 (2.58)

Rn, Rna+1 correlated Rayleigh

In this case, we assume the general expression provided in [106, Eq. (121)] for the bivariate pdf of
correlated exponentials (s1,s,) [{R7, R3) with correlation p:

1] I 1]
1 1 2p| vV
p51,52($17 32) = 1— p2 exXp _1 _ pz (31 + 32) IO 1— pz 5182 S1, 82 > 0 (259)

The pdf of the ratio v 17§/ R? is obtained from the general formula

-
pv(z) = xpS1,Sz(Zxa ZL‘) dx (260)
0 1 C1C 1 v 1

1 = z+1 2lp| =
= 5 rexp — x Iy x dx (2.61)

1—=p% 1—p? 1—p?

1

= (1=p%) - (2.62)

(127 = 172"

which yields

_ _ _ 2 (1+vy)
my) = 1=N)01 )((1+y)2—4p2y)3/2
A e(l=pP+ey) A (1=p)(1+yle)

2 ((L+ey)?2—4p2y)¥?  2e (14 1)2 —4p2y/e)®/?

+

(2.63)

Fig. 2.6 illustrates the behavior of p,(y) for some values of its parameters.
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Figure 2.6: Probability density function of the random variable 7 defined in (2.53).



Chapter 3

Multiuser detection with an unknown
number of active users

D. Angelosante, E. Biglieri, and M. Lops

3.1 Introduction

In multiuser detection (MUD), an important issue is that the set of users that are active at a given
time may be unknown to the receiver. Although the performance of conventional (matched-filter)
receivers is not affected by this dearth of information, others (for example, maximum-likelihood
receivers) suffer from a significant degradation if the simplistic assumption that all users are active is
made. Moreover, as observed in [196], “identification of active users will help the system to promptly
process requests and efficiently allocate channels. In such a way, system capacity can be increased.”

A simple solution to the problem of detecting data in a multiuser system in which the number of
active users is unknown consists of a two-step procedure, in which multiuser detection is preceded by
active-user identification (see, e.g., [113], [187]). In [13], the optimum solution is described: instead
of proceeding in two steps, the number of active users and their data are detected simultaneously.
Several scenarios are examined in [13]: in the simplest among them, no a priori information about
user activity is available, and maximume-likelihood detection is used. When a priori information is
available in the form of the probability that a user is active, maximum a posteriori (MAP) detection
can be performed. If, in addition, a dynamic model is available for users logging in and out of the
system, the use of random-set theory (which we argue to be the most natural tool for the analysis
of random-access systems: see, e.g., [13,104]) allows one to describe the evolution of the a posteriori
probability of the set of active users and their data. A further extension of the theory permits
estimation of users parameters (e.g., their power) in addition to their data [4].

While the developments described above lead to the evaluation of the limiting performance of
multiuser detection with an unknown number of active users, their application requires the derivation
of detectors whose complexity allows practical implementation. This is precisely the goal of the
present paper. Here, sphere detection techniques (possibly in an approximate version) are applied
to the implementation of the multiuser detectors. This paper is organized as follows. Section 3.2
describes the essentials of the sphere detection algorithm in the form that is immediately applicable
to the problem examined in this paper. Sections 3.3 examines sphere-detection-based algorithms
for the ML and MAP estimations of the active users and their transmitted data, respectively, in an
environment where the dynamic behavior of the users cannot be accounted for, and detection must

ol
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be undertaken at each symbol interval. Section 3.4 describes simplified receivers accounting for a
Markov model of the users logging in and out of the system. Numerical results are presented in
Section 3.5, and conclusions are drawn in Section 3.6.

3.2 Sphere detection

Here we describe a simple version of sphere detection (SD), in a form which will be useful for
further developments.! Consider the minimization of a function f(xy,...,7k) with respect to its
K arguments, all taking values in a discrete set with M elements. While brute-force minimization
involves the evaluation of all MX values of f, SD simplifies the problem under the assumption that f
can be written in the form of a sum of nonnegative functions with an increasing number of arguments:

KEL——1
f(!EL . >$K) = fK—k,K—k+1,...,K($K—k, TK—k+1y- - - JK) (3-1)
k=0

The minimization of (3.1) can be described graphically by using an (K + 1)-level tree graph whose
paths merge into a common uppermost node (level 0) to the M* leaves (level K). Each node at
level k£ emanates M branches which join it to a node at level k£ 4 1, each one being associated with
a value of rk_k; hence, each node at level k correspond to a value of the partial sum of the first &
terms of (3.1), and each terminal branch (or leaf) to a value of f. Fig. 3.1 shows an example of this
tree, corresponding to the function

f(@1, 22, 23) = f3(w3) + fa3(22, 23) + fr23(71, T2, 23)

with x1, 22, r3 taking on values in the set {0, £1}.

Now, brute-force minimization of f can be interpreted as the process of probing all the M* paths
joining the root node to all terminal leaves. SD simplifies the process as follows. Start from the root
node and proceed downwards; at level-k node (kK = 0,..., K — 1), only one branch stemming from
it is chosen, that associated with the smallest value of fk k k_k+1..k. This leads to a single node
at level k 4 1, from which only one branch is chosen according to the same criterion, etc. This is
equivalent to the following algorithm:

Tk_k = arg)l(fnin fK—k,K—k+1,...,K($K—k, TK K41y - - - s fK)a k=0,...,K—1 (3.2)
K—k

where Zdenotes the value chosen for - At the end of this process, we obtain a preliminary estimate
of the minimum value of f, which we call f. Next, we proceed to probe the branches that were left
out, backtracking from the leaf associated with f and excluding all the branches that will certainly
end up into a leaf corresponding to a value of f larger than f). To do this, all branches emanating
from a node are removed from the tree (“pruned out”) whenever the value of the partial sum at that
node is already greater than f. Whenever a leaf is reached, if this is associated with a value f < f,
then this new value replaces f, and the procedure is continued.

1SD was first applied to digital detection problems in [170]. For recent developments, see [1,22,37,38,71,135, 168]
and the references therein. A VLSI implementation is described in [22].
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3.2.1 Variations of the basic algorithm

Several variations of the basic SD algorithm are possible, based on different search schedules [22,38,
52,138]. Among these, a breadth-first search, or an M-best search, can be implemented in lieu of
the depth-first search described supra [22]. The M-best search consists of an approximation of the
breadth-first search, whereby at each level of the tree only M nodes are kept, viz., those with the
smallest partial metrics. This solution may not lead to the minimum (and hence is suboptimum),
but has the advantage of requiring a constant number of operations, and hence of reducing the
maximum, rather than the average, complexity. Another variation, to be described below in the
specific context of the problem considered in this paper, is categorized under the rubric of lattice
reduction techniques.

3.3 Sphere Decoding for ML and MAP MUD

In this section we review the MUD approach based on random-set theory (RST), as first advo-
cated in [13], considering maximum-likelihood (ML) and maximum a posteriori (MAP) detectors in
situation where decisions are made at each signaling interval.

3.3.1 Signal Model

We assume a random number of users transmitting digital data over a common channel. We denote
by K the maximum number of active users, and by S(ng)) the signal transmitted at discrete time
t by the kth user, if active. Each signal has in it a number of known parameters, reflected by a
deterministic function S(+), and a number of random parameters, summarized by ng). The observed
signal at time ¢, denoted Y, includes S(ng)), the signals generated by the users active at ¢, which

are in a random number, and stationary random noise z¢. Thus,

s(xt%) +2z (3.3)

k

Y =

Let X; denote the random-set encapsulating what is unknown about the active users. We write

X¢ = x&! (3.4)

t
k=1

where ng) is the singleton-or-empty set

L 5) : : : .
Oy ={[k,z¢ ']} if user k is active at time ¢

X _
t 1] otherwise

(3.5)

K) . . . . i
Here, Xg )is a singleton whose element is the vector containing the user index k£ and an unknown

(possibly random) parameter xﬁ"). The latter takes values in the finite set M, with cardinality

M| = M, representing the digital data transmitted by user k at time ¢.2

2In a more general setting, the random set may also contain continuous parameters due to the propagation channel,
as fading coe Lciehts and time delay [4]. We do not consider this model here.
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A simple model for the random-set sequence {X¢};2; assumes the sets as independent and identical
distributed, with [13]
Fx, (X¢) = M_‘Xt‘ap(t‘(l — a)K_|Xt| (3.6)

where |X¢| denotes the cardinality of X;. With this model, the users are independently active with
the same probability «, whereby the active users must be identified and possibly decoded at each
signaling interval.

Observation model

Under the assumption of direct-sequence code-division multiple-access (DS-CDMA) with signature
sequences of length N = K, and of zero-mean additive white Gaussian noise with power spectral
density Ny/2, we can write, for the sufficient statistics of the received signal at time ¢,

Yt = SAXt + Zt (3.7)

where Yy is the N-dimensional column vector of the observations, S []8],...,Sk]is a N X K matrix
whose columns contain the signature sequences of all the potential K users, A is the K < K diagonal
matrix of the user amplitudes, and X; = X¢(X¢) is a K-vector whose kth entry is defined as

0 ifx® =7

re(k) = 3.8
t(k) xEk) otherwise (3:8)
Assuming further that the system is power-controlled, i.e., A = lk, where Ik denotes the K-
dimensional identity matrix, we obtain
1
Iy ix. (YelX¢) = */ﬁ exp{—[y} — Sx, I3]\70} (3.9)
0

3.3.2 ML-based MUD

The (symbol-by-symbol) ML-based MUD is the optimum (minimum-error-probability) receiver if all
of the outcomes of X; are independent and equally likely - or must be assumed so, due to missing
prior information as to the activity factor a [13]. With this model, the ML receiver generates

kel argmaxIn fv,x, (el Xe) = arg min [ — Sx (3.10)

To reduce the complexity of this receiver, sphere detection can be applied. In fact, let®
y=SX+12z (3.11)

denote the observed signal, where S is a known N x K matrix, X the unknown K-vector whose
components, to be detected, are random data taking on a finite number M + 1 of values, and z a
white Gaussian noise vector. QR decomposition of S generates the preprocessed observed vector

Yy I Qly =Rx+ ] (3.12)

3For notational simplicity, in the following we shall omit the dependency on t.
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where R is a K % K upper triangular matrix, Q'Q = lx, and T X'z is a noise vector with the
same distribution as z.* As a result, ML detection of X can be obtained by minimizing the metric
(W3 Rx [2]which, due to the structure of R, has exactly the form (3.1), i.e.:

S 1 k£ |
VB RxEE |l —  rga()l (3.13)

ML detection of a multiuser signal received synchronously is a special case of the above. Here,
S accounts for the matrix of the signatures of the K users. If the transmitted data are binary
antipodal,® the assumption of an unknown number of users leads to three values possibly taken
on by the components of X, i.e., 0 and 1. With three users, the tree of Fig. 3.1 describes the ML
detection of X. One may notice that “standard” ML detection [166], which assumes that all potential
users are simultaneously active and hence is suboptimal in the present context, corresponds to using
a simplified tree, derived from that of Fig. 3.1 by removing all branches labeled 0. Notice also that
the preliminary estimate which is the starting point of the SD algorithm is usually referred to as the
decision feedback (DF) estimate [166].

The efficiency of SD algorithm may be further improved by using a special type of preprocessing
known as “lattice reduction.” [52,138,181,182,185,195,199]. The central idea is to treat (at least
initially) the set of values taken on by each argument zy of (3.1) as infinite in size, and forming
a lattice [34]. Assume that S is real.® Under the assumption that S has full rank, the set Sx
forms a lattice A. Thus, disregarding for the moment the fact that the actual constellation is finite,
the decoding problem is reduced to the minimization of [Yl— Sx[Zlwith respect to Sx [CAl. This
minimization is a well-studied problem, known as “lattice closest-vector problem.” To solve this in an
efficient way, we start from the observation that the same lattice can be generated by several possible
matrices S. In particular, if we postmultiply S by a unimodular matrix’ P, the lattice generated by
the “reduced” matrix

Sreds [ SIP

is the same as the original lattice. Thus, we can write
Y = SreaX +2

where X’ is an integer vector (the lattice—as an infinite set of points—has not changed). The trick
here consists of choosing a Sjeq “more diagonal” than S, so that DF estimate of X' will be better
than of X (i.e., it will yield an estimate closer to the true value than without lattice reduction). An
extensive comparison of different detection techniques, motivated by MIMO but directly applicable
to the problem examined here, is contained in [185]. Optimization of the lattice reduction is a
complex task, but approximate algorithms are known which work well (LLL algorithm, Seysen’s
algorithm [135]).

4The dagger T denotes transpose conjugate.

SWe make this assumption for simplicity’s sake only: the extension to a more general case is straightforward.

8This is not a restriction. If S is complex, by doubling the dimensionality of the problem, the latter can be reduced
to a real one.

"This is a matrix with integer entries and determinant equal to +1, so that also its inverse has integer entries.
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3.3.3 MAP-based MUD

We further consider a case wherein the parameter X is random with the distribution (3.6). In [13],
the MAP decision rule is presented as the optimum detector for such a problem, as

%= arg max In f(X]y) = arg m)'%n I:IIQ_LI— Sx 2+ Ny ln fx(X) = (3.14)

Due to user independence, the function In fx(X) can be factored as

| S— | S ]
In fx(X) = Inf(X®) = X®|na+ (1= [XO) In(1 — a) — [X©|In M (3.15)
k=1 k=1

Thus, after QR decomposition of S, the minimization in (3.14) can be solved through the SD algo-
rithm by writing

1= arg min EE'IiE* R Noln fx(X) .

= ¥ 1

L]
- argm)}n B8 —  rgz()P— No X®na + (1 — [X®)In(1 —a) — [X®|In M
k=1 i=k

(3.16)

3.4 MUD in a dynamic environment: Bayesian recursions

Consider now a dynamic model for the users logging in and out of a multiuser communication
system. Denote by X; the random set whose elements are the active users with their data at time ¢,
and consider its evolution with time. We assume that from ¢ — 1 to ¢t some new users log in, while
some old users log out. We write

where St is the set of surviving users still active from ¢ — 1, and Ny is the set of new users becoming
active at t. The condition N¢ n X¢_; = [i$ forced, because a user ceasing transmission at time ¢t — 1

cannot reenter the set of active users at time t. Ol
Assume there are |X¢_1| active users at ¢t — 1, i.e. X¢_1 = i=1 X?_)l. Then we may write, for the
set of surviving users, I:I(i)
ien(Xi—1)

where the notation 7w(X¢_1) is introduced to denote the identities of the users contained in the random
set X¢_1, while S,Ei) denotes either an empty set (if user ¢ has become inactive) or the singleton {Xgi)}
(user 7 is still active). Let p denote the ”persistence” probability, i.e., the probability that a user
survives from ¢ — 1 to t. We obtain, for the conditional probability of St given that X;_; = B:

L1
MG C 1 — )B=lC ¢ Bl
faix(CIB) = S P (3.19)
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Denote a the probability that a new user arises . Then, a reasonable model is

3119001 — a)K B C 0B = ]

Saxi—1(C | B) = 0. cnBE O (3.20)

Finally, by assuming that births and deaths of users are conditionally independent given X;_; = B,
the conditional pdf of the union of the random sets S¢ and N¢ is obtained from the generalized
convolution [59]

L 1
fxix—1(C|B) = fsixi—1 (W | B) frnix— (C\W [ B)
WCC
= Jfax-1(C N B)fnx— (C\(Cn B)) (3.21)

Now, assume that two functions are available to model the dynamics of the system. One models
the observation, and has the form of the probability density function f(y; | X¢) of the observation
Yt given the realization of the random set X; (eq. (3.9)). The other one is a Markov model for the
evolution of X; with time, i.e., the probability f(X¢ | Xi-1) (eq. (3.21)). These two functions can

be used as the ingredients of Bayes recursions for countable sets: denoting Y+ [ (Y1,...,Yt) the
channel-output observations from time 1 to time ¢, we have for the conditional a posteriori densities
1

fXerr | Y1) = (X | Xe) f(Xe | Yar) (3.22)

Xt
J(Xewr | Yieer) EF (Ko | Vo) f (Ve | Xewr) (3.23)

Thus, the optimum causal detector for Xgyq is

ke = arg max f(Xea1 | Vi) (3.24)

t+1

Eq. (3.22) predicts X¢+1 on the basis of its past and of the observations up to time ¢, while (3.23)

corrects this prediction by accounting for the additional observation made at time ¢ 4+ 1. Notice, in
particular, that the maximization of (3.22) with respect to X+ yields the best prediction of Xi+q
based on the observations Yyi:t.
In [13] the above recursion is considered as the optimal solution for the causal estimation of X.
The problem of (3.22)-(3.23) is that they require a complexity for the calculation of (3.22) and the
evaluation of the maximum in (3.23) which grows exponentially in K. Moreover, taking the logarithm
of both sides of (3.23), the problem is not amenable to SD since (3.22) does not admit a factorization
as in (3.15). However, one can exploit the structure of recursions (3.22)-(3.23) to further simplify
the detection process. This is the subject of next subsections.

3.4.1 Reducing the recursion complexity: Zero-order approximation

As anticipated, the complexity of the evaluation of (3.22)-(3.23) and that of the maximization in
(3.24) grow exponentially with K. We can reduce the complexity of the calculation of the summation

(3.22) by first noticing that:
L1

L 1
f(xt+1 | Xt)f(xt | yl:t) = f(xt+1 | jé;’lf(jé_t—' yl:t) + f(xt+l | Xt)f(xt | ylit) (3'25>

X Xt 3’5;@

8With a slight abuse of notation, we retain the same symbols a for the probability of a user to be active and the
probability that a new user arises.
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where %¢1s the MAP estimate form the previous interval. On the other hand, for sufficiently large
signal-to-noise ratio, the a-posteriori probability f(X¢ | Y1) exhibits a sharp peak around its maxi-
mum Xglwhereby the term f (Xea1 | jé_t}'f (X?' Y1) is expected to give the largest contribution (at
least asymptotically) to the Left Hand Side summation in (3.25). The simplest possible approxima-
tion to (3.22) thus retains only this term, leading to the “zero-order approximation”:

FRera | Y) = f(Xern | Xf (Red yae) (3.26)
which, combined with (3.23), yields
FRerr | Yrierr) = f(Xerr | KoY ked ya0) £ (Yera | Xern) (3.27)
For future reference, defining
A(Xer1 | Yier) E=NoIn f (Xt | Yiite) (3.28)

we have, under the approximation (3.27):

A(Xwa | Yite1) = D1 — SXeat - A(X_t" Yit) = Noln f(Xerq | X_ﬁ' (3.29)
which yields the approximate MAP estimate
(]
Ky Carg min %1 SXer1 B Noln f(Xeeq | K) (3.30)

t+1

3.4.2 Using the SD algorithm with a dynamic model

We examine here the adaptation of the SD algorithm to our estimation problem, whereby the zero-
order approximation (3.26) is combined with the structure of the iterations (3.22)-(3.23). For sim-
plicity, we treat the problem of estimating the set of active users and their data: as a consequence the
quantities xgk) are allowed to take on values in the set M [{0}, the value xgk) = (0 being an evidence
that user k is inactive. Then, we show how this model can encapsulate the problem of estimating
only the user identity in a trained fashion.

Estimating the active users and their data

The zero-order approximation can be viewed as yielding, from Bayes recursions,

F(Xeat | Yrr) TFXeaa | K0!

which in turn yields

FXewa | Yaees) T (Xerd) | 7R (Vern | Xeea) 1P (3.31)
where 7(X¢) T, ..., K} denotes again the set of the identities of users active at time ¢.
Now we observe, based on the conditional independence of the users, that f(7(X.,) | 7( )@) can

be factored in the form

1
FrXen) | 7R = F(r(XE)) | 7(X)) (3.32)

k=1
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(a crucial point to simplify the SD algorithm), where, after some straightforward calculations based
on (3.21),

FrXB) | (K& = mORDmMEE (1 — I = mGE)m <o)
s A TOEOIEENIOED (1 — 1 GE) -mO ) mx) (3.33)

and hence,

F(Xea | K =M MO0l MOG)M(R] (1 — )RR = M XONmKe-0)]

> T DNTEOME2)] (] — )K= =R D)\ M) (3.34)
Perusal of the last equations shows that they are precisely in a form allowing application of the SD
algorithm. In fact, with S = QR, with (R);j = 0, i > j and ¥ =2 Q'y, the quantity to be minimized
is

A(Xest | Yden)

| S 1

= %ﬂ(i) —  rijze (i) g Noln f(m(Xewn) | (R + NolXera| In M
i=1 j=i

(3.35)

S N

= gi T (K), ..., zes1(i) — Noln f(r(Xesr) | 750 + No|Xesa| In M (3.36)
i=1

where
1] ] | S|
gi Te+1(K), ..., wee1(d) (i) — 7’i.j$¢t+1(j)E

(Observe that
—Noln f(7(Xez1) | 7 (k) =0 and  No|Xew1|In M =0

two conditions that will be exploited in the sequel).
A preliminary decision as to the presence of user K can be made by resorting to decision-feedback.
Precisely, denote
1 1
E3 (K) =arg_ min |#erl (K) = ric ke (K + Non(zees (K), w(Xo) (3.37)

X¢+1(K)EMU{0}

where

I:I .
(0, 7%y 1 = p), K Lk (3.38)

—In(1 — «), otherwise

I:I .
(e (), 1 (%) = ar— s K TR o (3.39)

In v, otherwise

It may be worth emphasizing that, rewriting X; = XtE ), with ng)

that
(@ (K), m(kd) = —In fF(XEF D)

singleton-or-empty sets, we have
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A preliminary decision on the activity of user K — 1 is thus made through:

1
I (K—1) = arg min [4ed (K) — ric—1,c E23 (K) — ric—1k 121 (K — 1P
xe+1(K —1)eMU{0} 3

+Non(ze1 (K — 1), 7 (%) (3.40)

where (21 (K — 1), 7(%g) is the same as in (3.38) and (3.39) with K replaced by K — 1. Iterating
the above procedure, we obtain an initial estimate of the set of active users and their data in the
form LTl I R N [111
i i
X4ar) — ! y (3.41)

20 (i1) 25 (i)

where L I:[@lF )| and the superscripts DF emphasize the decision-feedback technique employed to
obtain such an initial estimate. The corresponding metric can be evaluated (up to terms that are
irrelevant in the overall comparison) as:

A= G(EN(K), ... 825)) = Noln f(r (%G ) w (k) + NoLn M (3.42)

i=1

This represents the reference value that can be adopted in an SD algorithm to improve the estimate,
as outlined below. The key idea is to assess the likelihood of the membership of each single user
to m(Xee1). Notice indeed that the assumption that the Kth user belongs to m(X¢+1) increases the
accumulated metric by an amount

" it K Cak
gk (1 (K)) + Noln M — N, 1op if K Ll

Ina otherwise

while the assumption that it is absent increases the accumulated metrics by

1
o (0) = No In(1—yp), if K Cal¥%g!

In(1 — «), otherwise

Assume for example that K Cz%g! K m@f )), and that
gK(l’t+1(K))+NolnM—Nolnu>K II;L.]_(K) M

Now, any path including K as an active user will end up with a cumulated metric larger than that
of paths not including it: thus, a number of branches can be pruned out. If all the branches must
be kept, then for each branch we have to evaluate the likelihood of the membership of user K — 1,
which requires evaluating the following metrics:

(a) Users K —1 and K both active. Add

T K —1 G
g 1(zean(K), zen(K — 1)) + Noln M — N 2# 1 I

In otherwise

to

Ty it K
gk (@1 (K)) + Noln M — Ny W F 1 L

Ina otherwise
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(b) User K —1 inactive, user K active. Add

“h—p), K —1 A&
—_ 1 B /JL ’ ! N
gk —1(zt+1(K),0) — No In(1—a), otherwise

to

I:ll ’ @
Ik (241 (K)) + NoIn M — Ny np, if K ol

In o, otherwise

(c) Users K —1 and K both inactive. Add

a(0.0)= Ny (= p), i K =1 DX

In(1 — «), otherwise

to [
() = N, In(1—p), if K Cal%g!

In(1 — «), otherwise

(d) User K —1 active, user K inactive. Add

T K —1 O
gk-1(0, 2es1(K —1)) + NoIn M — Ny F 1 L

Inca, otherwise

to 1
() = N, In(1—p), if K Cal%g!

In(1 — «), otherwise

Comparing the partial metrics to A should allow pruning out further paths. It should not be necessary
to recall that, if a branch is examined up to its terminal leaves, and if its cumulated metric it smaller
than A, this new metric would be chosen as the new reference value for next steps.

Estimating only the active-user set

Given the above, the problem of estimating only the active-users set in a training phase where a
known data sequence is transmitted is fairly straightforward. In fact, this case can be handled by
the same algorithm, where M = 1 and where the decision tree has a number of terminal leaves equal
to 2X. Before moving to the algorithm validation, we observe that:

a The algorithm suboptimality may be uniquely tied to the zero-order approximation (3.27). Once
this approximation is accepted, the search procedure is ensured to single out the path with
maximum (approximate) a-posteriori probability;

b As all SD algorithms, significant savings can be achieved only if the initial estimate is reliable. It
is thus expected that, if the channel changes little from ¢ to ¢t + 1, i.e. if p is sufficiently close to
one, while « is sufficiently small - for the adopted model this implies that f(m(Xer1) | (%)

peaks at m(X+1) = ﬂ(@-, then pruning proceeds faster than in highly dynamic situations.



62 MASCOT D1.3.1

3.5 Numerical results

Consider now the performance of the proposed SD algorithm for MUD in a dynamic environment.
We examine error probability and algorithm complexity, and compare our results with those in [13].

Assume a training phase. Let the spreading sequences be m-sequences with processing gain
N =15, and ¢ = 0.8 and a = 0.2. For the measurement model, we assume SNR=10 dB for all
users. The frames have length 7" = 10. The computational complexity of the SD-based receiver,
measured as the average number of explored nodes per decision, is represented in Fig. 3.2 for a
maximum number of users varying from K = 2 to K = 10. We note as the average complexity grows
linearly instead of exponentially with K, as would happen should the exact Bayes recursions of [13]
be implemented.

Consider next the same scenario as above, with N =7, K =6, u = 0.8, a = 0.2, and T = 10.
Fig. 3.3 shows the average complexity of the SD algorithm versus SNR. As expected, SD is less
and less complex as the SNR increases, while exact Bayes recursions are exponentially complex,
irrespective of the SNR. Moreover, at high SNR’s the SD complexity bottoms out at (M + 1)K,
reflecting the increasing reliability of DF-based initializations. It should be underlined again that SD
is “optimum” in the sense that it does not prune out any branch having an overall metric smaller
than the one chosen at the algorithm termination, suboptimality being possibly due to the zero-
order approximation of (3.27) only. In order to demonstrate the validity of such an approximation,
we refer to Fig. 3.4, which is derived under the same system parameters as Fig. 3.3. Fig. 3.4 shows
the set-sequence error probability (SSEP), defined as

] ]
SSEP [PIX;. 8 X} (3.43)

for varying SNR. We defer the interested reader to [13] for in-depth comments on this performance
measure: in the current setup, it may be useful to underline that, in trained scenarios, it represents
the probability that the estimated and the real sequences of the set of active users identities differ at
any epoch t. Conversely, in untrained scenarios, it is the probability that, for some ¢, the estimated
and the real set sequences differ either in the identity or in the transmitted data or both. Inspecting
Fig. 3.4 shows that the zero-order approximation entails only a marginal loss with respect to exact
Bayes recursions in the whole range of examined SNR’s, whereby we conclude that, at least for
trained systems, the complexity saving does not entail any significant loss in terms of SSEP.

Consider finally an untrained scenario, and assume that the users transmit binary antipodal
signals (i.e., M = {—1,+1}). Fig. 3.5 shows the complexity of the SD receiver for a maximum
number of users varying from K =2 to K =10, N =15, £t = 0.8, « = 0.2, and T' = 10. Even in this
scenario the complexity savings of the SD receiver is apparent. Fig. 3.6 shows the average complexity
of the SD algorithm versus SNR for K =6, N =7, u = 0.8, a = 0.2, and T = 10, giving further
evidence of the merits of the SD algorithm, as compared to Bayes recursions. Fig. 3.7, finally, shows
the SSEP for untrained scenario with K =6, N =7, u = 0.8, a = 0.2, and T" = 10, demonstrating,
in the new scenario, on one side the suitability of the zero order approximation, on the other the
effectiveness of the proposed SD algorithm.

We finally underline that so far the nominal® and the actual values of ;1 and « have been assumed
coincident and known to the receiver, while in real systems a discrepancy between these values be
observed. As pointed out in [97], the nominal values of p and o may be also used as a degree of
freedom to tune the receiver tracking capabilities. Indeed, overestimating « is expected to improve

9The nominal values are those used for setting the receiver parameters.
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the capabilities of detecting the activity of a new user, at the price of an increase of the false alarm
probability, i.e. of declaring users that are not actually transmitting. Similarly, underestimating pu
corresponds to assuming that active users cease transmission more frequently than they actually do,
thus enhancing the system adaptivity at the price of increased probability of missing active users.

3.6 Conclusions

We have examined multiuser detectors operating without information as of the number of active users,
and hence detecting simultaneously the set of active users and their data. Since implementation of
optimum detectors can be limited by their complexity, which grows exponentially with the number of
potential users, we have derived techniques for the reduction of this complexity. In particular, sphere-
detection (SD) techniques (possibly in an approximate version) were examined. SD algorithms have
been derived for MLL and MAP detectors in a static environment, while for a dynamic environment
a zero-order approximation has been proposed which enable the application of SD with a marginal
loss in performance. The performance of these detectors has been assessed in terms of set-sequence
error probability and of complexity.

level O

0 + - I3

level 1

0o/ + — o

level 2

8
[y

level 3

-+ + +

Figure 3.1: Tree illustrating the minimization of f(x;,z,, x3) whose arguments take on values in
{0,+1,—1}. Thus, M = K = 3 here.
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Figure 3.2: Complexity of the SD receiver and a receiver based on exact recursions, for different
values of K, in a training phase.
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Figure 3.3: Complexity of the SD receiver and a receiver based on exact recursions, for different
values of SNR, in a training phase.
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Figure 3.4: Set-sequence error probability (SSEP) for the SD receiver and a receiver based on exact
recursions, for different values of SNR, in a training phase.
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Figure 3.5: Complexity of the SD receiver and a receiver based on exact recursions, for different
values of K and untrained acquisition.
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Figure 3.6: Complexity of the SD receiver and a receiver based on exact recursions, for different
values of SNR and untrained acquisition.
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Figure 3.7: Set-sequence error probability (SSEP) for the SD receiver and a receiver based on exact
recursions, for different values of SNR and untrained acquisition.
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Chapter 4

Equalization of Imperfectly Known
MIMO Channels

N. Vucic and H. Boche

4.1 Introduction

It is often difficult to provide receivers and transmitters of communication systems with the perfect
channel state information (CSI). This problem is especially important if the transmission medium is
wireless, where the reasons for the existence of disturbances are numerous, with noise, quantization
and outdated delivery being some of the most prominent ones.

In this work, we focus on designing filters for communication over frequency selective multiple-
input multiple-output (MIMO) channels with finite impulse response (FIR). The main problem of
interest is the design of the robust minimax FIR equalizer (receiver) that is provided only with an
imperfect CSI. The disturbances in the channel knowledge are modeled by assuming that the H;
norm of the error matrix transfer function (MTF) is bounded. The robustness is defined in the
sense of minimizing the worst-case (maximum) mean square error (MSE) for all channels that satisfy
the adopted error model. The solution is obtained using semidefinite programming (SDP) methods,
which are known to exhibit good convergence properties [163]. We also extend our framework for
accommodating the related problems of minimizing the maximum MSE over the layers, and con-
sider the transmit filter design, in the case when pre-equalization with the imperfect CSI should be
performed.

4.1.1 Related work

The minimax (worst-case) approach that we pursue has been well-established in robust signal pro-
cessing [86]. Most of the early work in robust filter design has been concerned with robustness
against uncertainties in signal and noise characteristics [164]. In [116], the expressions for filters
that equalize imperfectly known single-input single-output (SISO) frequency selective channels have
been derived. The channel frequency response was assumed to have amplitude and phase charac-
teristics lying within specified bounds at each frequency. However, the explicite solution for the
filter that minimizes the worst-case MSE was obtained under no causality constraint. The same
problem appears in the recent work [65], where minimax MSE equalizers of MIMO channels have
been derived, with the assumption on the channel uncertainty similar to the one in this study. The

68
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authors’ extension of the original solution for flat-fading channels towards the frequency-selective
case yielded also filters which are non-causal. Furthermore, the method described in [65] requires
the computation of the singular value decomposition (SVD) of the channel matrix transfer function
(MTF) for every frequency, which introduces significant additional computational burden. Contrary
to the work [65,116], where the equalizers were derived under no causality constraint and must be
approximated for the practical implementation, our setup assumes FIR MIMO channels with implic-
itly causal, practically realizable FIR filters. Finally, the related problems of robust multiple signal
estimation were considered also in [7,8] using similar methodology based on convex optimization.
However, in [7,8], block circulant matrices are used for modeling MIMO systems, which does not
correspond to the communication over broadband MIMO channels, that we consider.

4.1.2 Notation and outline

We use small and large bold fonts to denote vectors and matrices, respectively. The Frobenius norm
is denoted with [(3) [£1[76], while the spectral norm of a matrix and the H, norm of a matrix transfer
function (MTF) are written as [(-) ]17,76], with the meaning clear from the context. A [Blis the
Kronecker product of A and B [77]. vec(A) is the vector that contains the columns of the matrix
A\, stacked below each other [77]. A, is the mth row of A. The matrix inequality defined on the
cone of positive semidefinite matrices is denoted with [._1 and O are the identity matrix and the
zero-matrix, respectively, whose dimensions, if not explicitely stated, will be clear from the context.

The rest of the paper is organized as follows. In Section 4.2, the system model is presented and
the main problem statement is formulated. The solution for the minimax equalizer is derived in
Section 4.3. In Section 4.4, the introduced framework is modified for addressing the problems of
robust MSE fairness and robust precoding. Simulation results are shown in Section 4.5, and some
concluding remarks are given in Section 4.6.

4.2 System Model and Main Problem Statement

w(n)
s(n) - A y(n) o S(n)
—H(E) =HE) +AR) o &)

Figure 4.1: System model.

The system model is illustrated in Fig. 4.1. The broadband FIR MIMO M x L channel is of
order C, with the Z-transform

H(z) = H(2) + A(2), (4.1)
where the coefficients of
. | R R
H(z) = He® AG)= A X (4.2)
k=0 k=0

are channel estimates (known to the receiver) and unknown disturbances, respectively. The input
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stream of symbols S(n) and the receive noise W(n) satisfy the following properties:

I:O'élL, k=0

B{s(us =Ry = 'Y oy (4.3)
% _ o Ow | M k=0
E{w(n)w*(n — k)} = Oman. KEO - (4.4)
We model the imperfect CSI at the receiver by bounding the Hy norm of A(z) [17]:
| 3 1
ALE: - K[Zl<e. (4.5)
k=0
The causal L % M receive filter is of order F' and we write its Z-transform as
1
G(z)= Gz X (4.6)
k=0

Finally, the received signal y(n) and the output after the filtering S(n) are given as

| 2 | |
y(n)=  His(n—k)+w(n), $n)=  Gyy(n—k).
k=0 k=0

The main problem of interest will be to find G(z) that minimizes the maximum MSE for all channels
in the uncertainty region, defined by the channel estimate and (4.5):

min max MSE, (4.7)
G(@) [|All2<e
where
MSE [CE{[Sn) — $(n) 2}, (4.8)

and E is the expectation operator.

4.3 Solution by Semidefinite Programming

We start by transforming the problem (4.7) into a more tractable form. After some calculations,
under the assumptions stated above, the MSE expression (4.8) can be rewritten as

MSE = o2 [yl+ M3 B o2 [gI5] (4.9)

where

1] QD
o

F C;;.o Ll y= rﬁ—vec(f), (4.10)
o
- 0 - Gg

g= (vec(Gp))',..., (vec(Gg))T EI, (4.11)
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with
a aT aT [
h = vec EIIIHO e HE 1T (4.12)
d = vec A AIjT , (4.13)
1 = ||_ 0L><(F+C)L . (414)

The unknown receive filter coefficients are mapped in the vector g, while the functions y and " are
clearly affine in g.
With [BI; K ¢ being equivalent to (4.5), the main problem (4.7) can now be restated as

min ¢ (4.15)
9T, T2
subject to
osylg)+TM(g)dl = n, LBlBLEeE, (4.16)
(2 < (.17
22 =t (4.18)

where ¢, 71 and 7, are slack variables (the solution for #* will be the desired minimax MSE).
We proceed by proving the convexity of the problem.

Theorem 4.1. The problem (4.15)-(4.18) is convex.

Proof. The objective function and the constraints (4.17)-(4.18) are clearly convex. Notice that for any
fixed &, the addition of the uncertain constraint (4.16) yields a convex set for the domain of (4.15)-
(4.18). The complete problem domain presents an intersection of all such sets that correspond to
the channels from the uncertainty region defined by (4.5). Therefore, since the intersection preserves
the convexity [18], we conclude that the domain of (4.15)-(4.18) is also convex. O

Interestingly, it can be noticed that the argumentation in the proof of convexity holds for any
model of the uncertainty set. However, it is still not clear if the main problem (4.7) can be efficiently
solved. In the sequel, we derive a numerical solution for the particular case of imperfect CSI defined
by (4.5).

We recall firstly the following lemma, whose proof can be found in [45]:

Lemma 4.1. Let A, B and C be given matrices, with A = A*. The relation

A [BrbC +C*D'B, M : MLke, (4.19)
is valid, if and only if ]
A—-)\C*C —B~
A= 0, B N [l (4.20)

The problem (4.15)-(4.18) can be now resolved by a transformation into an SDP program. The
main issue is clearly the ability to handle the constraint (4.16).

Theorem 4.2. The uncertain constraint (4.16) is equivalent to

),

o y- 0
Cly 21 —r Cfog (4.21)
0 —e Al

where ) is a slack variable.
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Proof. By applying the Schur complements lemma [76], it can be concluded that (4.16) can be
equivalently rewritten as

Os [ION (4.22)
y+TId ;—1I
The theorem is proved using Lemma 4.1 with

0, .
A= 09 , D =29, (4.23)

y =

] % ] ]

C=—-— 10, B= 01" . (4.24)
O

Considering the fact that the conditions (4.17)-(4.18) are standard conic quadratic constraints
and that the functions y and I" are affine in the vector of unknown filter coefficients g, using Theorem
4.2 it can be concluded that the problem (4.15)-(4.18) is equivalent to the standard SDP problem,
and that it can be solved numerically in a very efficient manner [163].

4.4 Related MSE-Optimization Problems

In this section, we study some related problems of interest, where the robustness is defined in the
worst-case spirit.

4.4.1 Fairness problem

In MIMO communications it is often of interest to consider spatial layers as individual streams of
data. In such cases, another performance metric, that takes into account the fair MSE distribution
among the layers, might be of more use in practice. The fairness, or as it is often called balancing,
means the minimization of the maximum MSE over the layers.

Let sj(n) be the ith element of the vector s(n), and let MSE; be the MSE of the layer [ for the
system model described in Section 4.2:

MSE, = E{[S](n) —$(n) B}, [ [{,...,L}. (4.25)
We define the robust counterpart of the fairness problem as

min max MSE;. (4.26)
G(2) [Al2<e, Ie{1,...,L}

For handling uncertainty in problem (4.26), similarly to Section 4.3, we can transform the expression
for the MSE;.

MSE, = o2[y] + M3 B o, [GIE] (4.27)
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where
(.
“&o, 0
M= %;m . Go,, EHI, (4.28)
0 GF(l )
vi = Eh—vee(l)), - (4.29)
h = b, OwE+on (4.30)
- ]
a = GO(L,:) Y GF(z,:) . (4'31)
Problem (4.26) can now be reformulated as a SDP problem.
Theorem 4.3. Problem (4.26) is equivalent to
min  t?, s.t. (4.32)
t, H
T+ pf <t (4.33)
1
Ss—=xn vy 0
Cy, T —er, o (4.34)
0 —5[‘.* >\||
ow Lk, LIA,...,L} (4.35)

where ¢, A\, 7y and g, are slack variables.

Proof. After using the expression (4.27) for the MSE of one layer and introducing the slack variables
71 with

os P+ TMdLEnR B Bhke, (4.36)

the objective function clearly represents the maximum MSE among the layers, with respect to the
uncertainty. Therefore, a tractable representation of the uncertain constraint (4.36) remains to be
found. This can be done using Lemma 4.1, with

,

LA yl*
A= 0 up D =39, (4.37)
] \&I os ] ]
—— 10 . B= 0T . (4.38)
which concludes the proof of the theorem. O

4.4.2 Precoding problems

In this part, we modify the system model slightly to analyze the the problem of precoding, where
the task of channel equalization is transferred to the transmitter. The system model is similar to the
one in Sectiqflﬁ, except that now the transmitter is provided with a causal M > L filter of order
F: G(2)= - Gz K, and with an imperfect channel knowledge. The broadband MIMO channel
has now dimensions L X M, as illustrated in Fig. 4.2, and the modeling of the the CSI disturbances
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(n) (n) " S(n)
S(n X(n N S(n
—7 | GG) i H() = HE) + AG) [0

Figure 4.2: Precoding system model.

is analog to (4.5). The statistical properties (4.3) of the transmit signal remain the same, while L
replaces M in (4.4). The received signal $(n) is given by a convolutional equation

1 1
S(n) = Hx(n — k) +w(n), X(n)= Gks(n — k).
The precoding problem will assume the minimization of the average total transmit power, subject
to an MSE constraint at the reception under uncertainty:*

min Py (4.39)
G(2)
s.t. MSE =g, AL EE, (4.40)

where ¢ is the specified MSE target, MSE is defined by (4.8), and the transmit power Pry can be
calculated as

Pry = 02[Q[3] (4.41)

Similarly to Section 4.3, the following equivalent expression for the MSE in the precoding case
will be of use

MSE = 02 Oyp + [pdp I Lo2, (4.42)
where
1
Gy G-+ 0 L

re=Hl- - - : B (4.43)
ODjj.GOIIICI%EI]

Op=vec Do ---Dc (4.44)
e = rphﬁ — vec(l) e (4.45)
hp =vec Hp---Hc (4.46)

with I defined by (4.14).
The problem (4.39)-(4.40) can now be transformed into a tractable form.

Theorem 4.4. Problem (4.39)-(4.40) is equivalent to

min [QIZ] s.t. (4.47)
By [

q—La?2

ST N =
— 2

Ve qcchw el [0 (4.48)
0 _E—:rp»< Al

where X is a slack variable, and g is given by (4.11).

1The minimax MSE precoding problem could also be defined and solved in a similar manner as in Section 4.3.
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Proof. The objective function (4.41) is clearly equal to (4.47). Thepptreqf that the constraint (4.40)
is equivalent to (4.48) is analog to the proof of Theorem 4.2, with ¢ — Lo2, in place of 7. O

Therefore, considering the fact that 'p and yp are affine in g, the precoding problem can also be
viewed as a SDP problem. It is important to notice that, contrary to the minimax and the fairness
problems, the precoding problem (4.39)-(4.40) can be infeasible.

4.5 Numerical Examples

The numerical solutions in this section are obtained using SeDuMi [147]. os = 1 is fixed for all
simulations.

The proposed minimax approach from Section 4.3 is illustrated on a broadband MIMO scenario
with the FIR MIMO channel and equalizer having orders C' = 2, F' = 3, respectively. The system
dimensions are L = 2 and M = 3. The solution of the minimax MSE problem (4.7) is given
in Fig 4.3. The deterioration of the worst-case MSE, as the bound ¢ on the channel uncertainty
(4.5) increases, can be observed for various noise powers. The results present an average over 100
randomly chosen channels, where the real and imaginary parts of one channel coefficient had the
standard normal distribution N (0, 1). Notice that in one such scenario, the necessary conditions for
the perfect channel inversion are satisfied [124,175], so a very good performance in the low noise
power regime was to be expected. For very high levels of disturbances, the minimax MSE solutions

approach the value of 2, which means that no reasonable equalization is possible any more (this is
the MSE when G(z) = 0).

The fairness problem from Section 4.4.1 is analyzed for the same setup, and the simulation results
are shown in Fig. 4.4. The similar behavior as for the sum-MSE case can be observed. Clearly, the
sum of the guaranteed “balanced” (this term has to be used here with care, because the solution of
the problem (4.26) does not implicitly assume that the obtained MSE values will be equal) layers’
MSEs must be larger or equal to the minimax MSE shown in Fig. 4.3.

Finally, we illustrate the precoding problem in Fig. 4.5. We plot the minimal transmit power for
various MSE targets ¢ and various bounds on the channel uncertainty ¢, for a system with no noise

and when 02, = 0.125. The scenario is analog the equalization case, with system parameters L = 2,
M =3, C =2 and F = 3. One estimated channel with

L1
—1.1+0.37 —0.37—0.48; —1.88—0.37

Ho 0.214+1.03; —0.04+0.88; 1.13—1.19i
] . . O
H —0.09—1.13i 0.19+0.55i 1.07 —1.29i
! —0.42—0.65i 2.39—1.62 —0.22—0.95
1 . . .
4 —0.27—0.86i 1.58+0.56i 0.28 + 1.3
, =

—1.15—2.33: —047—0.76¢ 0.09 —1.20¢ ~’

is kept fixed to show the feasibility regions, as well. It can be observed how the system performance
(the minimal transmit power and the supported feasibility region for the MSE target ¢) deteriorate,
as the bounds on the disturbance or the noise power increase.
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Figure 4.3: Minimax MSE vs. the bound on the channel uncertainty.

4.6 Conclusion

In the paper, a framework for designing robust equalizers and pre-equalizers of frequency selective
FIR MIMO channels is proposed. It is shown how with a single filter an infinite number of channels,
that correspond to the uncertainty regions around the obtained estimates, can be supported, with
MSE criteria as a performance measure. The solutions for causal and practically realizable robust
FIR MIMO filters are based on SDP methods, which are known to exhibit excellent properties in
terms of convergence speed. Future work should include other types of error modeling and the
infinite-impulse-response (IIR) filter design.
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Figure 4.4: “Balanced” MSE of one layer

vs. the bound on the channel uncertainty.
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Figure 4.5: Minimal transmit power vs. the MSE target under uncertainty.



Chapter 5

Transceilver Optimization for MU-MISO
Broadcast Systems

N. Vucic and H. Boche

5.1 Introduction

It is often an intricate task to provide the transmitters in wireless communication systems with the
precise channel knowledge. Errors in channel state information (CSI) are always present thanks to
the noise-prone channel estimation process. The wireless channel can also vary in a rapid manner,
so the obtained information might be outdated. Furthermore, in setups where the CSI should be
transferred from the receiver to the transmitter, the feedback channel, used for this purpose, is
usually of limited capacity, which makes the quantization necessary.

In this work, we focus on the downlink of a multiuser (MU) multiple-input single-output (MISO)
single-cell, flat-fading system, with single-antenna users and a multi-antenna base station (BS).
Under the assumption of imperfect CSI at the BS, we jointly optimize its linear spatial transmit
filter (beamformer) and the users’ scalar equalizers, so that the total transmit power is minimized,
without violating the specified mean square error (MSE) targets for all channels from the uncertainty
regions. In a way, this is a modification of the well-established minimax principle for designing robust
filters [86]. We show that the observed problem is convex for any type of the uncertainty region,
and derive numerical solutions for the cases when the spectral norms of the channel error vectors
are bounded, or when the real and imaginary parts of each channel error coefficient have bounded
absolute values (the latter problem will be called the quantization problem).

The same problem was studied in [122], however, only power allocation was optimized and the
rest of the two-block transmitter was fixed. The similar problem of minimizing the maximum sum
of the MSEs was analyzed in [139], but with all users calculating without equalization the MSEs
with respect to decision regions scaled by the same factor. Contrary to these methods, our approach
performs the complete optimization of the transmitter and the receivers. The problems where the
error model is defined by bounding the spectral norms of the disturbances are shown to be equivalent
to standard semidefinite programming (SDP) problems with efficient numerical solutions [163]. In
the quantization case, an equivalent SDP reformulation is also obtained. However, due to a relatively
large number of additional constraints, a safe (conservative) approximation, with significantly lower
computational complexity, is proposed. Finally, we note that the related problems of joint transceiver
optimization in the case of the perfect CSI knowledge at the BS were solved using uplink-downlink

79
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duality in [140].

As far as the notation is concerned, all vectors and matrices are in boldface. The trace of a
matrix and the spectral norm are denoted with Tr(-) and [[) [L)] respectively. I is the identity
matrix. A means that A — B is positive semidefinite. The Hermitian transpose is written as
(). Ak, and Ay m) denote the kth row and the element in position (k,m) of A, respectively. The
real and imaginary parts of a complex number are written as [(-land [{-]l respectively.

5.2 System Model and Problem Statement

The block scheme of the system model is shown in Fig. 1. The input vector S = [s}, 5, ..., sKk]*
contains the symbols for the K users. It is assumed without loss of generality that E(ss*) = 1. The
BS is equipped with M antennas and with a linear spatial transmit filter denoted by G MK,
The user k performs a scaling of the received signal with p[l > (. In the sequel, it will be shown that
such equalization at the reception is optimal in the sense of MSE optimization and that there is no
benefit in assuming complex factors. The complete broadcast K x M flat-fading channel is denoted

with H = [H{ ..., Hie y]7 where Heg CCPM s the channel of the user k. The BS is provided
Wl — —H
pil 0 ~
S ~ 1 1 S
K M K 0 .- -pj_(l

Figure 5.1: System model.

only with estimates ﬁ(k,;) of the channels H ). It is known that
Hey = Hey + Dy, B, ... K} (5.1)

We model the unknown CSI errors Ay, grouped in the matrix A = [Aa:), e ,A?K’:)]*, assuming
that they satisfy at least one of the following two constraints:

* The spectral norm (i.e., the Euclidean norm in the vector case) of Ay is bounded.

e The real and imaginary parts of the elements of A ;) have bounded absolute values (quanti-
zation problem).

The set of kth user’s allowable CSI error matrices, that corresponds to the constraints defined above,
will be generally denoted by Dy.

At the reception, Gaussian noise W = [w}, w5, ..., wi]* is present, with E(wxwy) = oZ. The
noise signals of different users, as well as the noise and the input signals, are uncorrelated. For
convenience, it is assumed that the noise variances o are known perfectly at the BS. It will be seen
that the optimization with respect to the imperfect noise knowledge is also readily supported by the
proposed framework.

The system equation for the kth user can now be written as

R 1
Sk = p_k<H(k':)GS+wk)7 (1, ..., K} (52)
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The users are assumed to have individual MSE targets gx. The goal is to jointly optimize the
transmit filter G and the receivers’ factors pg, so that the total transmit power is minimized, while
fulfilling the MSE constraints under the CSI uncertainty. With P = E(Tr(Gss*G*)) = Tr(GG*)
being the transmit power of the BS, we can write the main problem of interest as

min Tr(GGY), (5.3)
G,p1,.-PK
s.t. MSEx < ¢, [EIC{,..., K}, (k,:) CD. (54)

In a practical application, the BS would be assumed to perform all calculations for solving the
problem (5.3)-(5.4). The receivers can either be supplied with their equalization coefficients in
the initial phase of communication over one channel or, since they have the perfect CSI, they can
apply standard minimum MSE (MMSE) solution for their scaling coefficients py, with respect to the
equivalent channels H )G. The latter approach will result in the obtained MSEs that surely comply
to the uncertain constraints (5.4). However, it is important to notice that the exact MMSE solutions
are not known to the BS and do not help the optimization problem of minimizing the transmit power
(5.3)-(5.4) that is being solved by the BS. The key idea in optimizing the scaling factors in (5.3)-(5.4)
is that the BS determines its beamformer G by having some (partial) knowledge of what could be
done at the reception, which, as it will be shown in Section 5.5, yields significant gains.
We continue by rewriting the MSE expression of the user k

MSEk EE—\dlSk - §k|2)

= I (HknG — prei) (Hwy G — pei)” + oic (5.5)
where e, k = 1,..., K, are standard basis vectors for CK [76]. From (5.5), it is clear that assuming

complex pys does not change the obtained minimal transmit power based on (5.3)-(5.4) (the columns
of G can be scaled with the respective complex factors of unit magnitude). Since the multiplication
with zero at the reception would not be reasonable in any practical system, we conclude that py [ Rl +
was a valid assumption for the full optimization. For supporting the desired robust designs, the
following equivalent representations of the constraint MSEy < ¢

V_
HwkHG —pk€r ok Pk Gk
1 v g . 1
Dk Gk H(k,:)(é/—pkek ok
= LG*HG ) — peex Pkl 9 L Ho] (5.6)
Ok 0 Pk Gk

where the last relation follows from the Schur complements lemma [76], will be of use. We notice

that, instead of (5.4), the following equivalent set of constraints has been obtained
1

o+ LGy, 0 0 [fo]

0 0 0
LYl K}, DNy CDk, (5.7)
where 1 Vv . 1
Px ok HuG—meéic o
®y = @*HFK,:) — Pk€k P gkl 9/ L1 (5.8)

Ok 0 Dk Gk
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is affine in the unknown transmitter and receiver coefficients.
We proceed by proving the convexity of the problem.

Theorem 5.1. The problem (5.3)-(5.4) is equivalent to a convex optimization problem.

Proof. The objective function (5.3) is clearly convex. Notice that for some fixed A(k,;) Oy, k=
1,..., K, due to (5.7), the MSE constraints in (5.4) can be seen as linear matrix inequalities (LMIs),
i.e., they are convex. Therefore, the constraints in (5.4) present the intersection of an infinite number
of LMISs, so, it can be concluded that they are convex, as well [18]. O

We can notice that the problem is convex without any specific assumption on Dg. In the sequel,
efficient solutions for the two particular error models of importance, introduced above, will be derived.

5.3 Bounded Norm Constraint

In this case, we have
m(k’;)lzlgffk, El:{_l,,K} (59)

For the further transformation of (5.7), we use the following lemma, whose proof can be found in [45]:

Lemma 5.1. Let A, B and C be given matrices, with A = A*. The relation

A LBroC +C*'D*'B, [M@O: [DLke, (5.10)
is valid, if and only if ]
A—-)\B*B —C*
X 0, P T o/ (5.11)

Now, we are in position to prove the following theorem:

Theorem 5.2. The problem (5.3)-(5.4), with Dy specified by (5.9), is equivalent to the following
SDP problem

min t, DX - ] (5-12)
s.t. Tr(X) <t, G I [ON (5.13)
1 v_ . . -
Pk Gk — Ak H(k,:)%—pkek Ok 0
"Hey — D€ Pk gkl 9/ —e G* E
Ok 0 Pk ﬁ 0
0 —é‘kG 0 )\kl
o ... K} (5.14)

Proof. By applying the Schur complements lemma similarly as in (5.6), it can be concluded that
(5.3) can be equivalently rewritten in the form (5.12)-(5.13), where t and X are slack variables. The
transformation of the constraint (5.7) into the form (5.14) is performed by using Lemma 5.1 with
A= (Dk, D= A(ky;), E = &k and

O | O |
B-—— 100, C= 0G0 . (5.15)
0
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Therefore, being equivalent to the standard SDP problem, the problem of interest can be solved
numerically, with interior point methods, in a very efficient manner [163]. At this point, it is con-
venient to remark that the practical per-antenna power constraints can also be easily inserted into
the SDP formulation (5.12)-(5.14) as additional convex constraints of the type GmnGiy, ) = Tm,
m=1,..., M, where vy, is the power limit for antenna m. This possibility of extension holds for all
problems studied in this paper.

5.4 Quantization Constraint
By quantization, we assume that forall k=1,..., K, m=1,..., M

| A m}H < ek, |EDgm} = ek (5.16)

We proceed by transforming the uncertain constraint (5.7) into a tractable form.

Theorem 5.3. The constraint (5.7), with Dy specified by (5.16), is equivalent to the following set of

LMIs

D+ okPYL 4+ ofP Lz O (5.17)

m=1 m=1

L] L]
forall & CL1,..., K}, p C0,...,22M — 1}, with the 2/ x 1 vectors V&P = *P7 . 1KP™  given
as

1
VKO — g -1 =1 -0 =1 =1 m, (5.18)
ki L [
vkl — o =1 =1 o =1 1 7, (5.19)
: |
vl g T e (5.20)
and where the matrices Y., and Z,, are defined as
1 1
0 G(m,:) 0
Ym = LG, 0 0LJ (5.21)
0 0 0
Zn = 3G, 0 o] (5.22)
0 0 0

Proof. Stack the real and imaginary parts of Ay into a 2M % 1 vector &%

]
IZI: HAky} Ay} D- (5.23)

It can be easily checked that the constraint (5.7) in the quantization case is equivalent to

I:I* *
8= ok .ok,

I'I l I'I l
O+ KYm+ K uZm COI

m=1 m=1

8 [R: |6 <ex, [=1,...,2M, [EI{,... K}.

(5.24)
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Notice that the set of all allowable vectors 8% that describe one user’s channel uncertainty is the
convex hull of the finite set of fixed vectors VKP, p =0,...,2°~1 The claim of the theorem follows
now immediately, thanks to the convexity of the LMIs. O

Therefore, similarly to Section 5.3, the desired optimization can be performed using the SDP
methods.

The problem with this solution is in the large number of additional constraints (LMIs). As seen
from (5.18)-(5.20), their number grows exponentially with the number of transmit antennas, which
might prevent this approach from practical application if the BS employs a large antenna array. In
this case, we can propose one simple, conservative (in the sense that the MSE targets are never
violated) tractable approximation, with lower computational burden.

Theorem 5.4. The constraint (5.7) is fulfilled in the quantization case (5.16), if the following set
of LMIs is satisfied

YK =V, WK [FZ, m=1,..., M, (5.25)
) (—
o —e (Y& +WK) O] 2, ..., K3, (5.26)
m=1

where YK and WK are slack matrix variables.

Proof. Using a similar reasoning based on the convex hull as in the proof of Theorem 5.3, we conclude
that for arbitrary Y, Y and e =0

Y o #Y [=FY (5.27)
-~ Y =Y, IR |§<c. (5.28)

Therefore, under the assumptions (5.16) and (5.25), we have

| o N (—
D+ EYm+ 0K emZm

m=1 m=1
K k
LDk —e (Y + %), (5.29)
m=1
which concludes the proof of the theorem. O

Contrary to the exact solution, the number of additional constraints for the procedure described
by Theorem 5.4 increases only linearly with the number of transmit antennas M, which is clearly
beneficial in terms of the decreased computational complexity.

Finally, we remark that the problem of imperfect noise knowledge at the BS can also be easily
supported, e.g., by the quantization framework, using Theorem 5.3 or Theorem 5.4. Furthermore,
any combination of the bounded norm and the quantization constraints is also readily handled by
simple transformations of the derived SDP problems from this and the previous section.
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5.5 Numerical Examples

The numerical solutions are obtained using SeDuMi [147]. The proposed methods are examined in
a MU MISO system with M = K = 3, where all users have the same o = 0.25.

In Fig. 2, we plot the minimal transmit power for various MSE targets ¢z of the third user,
for constant ¢ = ¢ = 0.1, under the bounded norms assumption (5.9), with ¢ = 0.1, [£] One
randomly chosen estimated channel is kept fixed: I—Al(ly;) = [0.8 —0.87, 0.84 — 0.74, 1.16 — 2.267],
I—AI(ZY:) = [1.01—1.36y, 0.03—0.425, —0.35—0.77], H(gy;) = [—0.65—0.037, —0.55+0.56, 0.26—0.32j], to
illustrate the typical performance. The benefits of the solution proposed in Section 5.3 are illustrated
by a comparison with a scheme that uses fixed receivers (px = 1), and with the idea from [122], where
only the separate power allocation was optimized, with the transmit filter being the pseudoinverse
of the estimated channel.

For the quantization problem, the same multiuser MISO setup, but with ¢, = 0.01, £ {1, 2, 3}
in (5.16), was used. The minimal transmit power based on the exact and the approximate analysis
from Section 5.4 is shown in Fig. 3, for two different sets of MSE targets ¢; and ¢». The results
were averaged over 100 randomly chosen channels, where the real and imaginary part of one channel
coefficient had the standard normal distribution.

Except for the suboptimal approach with fixed receivers in Fig. 2, all illustrated problems were
feasible for the whole observed MSE range. It can be concluded that the proposed method, due to the
complete system optimization outperforms the related approaches in the literature. The approximate
solution of the quantization problem might be an attractive approach, especially if we are not close
to the border of the feasibility region.

5.6 Conclusions

The imperfect channel knowledge can present a serious obstacle when implementing transceiver
optimization algorithms in practical wireless communication systems. In this paper, the problem of
MU MISO system optimization, where the total transmit power should be minimized under the users’
MSE targets, is solved for two characteristic cases of CSI disturbances at the BS: bounded channel
error norms and a quantization-like process. The solutions are obtained using numerical semidefinite
programming methods, which are known to exhibit good properties in terms of convergence speed.
The future work should extend the results for accommodating the more involved MU multiple-input
multiple-output (MIMO) scenarios.
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Figure 5.2: Minimal transmit power for the bounded norms case. Comparisons with the performance
for the perfect CSI and with the suboptimal solutions for handling the imperfect CSI.
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Figure 5.3: Minimal transmit power for the quantized CSI. The exact and the approximate solution
compared with the perfect CSI performance.



Chapter 6

MSE-Constrained Downlink Precoding In
MU-MIMO Systems

N. Vucic, H. Boche, and S. Shi

6.1 Introduction

In communication systems having the transmitters provided with the information about the channel,
the precoding methods present powerful tools for improving the overall transmission quality [49].
However, the channel state information (CSI) that could be obtained at the transmitter in a real-world
wireless system is usually imperfect [11,173]. Due to the noise, the channel estimation algorithms are
always error-prone. The situation significantly worsens in often-occurring setups that have the CSI
transferred from the receiver, where it is estimated, to the transmitter. In this case, the CSI might
be outdated, since the wireless channel can change rapidly, and typically, the information must be
quantized, because the feedback links, used for this purpose, are of limited capacity [85,94].

The downlink of a multiuser multiple-input multiple-output (MIMO) system is in the focus of
our work. The users and the base station (BS) have antenna arrays and linear filters. We design the
transmitter and the receivers for communication over flat-fading channels. The CSI at the BS is not
perfect, but disturbed. However, the uncertainty regions around the estimates, which surely contain
the exact channels, are known to the BS. On the other side, the users have the quality-of-service
targets in terms of the specified maximum allowable mean square errors (MSEs). The goal will
be to jointly optimize the transmit and the receive filters, in order to minimize the total transmit
power with the MSE constraints satisfied for all channels that might appear, with respect to a given
uncertainty model.

Due to the fact that the complete system optimization is an intricate problem (even if the perfect
CSI is available, as will be discussed in the sequel), our main focus is on the full optimization of
the transmitter and partial optimization of the receivers. The receive filters will be fixed (possibly
heuristically chosen) matrices, multiplied by adaptive scaling factors, that we optimize, as well. This
assumption yields relatively inexpensive mobile units, since the complex signal processing is done
at the BS. We show that the problem is convex for any type of the uncertainty region and provide
numerical solutions, based on the semidefinite programming (SDP) methods, for two cases of practical
importance. The first scenario for the uncertain CSI assumes bounded Frobenius norms of the CSI
error matrices, and the second is a quantization-like process, where the elements of the CSI error
matrices have bounded absolute values of the real and imaginary parts. For the latter problem, due
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to a relatively large number of additional constraints in the formulation of the equivalent semidefinite
program, we propose a safe approximation with lower computational burden, which does not violate
the MSE requirements. Finally, we briefly reveal some preliminary ideas for modifying the proposed
framework in order to obtain the full system optimization and discuss several related problems of
robust MSE-constrained transceiver design.

6.1.1 Related Work

The analogous problem of MSE-constrained power minimization for a multiuser MIMO system with
the perfect channel knowledge at the BS is still considered as open, with some close-to-optimum
solutions given in [112,134,141]. The robust optimization for dealing with the imperfect CSI is
considerably more challenging. The channel uncertainty introduces an infinite number of scenarios,
corresponding to all channels that belong to the uncertainty regions, which must be handled. The
robust optimization of multiuser broadcast systems with single-antenna users and a multi-antenna
BS, under the set of MSE constraints, was considered in [122], where a suboptimal solution was given,
and in [174], where the system was fully optimized (for the related results under the assumption of
the perfect CSI, see [11,132,133,140]). The work in this paper presents an extension of the ideas
from [174] for accommodating the multiuser MIMO systems.

6.1.2 Outline of the Paper

The rest of the paper is organized as follows. In Section 6.2, we explain the assumptions regarding
the system model. The problem statement, the proof of the convexity and the first steps for a
transformation into a more tractable form are given in Section 6.3. In Sections 6.4 and 6.5, the
equivalent SDP problems are derived for the two particular error models of interest. We discuss
several possible extensions of the presented framework in Section 6.6. Finally, the paper is concluded
with some numerical examples and a short summary.

6.1.3 Notation

Vectors and matrices are set in boldface. Tr(A), [AlJand [Als]denote the trace, the spectral
norm and the Frobenius norm of a matrix A, respectively [76]. I is the identity matrix and O is
a matrix that contains only zeros, with the appropriate dimensions. A indicates the positive
semidefiniteness of A — B, while A denotes the Kronecker product of A and B [77]. The
transpose and the conjugate (Hermitian) transpose of A arp-yrittes as AT and A*, respectively.
A m) is the element in the position (k,m) %A, and A m) A(['E) is the mth column (row) of A.
For a matrix A with L columns, vec(A) Ay -+ Ay . The real and imaginary parts of
a complex number or matrix are denoted with [{-} and [{}, respectively. E{-} is the expectation
operator.

6.2 System Model

The block-scheme of the multiuser MIMO system is given in Fig. 1. There are K users in the
system. The antenna arrays of the BS and the user k, k [{l,..., K}, have M and Ly antennas,
respectively. We consider the communication over flat-fading channels Hx QM. The symbols
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|
for the transmission It_?ihle K users are grouped in an N X 1 vectorS= S S; ... Sk , where

sk LN and N = [ Ni. It is assumed that E(ss*) = Cs Q1

The linear transmit filter at the BS is denoted by G [L.AM*N. The BS is equipped only with
estimates ﬁk of the channels Hy. The relation between the accurate and the available, erroneous
CSI is given as

He = He + A, [EC,... K} (6.1)

where Ay are disturbances, unknown to the BS. These errors in the CSI are assumed to be bounded
and to satisfy (at least) one of the following conditions:

e A\, have bounded Frobenius norms.
e The real and imaginary parts of the elements of Ay have bounded absolute values.

The set of kth user’s allowable CSI error matrices, which defines the uncertainty region with the
available channel estimate, will be generally denoted by Dy.

Wy

1 S1
;
M L1 N
N M . o
M ~

Sk
LK NK

Figure 6.1: System model.

The user k performs the scaling of the received signal with p[l, px CCAN{0}, and a multiplication
with a linear equalizer Fy [QN¢*Lr (this specific assumption on the receivers’ structure will be
clarified in the sequel). At the reception, the Gaussian noise Wy is present, with E(wywy) = C,,, [0l
The noise and the input signals are statistically independent.

6.3 Problem Statement

The users are assumed to have certain MSE targets gk that should be maintained despite the channel
uncertainty:

MSEx < q«, [EICQ,..., K}, [Ny [CD. (62)

We aim at optimizing the signal processing at the transmitter and at the receivers, so that the total
transmit power is minimized without violating the users’ MSE constraints for all channels defined
by the uncertainty regions.

The system equation for the kth user is given as

~ 1
Sk = p—Fk(HkGS+Wk). (63)
K

The average total transmit power of the BS for one channel use can be written as

Pry = E(Tr(Gss*G*)) = Tr(GCsG*). (6.4)
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Since the full system optimization is an intricate problem (some ideas for a robust optimization of
the complete system will be briefly presented in Section 6.6), we focus in the sequel on optimizing the
transmit filter G and the receivers’ scaling factors py, for some fixed matrices Fy. Certain heuristics
for choosing Fy are discussed in Section 6.7. Therefore, the problem of interest can be mathematically
described in the following form:

min Pry,
G,p1,-PK (6.5)
s.t. MSEx <, [EICH,..., K}, [N CDg.

The BS should perform all necessary calculations for solving (6.5). Since the users possess the perfect
CSI, they can be supplied with their scaling coefficients pyx from the BS. However, it should be noticed
that after the BS has determined the transmit filter G, the users can always adopt the minimum
MSE (MMSE) equalizers as their filters. While this does not help the optimization problem (6.5),
in practice, lower MSEs are obtained in this way.

We proceed by transforming the expression for the MSE of the user k:

MSE, = E{[S} — s 2}
=E Fk(HkGS+Wk)—QkS| |
Px 2

] =
Tr (FkHkG — pQi)Cs(FkHKG — piQx)

|1Dk|2
+ Tr (FCw, Fy),
e (PGP
where 1 1]
Qk = Okazf;le INk Okaz{;kﬂNl . (6-6)

Let px = |pk|e}®* be the optimal scaling coefficients for the optimization problem (6.5). It can be
seen that inserting |pk| instead of py, would not change the MSE constrailﬁi—_}lrﬂ(&Q), orﬁ%}kiininimal
transmit power (6.4) that results from (6.5), because the columns 14+ |2 Ny,..., =, N of G
can be multiplied by e 9. Therefore, px R4+, [EICL, ..., K}, can be assumed, without loss
of generality. Having concluded that, we notice that the condition MSE < ¢« can be equivalently

rewritten as
E]VIZ Mk z—pkvﬁ, (6.7)
where
L1 1]
Vk = vec (FKHE_IG— Qk)C? (6.8)
Tk = C\}vlkz F

with C2? and C\}\,/kz being the square roots of the positive semidefinite matrices Cs and Cy, , respec-
tively [58].
Using the Schur complements lemma [76], it can be shown that (6.7) is equivalent to

= 1
Pk Mk Mk
I:le Pk qkl _9/_ IEO] (610)

Mk 0 Pk Gk
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Let v = Vi + Vi, with

) LL - 12
Vk = VeCI_L_IFkaG —-Dp k)Cs , (6.11)
VK = vec FkAkGCSl/Z . (6.12)
The expression (6.10) can now be rewritten as
L1 L1
0 v 0
o+ vk 0 o LHAT) (6.13)
0 0 0
where 1+ R 1
P ak Yk Mk
o= pogdt 9 (6.14)
Tk 0 m

is affine in the unknown coefficients of G and py.
We are now in position to prove the convexity of the problem.

Theorem 6.1. The problem (6.5) is equivalent to a convex optimization problem.

Proof. The objective function (6.4) is convex, as a composition of the Frobenius norm (clearly convex)
and an affine mapping [18]. It can be noticed that for some fixed Ax [DOy, k = 1,..., K, due to
(6.13), the MSE constraints (6.2) are linear matrix inequalities (LMIs) in the unknown transceiver
coefficients. Therefore, the constraints in (6.5) present the intersection of an infinite number of LMIs
corresponding to all channels from the uncertainty regions. From convex optimization theory it is
known that the intersection of (an infinite number in general) convex sets preserves the convexity [18],
which concludes the proof of the theorem. O

Although the problem of interest is shown to be convex, it is still not clear if it can be efficiently
solved because of the uncertain constraints (6.2). In the following two sections, we show how (6.13)
can be further transformed and provide efficient numerical solutions, for the two error models of
interest.

6.4 Bounded Frobenius Norms of the CSI Errors

In this section, we focus on the first scenario for modeling the imperfect CSI, where the Frobenius
norms of Ay are known to be bounded

%kES ex, L[EI1CL,..., K} (615)
Notice that the vector Vi from (6.12) can be rewritten in the following form [77]
Vi = My, (6.16)
where
L]
M= GCL? E‘ CFl, Ok = vec(Dy). (6.17)

For the further transformation of (6.13), we use the following lemma [45]:
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Lemma 6.1. Let A, B and C be given matrices, with A = A*. The relation

A LBroC +C*'D*'B, [M@O: [DLke, (6.18)
is valid, if and only if ]
A—-)\C'C —cB*
X0, B A o/ (6.19)

The problem of transceiver optimization in the case of bounded Frobenius norms can now be
reformulated as an SDP problem.

Theorem 6.2. In the case (6.15), when CSI error matrices have bounded Frobenius norms, the
problem (6.5) is equivalent to

min ¢, subject to:
TIL_CICSX) <t

X G* -
Sy - -
Pk Gk — Ak \\Aﬁ: Tk 0 (6.20)
E Vi Pk gkl Q/ —eklk &ZO]
Mk 0 Pk g O
0 —Ekrﬁ 0 )\kl
g, K}

Proof. Using the Schur complements lemma, it can be easily seen that the objective function in
(6.5) is equivalent to minimizing one slack variable ¢, subject to the first two constraints in (6.20).}
Clearly,

(&} [ = [Ak ] (6.21)
is also valid. From (6.13) and Lemma 6.1, with D = &, ¢ = ek, A = Py and
] ] 1] 1]
B= 01T} 0 , == 100 , (6.22)

we conclude that last condition in (6.20) equivalently represents the MSE constraints (6.2). Since Ny

are affine in the unknown transmit filter coefficients, the standard semidefinite program is obtained.
O

Therefore, the problem of interest can be solved with interior point methods in a very efficient
manner [163].

6.5 Quantization of the CSI

In this section, we assume

| A, H =k, [, H=cexk

(6.23)
l=1,....Lx, m=1,...,M, [EC,... K}

1This transformation is used only to satisfy a formal definition of the SDP problem, as given, e.g., in [18]. Current

optimization Ibox%an typically also support the given optimization problem with the objective function remaining
F

in the form Célz
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We focus now on transforming the condition (6.13) with the CSI uncertainty specified by (6.23). Let
the vector 8K [CRP-*M*1 contain the real and imaginary parts of &y

L T V¢ R e R s (6:24)

and notice that (6.13) can be equivalently rewritten as

L
™ ]
Dy + SR Y K+ ok zX 0]

m+L,M m
—_— g (6.25)
DN CR: 6K <ex, [=1,...,20M, CA,..., K},
where the matrices Y X and ZKX are defined as
1 . 1
) 0 ke O
0 0O 0
L1 . L1
0 _j rk(: ) O
zy = B, 0 o [ (6.27)
0 0 0

Now, the following theorem is easily proved:

Theorem 6.3. The MSE constraint of the £th user in (6.2), with the channel uncertainty described
by (6.23), is equivalent to the following set of LMIs

L
@ ]
O + DRPY K 4+ biR wZE O (6.28)
m=1
]
for all p 3D, ..., 22-M — 1}, with the fixed vectors b*P = B{P, ... b5\, CRP-M*! given as
]
p*0C=¢g —1 -1 .- —1 —1 E‘,
]
b*l=g —1 —1 --- —1 1 E‘,
. (6.29)
k22N o I:'1 111 E‘.
Proof. Consider the relation (6.25) as an LMI in 8. The set of all vectors ¥ that describe the channel
uncertainty of the user & is the convex hull of the finite set of fixed vectors b*P, p = 0,..., 22LiM — 1
The claim of the theorem follows now thanks to the convexity of the LMI (6.25) in &. U

Therefore, similarly to Section 6.4, the problem (6.5) can be solved with SDP methods. However,
due to a large number of additional constraints, reflected in vectors b¥P, whose number grows expo-
nentially with the system dimension, this solution might be impossible for realization in a real-time
application. In such cases, a safe approximation of the exact solution, which also does not violate
the users’” MSE requirements, and has a lower computational complexity, can be used.
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Theorem 6.4. The MSE constraints (6.2) are fulfilled for the CSI uncertainty (6.23), if the following
set of LMIs is satisfied

YK =YX Wk =zK m=1,... LM, (6.30)
L

O —ea (YS+WK) CO) F0,.. ., K}, (6.31)
m=1

where YK and WK are slack matrix variables.

Proof. For arbitrary Y, Y and € = 0, the following relations are valid

Y [E o~ Y [=kY (6.32)
- Y =Y, [EICR: |§|<e, (6.33)

where the first equivalence relation is obtained as a simple multiplication with —¢ < 0 and the second
follows if the (6.33) is seen as an LMI in §. Therefore, under the assumptions (6.23) and (6.30), we

have
ot v T2
LRk —ek oy (Y + W5,  Oaf <<, (6.34)
which concludes the proof of the theorem. O

Therefore, the MSE constraints (6.2) can be approximated with the set of LMIs (6.30)-(6.31),
and (6.5) is again readily solved by the SDP. The number of these LMIs grows now linearly with
the system dimension which significantly decreases the computational burden in practice, although
additional slack variables were introduced. The price that has to be paid is the possibly increased
power and smaller MSE feasibility regions that can be supported. In this paper, we investigate these
effects by simulations. The analytical analysis of the quality of this approximation and the problem
of feasibility in general are considered in [176].

6.6 Further Applications

In this section we provide brief insight into the possible applications and extensions of the proposed
framework. The full analysis is given in [176].

6.6.1 Combination of Constraints

At this point, we remark that the obtained SDP formulations of the problems of interest enable
the support of the uncertainty regions based on a combination of the constraints (6.15) and (6.23).
Furthermore, per-antenna power constraints can also be easily added by simple modifications of the
obtained SDP solutions, since they are convex constraints of the type

Gm)CsGmy < Pn, m=1,..., M, (6.35)

where Pp, is the power limit for antenna m, as observed also in [139,174,202]. Finally, the results for
the multiuser single-cell MIMO setup observed in this paper can be directly applied in a multi-cell
downlink scenario, if a centralized control over the base stations is provided (virtual MIMO system).
In this case, similarly to (6.35), per-BS power constraints can be easily incorporated.
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6.6.2 Full Transceiver Optimization

All results given so far have assumed a specific assumption on the structure of the receive filters,
where only the scaling factors px were a subject of optimization. However, this partial transceiver
optimization can serve as a basis for a construction of an iterative procedure for the full optimization
of the system. Fach iteration would consist of two steps. The optimal algorithms given in Sections
6.4 and 6.5 present the basis for the first step. In the second part of the iteration, the problem
of minimizing the MSE under the channel uncertainty, with the fixed transmit filter, updates the
receive filters independently. It can be shown that this problem is again an SDP problem and that
the described iterative procedure converges.

Finally, we remark that the robust counterparts of several related MSE-optimization problems,
like the balancing problem, sum-MSE optimization, etc., which were studied under the assumption
of the perfect channel knowledge in [112,134,141], can also be supported with certain modifications
of the presented framework.

6.7 Numerical Examples

We illustrate the solutions based on Theorems 6.2-6.4 in a system with 2 users, where the number of
antennas at the BSis M = 4. Each user has L1 = L, = 2 antennas with N; = N, = 2. The covariance
matrix of the input signal is Cs = I, and the noise covariance matrices are Cy,;, = Cw, = 0.011. The
transmission over one fixed, randomly chosen broadcast channel is considered. Its estimated values
at the BS are

-
—2.17 +0.42j —0.05 + 0.89
g @.50 +0.04) 169+ 0.67j
1= 38—0.375 —1.01 —0.295
0.01 +0.115 —0.31+0.31;
-
0.62+0.785  0.79 + 0.56

B @.21— 1185 0.23 —2.205
2= 08+0.32j —0.13+0.23§

—0.63—0.945 —0.55—0.37y

] 1]

(6.36)

I

The numerical solutions are obtained using SeDuMi [147].

6.7.1 Bounded Norms Problem

The bounds on the Frobenius norms of Ay are taken to be e = 0.1, & [{ll,2}. In Fig. 2, we
plot the minimal transmit power of the BS for the various MSE targets ¢; of the first user, while
keeping ¢, = 0.25. We consider several algorithms based on the analysis given in Section 6.4 and
compare the obtained performances with the solution for the perfect CSI case given in [141]. The
dashed line presents the performance of the SDP method from Theorem 6.2 with fixed receivers’
matrices Fx = | and optimized scaling coefficients px. We notice that intuitively it makes sense to
use the fixed solutions for the Fyg based on the assumption that the obtained channel knowledge is
perfect, which can be calculated using the analysis from [141]. We plot the solutions based on these
heuristically chosen Fy with fixed px = 1 (the dash-dotted line) and optimized px (the full line). As
expected, the last solution gives the best performance. The optimization of py, while giving only
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slightly better results in the region where px = 1 is also feasible, enables significantly larger ranges of
MSE targets that can be supported (the vertical part of the dash-dotted line denotes the border of
the feasibility region for ¢;). Finally, the solution with non-heuristically chosen Fx = 1 and optimized
pk requires the highest transmit power, but it has the lowest computational complexity and assumes
very simple receivers that could be supplied only with one real-valued scaling coefficient.

08 T ‘ T T T T T T

[
. [
071 [ —+— perfect CSI
\\ \ imperfect CSlI, optimized [ heuristic Fk
0.6+ ) \ : — — — imperfect CSI, optimized p,, fixed F, .
\

[ _ . imperfect CSlI, fixed P heuristic Fk
I

Tx min

Ol I I I I
0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

9

Figure 6.2: Minimal transmit power for the bounded Frobenius norms case.

6.7.2 Quantization Problem

In a similar way, we analyze the quantization problem from Section 6.5. The real part of (6.36)
is taken as a fixed broadcast MIMO channel. All covariance matrices and the MSE target of the
second user ¢, are the same as in the example with bounded Frobenius norms. The bounds on the
CSI error in (6.23) are g1 = g, = 0.01. We plot the exact and the approximate solution based on
Theorem 6.3 and Theorem 6.4, with heuristically chosen Fy taken from the solution for the perfect
CSI. For a comparison, the performance of the system where only the transmit filter is optimized
and the receivers are completely fixed (px = 1, Fx = 1) is shown, as well. It can be noticed, that
the optimization on the receive side introduces significant gains and that the approximate solution
performs quite well in the observed MSE range.
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Figure 6.3: Minimal transmit power for the quantized CSI.

6.8 Conclusion

The downlink MSE-constrained transceiver optimization of a multiuser MIMO system with imperfect
CSI at the BS was considered. The SDP-based solutions were derived for two characteristic cases of
CSI disturbances. The transmit filter of the BS was optimized completely. At the receive side, only
scaling factors were adaptive with respect to the imperfect CSI, while the rest of the receive filters
was kept fixed, with some heuristics suggested. The preliminary results regarding the extensions of
the proposed framework in order to incorporate various additional constraints, obtain the full system
optimization, or support a broader set of related MSE-optimization problems, seem very promising.
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Chapter 7

Optimum Recelver Design for Rician
Fading MIMO Channels

G. Taricco and G. Coluccia

7.1 Introduction

Multiple Input — Multiple Output (MIMO) communications have attracted the interest of many
researchers during the last decade because of the promise of multiplying the achievable rate by a factor
equal to the minimum number of antennas employed at the transmitter and at the receiver [50,51,158]
at an affordable cost. This feature spurred researchers to develop channel codes properly designed
for MIMO channels, the Space-Time Codes (STCs) [2,154,157].

However, most of the early works relied on assumptions that turned out to be critical to the actual
achievement of the increased capacity: i) channel state information (CSI) must be perfectly known
at the receiver; i) the signal propagation paths must be uncorrelated; 7i:) there is no direct-path
propagation, i.e., the signal arrives at the receiver only through scattering and reflections.

Only more recently, researchers realized the importance of those issues. The effect of path corre-
lation was studied, among the others, in [30,54,55,95,108,142]. The presence of a direct propagation
path was taken into account in [35,83,165]. Methods for exploiting direct-path propagation and path
correlation were proposed in [57,80,169].

Though the general correlation of the propagation path gains is quite difficult to take into account
in a MIMO system, many works have suggested the application of the separately correlated MIMO
channel model [30,32,54,55,57]. According to this model, path correlation is determined as the
product of a receive-side and a transmit-side component. This allows one to write the channel matrix
in a simple format based on two constant correlation matrices plus an inner matrix of independent
and identically distributed circularly-symmetric complex Gaussian random variables.

Other MIMO channel models have been proposed in the literature, such as Miiller’s random
matrix model [118] based on the superposition of scattering components with different amplitudes
and uniform phases; Tulino et al.’s Rician model [160] based on the decomposition of the channel
matrix into the sum of a constant component plus the product of a left-hand unitary matrix by a
complex Gaussian matrix with independent entries of different variances, by a right-hand unitary
matrix; Weichselberger et al.’s Rayleigh model [179] based on a refined correlation structure which
describes the average coupling between the eigenmodes of the two link ends.

In this paper we focus on a narrowband separately correlated MIMO channel with imperfect CSI

100
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estimation obtained by inserting pilot symbols among the transmitted data. In this setting, CSI is
equivalent to the knowledge of the channel matrix H which contains the signal gains between all
pairs of transmit and receive antennas. In this context we design an optimum transceiver structure
that outperforms significantly other designs not exploiting the statistical properties of the MIMO
channel.

Our approach stems from the concepts developed by Cavers in [25] and Cavers and Ho [26] for
single-input single-output (SISO) channels.

Information-theoretic analyses aimed at finding the MIMO channel capacity with imperfect CSI
and pilot-aided channel estimation can be found in [70,206]. MIMO channels with BLAST and
orthogonal training signals were examined in [110] where it was shown that the training-sequence
length should be approximately proportional to the number of transmit antennas. More recent
information-theoretic analyses address the case of separately-correlated Rician fading MIMO chan-
nels (36,111, 150].

Here, we rather focus on the development of optimum detection algorithms aiming at minimizing
the error probability after decoding (still using pilot-aided channel estimation) and apply them to
selected examples of trellis STCs. Our approach is inspired by Tarokh et al. [155] who examine
STCs in the presence of channel-estimation errors, though their analysis is partly affected by a
flaw [156]. Following the methods proposed by Taricco and Biglieri [151] for the independent Rayleigh
MIMO channel, we consider two receiver structures, hereafter referred to as mismatched receiver and
optimum receiver.

The mismatched receiver estimates the channel matrix by using pilot symbols with maximum-
likelihood (ML) or minimum mean-square error (MMSE) estimation of the MIMO channel matrix,
and then decodes the transmitted code word by using the previous estimate as if it were exact.

The optimum receiver processes jointly the received signal and the pilot symbols to detect the
information symbols. This receiver maximizes the a-posteriori probability of the data symbols given
the pilot symbols and all the received signal samples (pilots and data, as suggested in [70]).

The principles behind the optimum receiver design are very intuitive but its derivation leads to
complex decision metrics whose calculation is computationally intense and has not been considered
earlier in the technical literature for the separately-correlated Rician MIMO channel.

However, complexity can substantially be reduced by means of iterative calculation of the decision
metric, as we show in the paper. The resulting decoding scheme applies neatly to the case of trellis
STCs.

Besides the higher complexity, the optimum receiver requires the estimation of statistic parameters
describing the channel matrix. However, we show that a simple parameter estimation algorithm
provides excellent results in terms of achievable frame error rate (FER).

The paper is organized as follows. Section 7.2 describes the MIMO channel model. Section 7.3
illustrates the receiver architectures considered in this paper, namely the ML or MMSE mismatched
receivers and the optimum receiver. We derive the maximum-likelihood metric and provide an
iterative algorithm for the optimum receiver which is suitable to Viterbi decoding of trellis STCs.
This algorithm extends, in a nontrivial way, earlier results presented in [151] for the uncorrelated
Rayleigh fading MIMO channel. At the end of this section we consider the problem of estimating the
parameters of the channel matrix distribution according to the separately-correlated model assumed.
We provide a simple estimation algorithm that is subsequently analyzed by simulation. Section 7.4
collects numerical results for several illustrative examples. The nonzero mean uncorrelated MIMO
channel is studied to assess the effect of the presence of a direct path on the FER performance. Both
zero-mean and nonzero mean correlated MIMO channels are analyzed with the optimum receiver in
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order to establish the impact of correlation on the FER performance. The mismatched and optimum
receivers are then compared to each other in the case of zero-mean correlated fading. The relative
complexity of these receivers is discussed under the assumption of trellis STC decoding. Finally,
we provide simulation results showing that a simple parameter estimation algorithm (based on pilot
symbol processing) allows to approach very closely the performance of the optimum receiver (based
on ideal knowledge of the statistic parameters). Concluding remarks are presented in Section 7.5.

7.1.1 Notation and definitions

We denote (column-) vectors and matrices by lowercase and uppercase boldface characters, respec-
tively. The nth element of a vector X is (X)n. The (m,n)th element of a matrix A is (A)mn. The
transpose of a matry is AT. The Hermitian transpose of a matrix A is A7. The trace of a
matrix is Tr (A) = i;Abii. The exponential of the trace of a matrix is etr (Ag— exp{Tr (A)). The
Frobenius norm of a matrix A is [A[Cdts square can be written as [AZ}E Tr AA" . The notation
A [Bl= [(A);jB] (written in block matrix form, where the pair 4, j spans the range of indexes of
A) denotes the Kronecker product of A times B; the Krone roduct is enq%l with @f&l
important properties: i) A (B [CC) = (A [B) Tl %) (A Bk =( (A« O, By);
iii) (A [B) ' = A™! BT iv) det(A [B) = det(A)"det(B)™ if A CCIM™ and B CCM*". The
notation vec {A} denotes the column vector obtained by stacking the columns of A on top of each
other from left to right. The matrix A2 is the matrix square-root of the Hermitian nonnegative defi-
nite matrix A and is defined as UAY?V" if UAV" is the singular-value decomposition (SVD) [76] of
A. The notation Ey [(+)] represents the expectation of () with respect to the random matrix H. The
notation X [Nk(X, Rx) means that the complex random column vector X jsycircularly-symipqtric
Gaussian distributed, its mean is X = E [X], its covariance matrix is Ry = E (x —X)(x —x)" | and
its pdf is given by ] ]
p(X) = det(7Ry) texp — (x —X)"R (X —X)

7.2 System Model

Consider a single user narrowband MIMO channel with nt transmit antennas and ng receive anten-
nas. We assume that the fading process is sufficiently slow to consider it constant for the duration of
a time frame (quasi-static assumption). A time frame is composed of P pilot symbol intervals and
N data symbol intervals, both of duration equal to T time units. Thus, during one time frame, the
transmitter sends a nt X P matrix X, of pilot symbols (the (i, n)th component of X is transmitted
from the ith antenna at the nth symbol interval in the time frame) followed by a nt X N matrix X
of data symbols (the (7,n)th component of X is transmitted from the ith antenna at the (P + n)th
symbol interval in the time frame). We assume that pilot symbols and data symbols have average
energy F, and Es, respectively. Therefore,

1 O [ T o O o N N
F,=—F X,FEI=—E Tr X,x"
P n—rP P nTP ’ PP
and
1 O .1 O oQ_,0m
Es = E X[ = E Tr XX
n—rN nT

The nt % P pilot symbol matrix X is used by the receiver to recover the unknown CSI.
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As we consider quasi-static fading, the receiver observes the following sample matrices:
Y, =HX, + Z, and Y=HX+Z (7.1)

Here, H is an ng % nt channel matrix whose characteristics will be discussed in Section 7.2.1. Z, and
Z are two ng X P and ng X N, respectively, matrices representing the receiver noise with independent
circularly-symmetric zero-mean complex Gaussian entries of variance Ny. The pilot symbol matrix
X, is assumed to be a full-rank ny % P matrix with P = nt (see Section 7.3.1 for further details).

7.2.1 Channel Matrix

The (4, j)th entry (H)jj of the channel matrix H represents the gain of the signal arriving from the
Jth transmit to the ¢th receive antenna. We assume that the fading channel is Rician and separately
correlated [30,32,54,55] so that the channel matrix can be written as

H = Ho + RY?H, TY? (7.2)

where 1 —1
Ho = 7K]i 1 Ho and HW = 7]{1 1HW

The ng X ng matrix R and the nt X nt matrix T are the receive and transmit correlation
matrices, respectively. Both matrices are assumed to be positive definite. Their elements represent
the correlation between antenna pairs at the receiver and transmitter. The ng X nt matrix Hq is
normalized in order to have squared Frobenius norm EEIOEI: ntnr. The ng X nt matrix Hy, has
independent circularly-symmetric zero-mean complex Gaussian entries with unit variance. Here, K
is the Rice factor, which represents the relative strength of the line-of-sight component. Following
the definition in [15], we can see that

A,

=R

Thus, we have, independently of K,
1ol [0
E Tr HH = NnTnR .
It can be seen that the covariance of the entries of H is given in terms of a product of the entries
of the correlation matrices R and T. Namely, we have:

1
COV(Hij, Hiqm) = 7K~|» 1Rii[| ;_ij

where cov (X,Y) CEIXY*| —E[X]E[Y]".

7.2.2 Estimation of the channel parameters

Fading variations occur over different time scales: short term variations are captured by the channel
matrix H,y, which changes from one frame to another; long term variations are accounted for by the
channel matrix parameters Hp, R, and T, which are supposed to remain constant for a sufficiently
large number of time frames [169].

In the following we consider the ideal case when the channel parameters are exactly known at
the receiver and the more realistic case of a receiver which estimates them by using sample averages
during a preliminary training phase (Section 7.3.5).
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7.3 Receiver architectures

We consider two types of receiver architectures: 1) the mismatched receiver, which estimates the
channel matrix by using the pilot symbols and uses this estimate as if it were exact; ii) the optimum
receiver, which processes jointly the received signal and the pilot symbols to decode the transmitted
code word.

7.3.1 Mismatched receiver

This receiver operates in two stages. In the first stage, it estimates H by using X, and Y, according
to an ML criterion:

] ]
I'%IL = argmin mp—HXpI_Z_—I
H

=YX (XX (7.3)
or an MMSE criterion:
1 ]
I'%IMSE = Y argm':inE mpF—HIi—I
= Yp(XJMX; + rNolp ) ' XI'M (7.4)

where we defined

— - 1
M H Tr(R)T.
CHEHo + ——Tr (R)
under the separately-correlated fading assumption of eq. (7.2).

Remark 1. It is worth noting that the ML estimate (7.3) does not require the knowledge of the
channel parameters Hy, R and T at the receiver whereas both the MMSE estimate (7.4) and the
optimum receiver (as we shall see) need these parameters. Moreover, the existence of (7.3) requires
that the matrix prg' be invertible. Thus, the number of pilot intervals must satisfy the inequality
P = ny, which is assumed to hold throughout the paper. 1

Remark 2. When the SNR grows very large (and hence Ny — 0), the ML and MMSE estimates are
equivalent since
Y p(XEMX) XM = Y X (XX~

for every invertible matrix M, provided that X,X{' is invertible.* 1

After having obtained the (ML or MMSE) estimate HJin the second stage the mismatched
receiver uses it as if it were exactly equal to the channel matrix H and outputs the code word

X arg m)}n mis(X)
where we defined the corresponding (ML or MMSE) mismatched metric as

Mmis(x) =M- @li—l

L In fact, (X' MXp) "1 XEM = X (XpXH) ™1 is equivalent to XEM(XX1') = (XHMXp)XE, which is an identity
from matrix product associativity.
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7.3.2 Optimum receiver

Contrary to the ML mismatched receiver, the optimum receiver does not require the explicit estima-
tion of the channel matrix. Instead, it decodes the transmitted code word X by jointly processing the
received signal matrices Yy, Y and the pilot symbol matrix X,. Assuming equally likely transmitted
code words, the optimum receiver outputs the code word X maximizing

p (Xa Y) b (va Yp)
p (Xp7 Ya Yp)

Pr (X) Pr (Xp)

= argmax
X p(Xp, YY)
= argmax En [p (Y, Y| X, X,, H)J

= argmax Ep [p (VX H) p (Y5]Xp. H)] (7.5)

= argmax
& X

p (Y7 YP|X7 Xp)

Here, we used the conditional independence of Y and Y given X, H and X, H, respectively.
Then, the a posteriori probability in (7.5) can be calculated by writing explicitly the pdf’s involved
and then applying the result in Appendix 7.A. As a result, we obtain

_ _ 1
M, — HyX Y1 — Ho X [&]
p(Y,Yp|X,Xp) — (WNO)f(N+P)nR exp _ p 0 pEH- 0

C 1 ] No 1
En, etr —(HWAX)HIR +HyB(X)" + B(X)H) (7.6)

where

A(X) I:Tl/Z(erx}; +XXH)T1/2
No(K + 1)

B(x) LR LYe = HoX) Xy + (¥ = HoX)X" T
No K1

Finally, we have from Theorem 7.1 of Appendix 7.A:

p (Yv YD|X7 Xp)
= (mNo)=MN*PINR det (1, n, + C(X))
IEp - Hoxpﬂ* IE - IZI()XE'
"exp —

1 No
cexp vec {B(X)} (Ingng + C(X)) vec {B(X)}

L]

(7.9)

where C(X) CA(X)"T [RI Hence, the decision metric for the optimum receiver is obtained as the
negative logarithm of (7.9) which yields, after proper scaling and dropping terms independent of X,

popt(X) = ¥ — HoXEH Ny Indet(lnn, + C(X))
~Novee {B(X)}" (In;n, + C(X)) *vec {B(X)} (7.10)
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so that the optimum receiver outputs the code word

X arg m)}n Lopt (X)

It can be seen that, after proper interpretation of the system parameters, the metric (7.10)
specializes to [151, eq. (20)] in the case of independent Rayleigh fading and to the logarithm of [72,
eq. (4)] in the absence of pilot symbols.

7.3.3 Iterative metric computation

The computational complexity of exhaustive decoding based on the metric (7.10) grows exponentially
with the code word length N. However, it can be considerably reduced by resorting to an iterative
algorithm.

Following the approach suggested in [151], the metric (7.10) is split into two parts, the former
representing the current decoding state and the latter accounting for the state transition. This
approach applies directly to trellis STCs [157]. We define

X=(X",x) and Y=(Yy),

where X~ denotes the part of the code word ranging over all the preceding symbol times, X is the
current symbol vector, Y~ denotes the part of the received word ranging over all the preceding
symbol times, and Yy is the current received vector. Then, the optimum decision metric can be
written as

fopt(X) = fiopt(X™) + Aptgpt (X, X)

where the metric increment (corresponding to a branch metric in the Viterbi decoding algorithm) is
given by (see Appendix 7.B):

Apopt(X7,X)  [CIyI— Hox =]
+NoIndet{ln, + WX)"AX)W(x)}
— Novec %(X)}H NA(X)vec {B <Ié>l}
+Novec B(X7) " A(X )vec B(X7) (7.11)

where (subscripts refer to matrix sizes)

— l/ZX)* /2
X)nTnRan N (K+ 1)
0
A X)”T”RXHT"IR m[xi) + AA(Xia X)

b

(X7, X)nrnrxnrng - C=INXT)W(X)
g + WOOPIAXT)W (X))

- WX)PAXT)
5 X)”RXHT EBIX_> + QB(X)
=B (X)ng e (Ri2Y g HX 1w

No K+1
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At the beginning, the decoding algorithm initializes the matrices /A(X) and B(X) assuming that
X is the empty matrix [_Thus, we have the following initialization rules:
I:I (Tl/prxHTl/Z)T Q
A\ | L
(O o * =&+ 1)

RY2(Y, — Floxp)xg'Tl/2

B(O=2 P/
( No K+1

7.3.4 Complexity

A fair system comparison requires to consider the complexity involved in both receiver implemen-
tations. With trellis space-time coding, both receivers are based on the Viterbi decoding algorithm
and hence complexity depends essentially on the branch metric computation.

Here we compare the complexities of the ML mismatched and optimum receivers. Under the
quasi-static fading assumption, the ML mismatched receiver requires only the estimation of the
channel matrix whereas the optimum receiver requires also the estimation of the statistic parameters
Ho, K, R, and T. Therefore, for the mismatched receiver we estimate the channel matrix by (7.3),
whose computational cost amounts essentially to a matrix multiplication since Xg(Xng)_l can be
calculated off-line. The dominant complexity is the branch complexity which amounts to O(ntng)
operations per branch metric.

The implementation of the optimum receiver entails a higher complexity because of the compu-
tation of metric (7.11). Specifically, every branch metric requires the computation of

e TY2x, requiring O(n) operations;

e Y(x), requiring O(ntn3) operations;

e A(X7T)W(X), requiring O(n3nd) operations;

e In, + WX)PA(XT)W(X), requiring O(ntnd) operations;

e [Ing + WOHAX)W(X)]7TW(x)HA(XT), requiring O(ntnd) operations;
e ANA(X™,X), requiring O(n3n3) operations;

e AB(X), requiring O(ntng + n3) operations;

e det[ln, + WX)HA(XT)W(X)], requiring O(nd) operations;

. } [ﬁx vec {B(lﬁ} andI:I

vec B Jvec B(X7) , requiring

O(n%nR) operatlons

Thus, as nt,ng — ©0, the overall complexity amounts to O(n2n3) operations per branch metric so
that the increase in complexity required by the optimum receiver is O(ntn3).
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7.3.5 Parameter estimation

The optimum receiver described in Section 7.3.2 requires to know several parameters of the statistic
distribution of the channel matrix H. More precisely, the receiver needs the average channel matrix
Ho, the Rice factor K, and the correlation matrices R and T.

In the earlier sections these parameters were assumed to be known exactly but a practical receiver
has to estimate them and one way to obtain the estimate is to use the pilot symbols transmitted
within the data frame. More precisely, we propose to estimate the channel parameters by resorting
to the ML estimates of the channel matrix H obtained over different fading blocks.

Let us write the channel equation corresponding to the ith fading block as

Ypy| :H|Xp+Zp,i 7::]_,2,...
As already seen in Section 7.3.1, the corresponding ML estimate of H; is given by
bl Y i XE (XX ™ = Hi + Zp i XH (XpXE) 7

Since the joint ML estimation of all these parameters is quite complex, we resort to the following
simple suboptimal approach. Assuming that we have L channel matrix estimates B H we
estimate the statistic parameters as follows:

e The channel mean is ML estimated by
1
i+ Y
i=1

e The Rice factor K is estimated by

e Next, T and R are estimated by noting that

N o I
E HH" = HoHY +

Tr(T)R

Kr1

e'HH T ANA T t(R)T
AR T

(I _ 1

E HEA = EEIOIfIJrKJrlTr(R)Tr(T)

Hence, we set

L
i=1
F 11 1]
o AL P
45 =
-EI: ﬂv—l i I:I
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after changing statistical with arithmetic means and dividing the estimate ¢ of Tr (T) Tr (R)
evenly between T and R 2.

The receiver will then operate according to two different modes:

e Training mode. The first L blocks are used to estimate the channel parameters in parallel
to the normal operation of the mismatched receiver.

e Operating mode. The next blocks are processed by using the optimum receiver with the
parameters estimated during all the fading blocks preceding the current one.

Remark 3. Our definition of training and operating modes applies to full channel frames and not
to the parts of the frame assigned to pilots and to data, respectively.

We stress the fact that user data are transmitted during both modes, so that there is no loss in
data rate with respect to the ideal case. However, the FER is expected to be worse during the training
mode (when the mismatched receiver is used) than during the operating mode (when the optimum
receiver based on the estimated channel parameters is used).

Since parameter estimation is performed not only during the training mode but also during the
operating mode, the receiver becomes insensitive to the duration of the training mode. In fact, if the
training mode was too short, bad parameter estimation would a[eck only the first few frames of the
operating mode, until parameter estimation improved enough to reach a steady-state performance.
Simulation results show that parameter estimation converges rather quickly in the cases considered.
1

Remark 4. Notice that the number of parameters to estimate (in R and T) grows as n3 +n3, which
may be large for large number of antennas (where using the prior knowledge on antenna correlation
makes a larger diLerence, presumably). As a result, the duration of the training mode has to grow
roughly proportionally with max{nt,ng}. In our numerical examples, this e [eck cannot be noticed
since we consider a 2 < 2 MIMO system. 1

7.4 Numerical Results

In this section we consider a MIMO system with nt = 2 transmit and nr = 2 receive antennas. The
space-time code used for channel coding is obtained from an optimum rate-2/4 binary convolutional
code with generator matrix [27] ' '

Every vector of four encodgd bits is grouped in two quaternary symbols and mapped to QPSK
symbols by the rule # B Egexp(jzm/2), where Es is the average symbol energy. The complex
symbols are then transmitted by the two transmit antennas. The resulting code trellis is illustrated
in Fig. 7.1.

2 Notice that the two matrices T4nd F@re positive definite since & I;I i — I’_ =1 EEHT—'—
g0 g and 1 P G L ] = 2 'E(@@H(@@, and by the definition Figl= £ = 1)
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The frame length, including trellis termination, is N = 130. The pilot symbol energy is assumed
to be equal to the data symbol energy, i.e., E, = Es. In order to compare variable pilot symbol
settings, the average symbol energy FEs is obtained from the information bit energy Ej, by taking into
account the loss in efficiency due to pilot symbol insertion [151]:

_ N By
S N+ P nt

where pp denotes the number of information bits per symbol transmitted by the space-time code (in
this case, pp = 2). We also assume that the pilot symbol matrix X is orthogonal, namely,

XpXi' = PEpln,

Simulations have been carried out for the mismatched and optimum receivers under different fading
assumptions: zero-mean (Rayleigh) correlated, nonzero mean (Rice) uncorrelated, nonzero mean
(Rice) correlated.

Correlation is assumed to be separate and modeled by the transmit and receive correlation ma-
trices T and R, which are given according to the exponential model proposed in [95,108]. Then,

—.
Ty = P =
! (T)jlv 1>
and I:ij :
sy
R)ii = AU
R = Ry, 0>
where py and p, are the complex correlation coefficients of neighboring transmit and receive antennas,
respectively.
Following [69,80,83], the nonzero channel matrix mean is assumed to have unit rank and is given
by (- 1
1 .- 1
Ho= ..
1 .- 1
NrXNT

Performance results are reported in terms of FER versus E,/Ny in dB. In the following a MIMO
system with nt transmit and ng receive antenna is referred to as an nt X ng MIMO system.

7.4.1 Optimization of the number of pilot symbol intervals per frame

Our first set of results considers the effect of the number of pilot symbol intervals per frame, P, on the
FER performance under different operating conditions and fixed Fy/Ng. Specifically, we assume that
Ey/No = 10 dB and consider the cases of K = 0 (Rayleigh), 0 dB (Rice), and 20 dB (Rice). In all
cases we consider four correlation settings: i) pr = 0, py = 0 (uncorrelated case); i) pr = 0.7, pr = 0
(transmit-only correlation); iii) pr = 0, pr = 0.7 (receive-only correlation); iv) pr = 0.7,p, = 0.7
(joint transmit and receive correlation).

Analyzing the results reported in Fig. 7.2, we notice that the optimum value of P for the mis-
matched receiver depends somewhat on the Rice factor and correlation conditions but in most cases
is close to 16. Similarly, the best P for the optimum receiver is equal to 4 (Rayleigh case and Rice
case for K = 0 dB and no receive correlation) or 2 (in the other cases). The diagrams confirm that
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the optimum receiver outperforms the mismatched one in all cases and its FER is lower bounded
by that of the genie receiver, i.e., a receiver with perfect CSI provided by some genie device exactly
(and not by pilot-aided estimation).

7.4.2 Optimum receiver with Rayleigh fading

We investigate the effects of correlation by considering the case of zero-mean channel matrix (K = 0),
i.e., the correlated Rayleigh fading case. We consider the correlation settings specified in the previous
section and set P equal to its optimum value (P = 4 for the 2 X 2 system).

Fig. 7.3 shows the performance of a 2 x 2 MIMO system with the optimum receiver and P = 4
(optimum value). It can be noticed that, with either receive-only or transmit-only correlation,
the performance degradation is about 1.2 dB. With joint transmit and receive correlation, there is
an additional degradation of about 1 dB. The curves also show that, at high values of E,/Ny, the
transmit-only correlated system FER is better than in the receive-only correlated case, in accordance
with the observations reported in [15, Simulation Example 2].

Fig. 7.4 illustrates the joint effect of the two correlation coefficients for a 2 x 2 MIMO system
with K = 0, P = 4, and E,/Ny = 10 dB by reporting constant-FER level curves. The curves are
almost symmetric with respect to the quadrant bisector, implying that both transmit and receive
correlation coefficients have a similar impact on the system performance. However, it is expected
that this symmetry disappears when the E,/Ny ratio becomes larger, in accordance with [15, Simu-
lation Example 2]. Moreover, it can be noticed that the performance degradation due to correlation
increases steeply when the correlation coefficients exceed 0.5.

7.4.3 Optimum receiver with Rice fading

Focusing on a 2> 2 MIMO system we analyze the effect of the Rice factor on the system performance
in the uncorrelated case and in the case of joint transmit and receive correlation (pr = 0.7, pr = 0.7).
Fig. 7.5 shows the FER performance for K = 0 dB and 20 dB. It can be noticed that correlation
has a practically no effect on the FER at high K since the channel is almost unfaded. On the
contrary, correlation has a considerable impact at K = 0 dB where the correlation penalty amounts
to approximately 3.5 dB.

Moreover, these results show that the FER performance improves by increasing the Rice factor
K as far as the E,/Nj ratio is sufficiently high.

7.4.4 Mismatched versus optimum receiver performance

Fig. 7.6 illustrates the benefits of using the optimum receiver (versus the mismatched one) for a 2= 2
MIMO system with Rayleigh fading and correlation coefficients pr = p = 0.7 (i.e., the case of joint
transmit and receive correlation).

The curves report the FERs corresponding to the minimum and optimum number of pilot symbol
intervals per frame. The diagrams show that the optimum receiver gains approximately 1 dB when
the optimum number of pilot symbol intervals per frame is used.

However, in order to achieve its best performance, the mismatched receiver needs to use a number
of pilot symbol intervals per frame equal to 16, which reduces the throughput by approximately 11%
whereas the throughput reduction entailed by the optimum receiver is only 3% for P = 4.
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Fixing the throughput to its highest value (corresponding to setting P = 2), the optimum receiver
gain increases to approximately 2.5 dB.

7.4.5 Trained receiver

Fig. 7.6 plots also the FER achieved by our trained receiver scheme implementing parameter esti-
mation as described in Section 7.3.5 with a training phase of 10 blocks. The trained receiver FER
overlaps almost exactly with the optimum receiver, which confirms that real parameter estimation
(though obtained by a suboptimum algorithm) is not a source of performance degradation, at least
in the case considered here. Other performance results, not reported here for space conciseness, show
that this feature extends nicely to different MIMO channel scenarios so that we can safely say that
our proposed receiver is not substantially affected by real parameter estimation methods.

7.4.6 Additional receiver schemes

In this section we consider the performance of two other receiver schemes, namely, i) the MMSE-
mismatched receiver described in Section 7.3.1; i7) the quasi-optimum receiver, obtained by assuming
that the MIMO channel is uncorrelated and Rayleigh faded (as in [151]). In order to emphasize the
differences, we consider a 2 % 8 Rician fading MIMO channel with K = 10 dB and p, = pt = 0.7.
The FER versus Ey/Ny results are reported in Fig. 7.7. It can be seen that the receiver performance
improves in the following order: 1) ML-mismatched, 2) MMSE-mismatched, 3) quasi-optimum, 4)
optimum, and 5) genie-aided (ideal CSI).

7.5 Conclusions

We studied two receiver architectures for coded MIMO systems based on pilot symbol-aided channel
estimation and the effects of non ideal parameter estimation. The receiver structures are based on
two different architectures:

1. A mismatched receiver, which detects by ML or MMSE estimation the MIMO channel matrix
and decodes the received signal as if this estimate were perfect.

2. An optimum receiver, which skips the channel matrix detection phase and decodes the received
signal by jointly processing the pilot and data samples.

After developing the detection algorithms (and in particular the branch metric increments for the
application to trellis decoding), we obtained simulation results under several fading conditions.

Numerical results relevant to the case of Rayleigh fading and joint transmit/receive correlation
show that the optimum receiver gains at least 1 dB over the mismatched receiver with a throughput
reduction (due to pilot symbol insertion) of approximately 3% for the former (P = 4) and 11%
for the latter (P = 16). Fixing the throughput reduction to 3% in both cases, the gain reaches
approximately equal to 3 dB.

On the other hand, it must be recognized that the higher complexity of the optimum receiver
(discussed in Section 7.3.4) may be an issue in high-speed or tight-budget implementations but
the continuous development of faster and inexpensive signal processing devices will make this issue
negligible in a convenient time frame.
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Finally, we showed that the performance degradation due to non ideal parameter estimation
(based on a simple suboptimum algorithm) is almost unnoticeable and the optimum receiver perfor-
mance is achieved after a very short training period.

7.A Mathematical details for Section 7.3.2

The following result was used in the derivation of the optimum receiver metric.

Theorem 7.1. Let H be an m > n matrix of independent circularly-symmetric zero-mean complex
Gaussian random variables with unit variance. Let A and R be Hermitian matrices of dimensions
n %X n and m < m, respectively, and B be any m < n matrix. Then, the following identity holds:
1
En etr —(HAHHR+HDBH+BHH) -
= det(Ipn + C) texp vec {B}" (Imn + C) *vec {B}

(7.12)
where C LAl [RI
Proof. The expectation can be written as follows:
L H H H
En etrlj—(HAH R+ HB™ + BH")
]
= 7~ Metr —HH"Y
o H H hy
etr —-(HAH"R +HB"™ + BH"™) dH (7.13)

L] P
Then, we expand the term Tr HAH"R as follows:

R S -
Tr HAH"'R = (H)(A)jk(R)a(H)jj -
i=1 j=1 k=1 =1

We notice that this expression is equivalent to
] A B
Tr HAH"R =h"Ch

where h [wdc {H} and C = AT [R1 C is Hermitian since C" = (AT)" [RT = AT [R] Therefore,
we obtain from (7.13):

O O ; y ., [0
En etr —(HAH"R + HB" + BH")

] L]
= g ™M exp — (h"(lmn + C)h+h"b + b™h) dh
cm ]
:ilimnexp b (Imn +C)~'b

1] []
exp — [mn + C)Y?h + (I + C)"2bZdh
Ccmn I:I
:I__El_mn det(Imn + C)exp I%L'(lmn +C)'b
1] []
exp — Wl du
C"’LTL

]
= det(lmn + C) texp I%‘4(Imn +C)'b
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after applying the change of variables
whose Jacobian is det(ly, + C)™* O

7.B Derivation of branch metric (7.11)

Writing explicitly the dependency of the metric (7.11) on the code word X, we obtain the following
expression:

ptopt(X) = ¥ — HoX 2+ Ny Indet(A(X))
—Novec {B(X)}" A(X)vec {B(X)}
where the matrices A(X) and B(X) are given in (7.7-7.8) and A(X) [{Th.n, + AX)T CR)~L

Then, we have to calculate the metric increment defined as

Apropt(X™, %) Lpdot(X) = propt(X7)

To this purpose we define

B(x) CBIX) — B(X") = RUZ—\L'OX H1/2

No
and
AN(XT, X)
LX) — AX™
|:<F| I?/2XXH-|-1/2 =1 4
= AX )1+ —F—— [R —-AX)

No(K +1)
To further simplify the previous expression we resort to the matrix inversion lemma [76]:
(A+BC)'=A"1-A"'B[I+CA'B]'CA!
(holding for invertible matrices A and (A + BC)) and to the standard property of the Kronecker

product [76]:
(AB) [1OD) = (A [T)(B D).
Thus, defining

1/2X)>(<
W(x) (R,
No(K + 1)
0 that e
Yx)WxH= — 21 R,
CO¥ No(K +1)

we obtain the following result:
AN(XT,X)
= =AX)WPX)[Ing + P (x)"AXT)W(x)]
T WX)MAXT)
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Finally, using some additional simplification from standard linear algebra [76], we obtain an iterative
expansion of the term In det{A\(X)}:

In det{A\(X)
= Indet A(X")—=AX)¥(x)"
g + WEIAXT )W ()R )A(XT)
= Indet{A(X ")} — Indet{ln, + PX)AX)W(x)"}

Gathering all previous results, we obtain the differential optimum metric (7.11).

0 00 31 12 23
1 22 13 30 01
2 11 20 03 32
3 33 02 21 10

Figure 7.1: Space-time code trellis. Branches labels are given by symbol pairs, the former transmitted
from antenna 1, the latter from antenna 2, represented on the right-hand side of the picture in the
sequential order of state transitions.
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Optimum Receiver — 2x2 MIMO - P = 4 - K = 0 (Rayleigh)
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Figure 7.3: FER of a 2 x 2 Rayleigh fading MIMO system versus Ej,/Ny. Optimum receiver with
P =4
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Figure 7.4: FER of a 2 < 2 Rayleigh fading MIMO system versus py, pt. Eb/No = 10dB. Optimum
receiver with P = 4.
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Optimum Receiver — 2x2 MIMO - P =4
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Figure 7.5: FER of a 2% 2 Rician fading MIMO system versus Ej,/Ng. Optimum receiver with P = 4.
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Figure 7.6: FER of a 2 % 2 Rayleigh fading MIMO system versus E,/Ny. Mismatched (MR) versus
optimum receiver (OR) for different values of P. Trained receiver (TR) performance is also reported.
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Figure 7.7: FER of a 2 x 8 Rician fading MIMO system versus E,/Ny with K = 10 dB and joint
transmit and receive correlation.



Chapter 8

An Optimum Blind Receiver for Rician
Fading MIMO Channels

G. Coluccia and G. Taricco

8.1 Introduction

A large number of research studies in MIMO communications are based on the assumption of perfect
channel state information at the receiver (CSIR). However, CSIR is typically recovered by using
pilot symbols and is far from being perfect as was early recognized by Tarokh et al. [155, 156].
Receiver schemes using this noisy CSIR with maximum likelihood (ML) detection are therefore
suboptimum and will be referred to in this letter as mismatched receivers [151]. The problem of
optimum parameter estimation with additive Gaussian noise received considerable attention in the
literature (see, e.g., [180]). Pilot-symbol aided channel estimation and data detection schemes have
been proposed by many researchers (see [25,70,151,152] and references therein) though pilot symbol
insertion entails a rate loss that may be considerable in some cases. An alternative approach avoiding
this rate loss is based on the use of blind detection techniques. Several blind detection schemes have
been proposed in the literature for MIMO applications. Unitary space—time codes were developed
for the independent Rayleigh channel in [72]. More recently, orthogonal space—time codes have been
studied in [96] and a sequential Monte-Carlo technique is proposed in [64] to perform blind detection.

In this work we derive a new blind detection scheme for the narrowband separately-correlated
Rician fading MIMO channel by extending the approach of [151,152]. This blind receiver is based
on the perfect knowledge of channel distribution information at the receiver (CDIR), which can be
obtained during a very short initial training phase [152], and it reaches the maximum achievable
throughput of the channel. Our approach bears some similarity to the Generalized Likelihood Radio
Test (GLRT) receiver proposed in [89,178] for single-input single-output (SISO) channels and in [9,19]
for MIMO channels. Consistently with [19], we show that the GLRT receiver metric converges to
that of our blind receiver as the SNR grows asymptotically large, provided that the code words have
full row rank.

8.2 System Model

We consider a single-user narrowband MIMO block fading channel with nt transmit and ng receive
antennas. Fach time frame consists of N symbol intervals of T' time units. In a time frame, the

120
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transmitter sends an nt % N matrix X with average symbol energy Es [(zArN) E[[XI[2] 1. From
the block fading assumption, the receiver observes the matrix Y given by:

Y=HX+Z (8.1)
where Z, representing the receiver noise, has iid entries distributed as N¢(0, No) 2. The channel
matrix is — 1

K 1
H= —H — _RY?H, TV? 8.2
Kr1 o Ky1o W (8.2)
- —1
where H CEIH] = %HO is the channel mean, R and T are the receive and transmit correlation

matrices, respectively, and Hy, is an ng X nt matrix with iid entries [NL(0,1) 3. The Rice factor is
given by
HZ]
K=—"79—¥—— (8.3)
E[H—-HZ

Further details can be found in [152] and references therein.

8.3 Receiver architecture

The blind receiver estimates the transmitted (equally likely) code words according to the rule
X arg max {Pr (X|Y)} = arg max En[p (YIX, H)] (8.4)
which leads to the following decision metric associated to X

w(X) = M —HXEW Nylndet(lhn, + C(X))
~Novee {B(X)}" (In;n, + C(X)) *vec {B(X)} (8.5)

where

%X I£1/2<XXH>T1/2
) No(K +1)

12/ _ H-1/2
Ealx) (B S HXXTT
No K+1

and C(X) CAIX)T [RI1* (see [152] for additional details)

Remark 1. Note that this receiver requires perfect knowledge of the CDIR, i.e., of the fading statistic
parameters H, K, R and T. These can be estimated during an initial training phase, which is usually
very short (see [152] for further details).

1 [A2Idenotes the Frobenius norm of A [76] and E[(-)] represents the expectation of (-).

2Nc(u, 02) denotes the circularly-symmetric complex Gaussian distribution with mean p and variance 2.

3 The matrix AY2 is the matriz square-root of the Hermitian nonnegative definite matrix A.

4 Notation vec {A} denotes the column vector obtained by stacking the columns of A on top of each other from
left to right. A [Bldenotes the Kronecker product of A and B [76].
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8.3.1 Iterative metric computation

The receiver metric can be calculated iteratively as follows. Define X = (X7, X) and Y = (Y, y),
where X~ and Y~ denote the past parts of the transmitted and received matrices and X and y
represent the current symbol and received vector, respectively. Then, after some algebra, we can
write the metric (8.5) as u(X) = u(X7) + Ap(X™, X) where the metric increment is given by [152]:

Ap(X™,x) [Cdyl— Hx*]
+NoIndet{ln, + WX)"AX)W(x)}

—Novec%(X)}HLHA_I( vec{BH} |:|

+Novec B(X7) " A(X7)vec B(X (8.6)
where [152]: 1 P )
X)" /2
X) No(K +1) R
2] X) CAIXT) + AA(X™, X)

ANX,x) [=EN(X)W(X)
[Ing + P )AXT)P )] R (X)PAXT)
Bi X) [BIX") + AB(x)

(X) [R}/2 Y7 Hx HT1/2
K+1

No
with A(O=F lh,n, and B( O On,xng-

Remark 2. The previous equations are derived directly from [152, Sec. 111-C] by replacing the pi-
lot matrix with an empty matrix. Simulation results show that the Viterbi decoder may experience
numerical instability in the metric computation. This e [eck is eliminated by inserting an initial ex-
haustive decoding phase of nt trellis steps at the beginning of each frame (code word). During this
phase, the path metrics are computed directly, without using the iterative decoding algorithm.

E/

8.3.2 Asymptotic SNR performance (N - 0)

Here we assume that the XX is invertible (i.e., the code word X has full row rank). Setting
Ao(X) CANBA(X) and Bo(X) [CNBB(X), when Ny - 0 we obtain:

1(X)
= ¥ —HXEHX Nylndet(lnn, +Ao(X)" CRYN,)
—vec {B@)}H (Nolngng +Ao(X)T CRY Hvec {Bo(X
= Tr (Y —HX)"(Y —HX)[ly — X" (XX™)1X]
RNO In No + O(No)
= Tr YPY[ly = X (XXHIX] = nrnrNoln Ny
+O(No) (8.7)
Neglecting the terms in (8.7) independent of X, we obtain the GLRT receiver metric [19, eq. (34)]:

peLrt (X) = —Tr [YXH(XXH)_lXYH]. Therefore, the GLRT receiver performance converges to that
of the proposed blind receiver, as the SNR grows sufficiently large.
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8.4 Numerical Results

Here we consider the 4-state space-time code obtained from an optimum rate-2/4 binary convo-
lutional code whose details are described in [151, Sec. VII-B] (STC-1). Correlation matrices are
exponential [95]: (T)ij = pt ' for i < j and (T)j; otherwise. (R)jj = pl7" for i < j and (R);;
otherwise. Following [69], we set (Hp)ij = 1. Our performance results are based on the effective

throughput defined as [205]:
N
Ui l;—K}?Mb(l —FER), (8.8)

where P is the number of pilot symbols per frame for the pilot-aided receiver, py, is the number of
information bits per symbol, and FER is the frame error rate. The effective throughput 7 represents
the average number of error-free information bits per symbol time transmitted with hybrid ARQ.
Obviously, n < up.

We assume that the frame length (including data and pilot symbols) is N + P = 24, where P = 0
for the blind receiver (BR) and genie-aided receiver (GR) cases and 2,4 for the pilot-aided receiver
(PR). In order to account for the pilot power loss, we assume that the average bit energy is

(N + P)ntFs

E, —
’ N i

where pp, = 2 with the space-time code considered.

Figs. 8.1 to 8.3 plot the effective throughput n versus E,/Ng for Rice factors K = 0,10, and
20 dB, respectively. Every figure refers to the uncorrelated (pr = pr = 0) and jointly correlated
(pt = pr = 0.7) cases with four types of receivers: the proposed BR, the PR with P = 2 and 4, and
the GR. We can see that the BR always outperforms the PR for K = 10 and 20 dB. However, in
the uncorrelated case when K = 0 dB, the BR is optimum for E,/Ny above 6.4 dB, whereas the PR
(P = 2) is optimum below that threshold. Moreover, the PR (P = 4) is slightly better than the PR
(P = 2) when the E,/Ny falls below —3 dB.

Remark 3. Notice that the GLRT receiver is not included among the results because the code words
of the space—time code considered do not always satisfy the requirement of having full row rank.

8.5 Conclusions

In this work we proposed a new blind receiver scheme for coded MIMO systems and compared
its performance to that of the optimum pilot-aided receiver proposed in [152]. We showed that,
when the LOS channel component is sufficiently strong, the proposed blind receiver outperforms the
pilot-aided receiver in all cases. On the contrary, as the Rice factor gets smaller, the blind receiver
outperforms the pilot-aided receiver only when the Ej/Ny ratio exceeds a specific threshold. It is
worth noting that the blind receiver achieves the maximum throughput while the pilot-aided receiver
throughput is bounded below the maximum. Moreover, the blind receiver complexity is smaller as
it does not need to distinguish between pilot and data sections, which represents an advantage for
limited-complexity devices such as those used for wireless sensor networks.
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Figure 8.1: Normalized throughput n vs. E,/Ny of a 2 X 2 Rician fading MIMO channel with the
blind, pilot-aided and genie receiver with and without correlation for K = 0 dB.
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Figure 8.2: Same as Fig. 8.1 but K = 10 dB.
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Figure 8.3: Same as Fig. 8.1 but K = 20 dB.



Chapter 9

Performance of an Optimum Receiver
over a Measured Channel

G. Coluccia, G. Taricco, and C. Mecklenbrauker

9.1 Introduction

Earlier work [151,153] addressed the design of an optimum receiver for the uncorrelated Rayleigh
fading and for the separately-correlated Rician fading MIMO channels. In particular, [153] provides
details on how to recover the channel parameters so that the receiver can operate in a real environment
when the channel is unknown. In this work, we apply the concepts developed in [153] to a set of
measured channel realizations in order to assess how the proposed receiver performs in a real scenario.

Following a standard approach [25,26], we assume that channel estimation relies on the insertion
of pilot symbols among the transmitted data. Accordingly, receivers may perform channel estimation
based on the pilot symbols and then use the estimated channel matrix (though affected by estimation
errors) in the ideal detection metric. This approach is clearly suboptimum (since the ideal detection
metric is not matched with the actual channel operation) and is referred to in the following by the
term “mismatched receiver,” in compliance with [151,153].

Instead, the optimum receiver proposed in [151,153] processes jointly the received pilot and data
samples in order to maximize the a-posteriori probability of the data symbols given the pilot symbols
and all the received signal samples (pilots and data). Channel parameters, needed by this receiver,
are estimated by a simple algorithm during data transmission (see [153] for further details).

Among the available channel measurements (obtained by ftw. [74]), we consider two scenarios:
the urban scenario (outdoor, with a moving transmitter and fixed receiver) and the rich scattering
scenario (indoor, with fixed transmitter and receiver). Since the measurements were based on a
high number of transmit/receive antennas, we obtain by properly scheduling the sample extraction
different channel correlation scenarios depending on the corresponding antenna spacing.

The paper is organized as follows. Section 9.2 describes the system model. Section 9.3 illustrates
the receiver algorithm, its iterative implementation, and the channel parameter estimation algorithm.
Section 9.4 explains how we used the channel measurements to simulate different antenna spacing.
Section 9.5 provides simulation results and concluding remarks are reported in Section 9.6.
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9.2 System Model

We consider a single-user narrowband block fading MIMO channel with nt transmit and ng receive
antennas. Every time frame consists of P pilot and N data symbol intervals. During one time frame,
the transmitter sends an nt % P pilot symbol matrix X, and an nt X N data matrix X. The average
pilot and data symbol energies are £, and Es, respectively. By the block fading assumption, the
receiver observes the matrices:

Yo =HX,+Z, and Y=HX+2Z (9.1)

where Z, and Z have iid entries distributed as N¢(0, Np). X, is assumed to have full rank and hence
P = nt. Assuming separately-correlated Rician fading [31,32,55], we can write

H = Ho + RY?H,, T2 (9:2)
for positive definite correlation matrices R and T and
I:[I{_ 1
- 1

Ho = Ho and HW =

— — H,.
K+1 K+1 "

Additionally, we assume that [Hg = ntng, and Hy, has iid entries distributed as N¢(0, 1). Follow-
ing [15], we define the Rice factor as

s ElMEoC]

E[[H — Ho 2]
so that m . mnl
E Tr HH™ = nng (9.3)

9.3 Optimum receiver architecture

Assuming equally likely transmitted code words, the optimum receiver decision rule is
XJ= arg max {Pr (X|X,, Y, Yp)}
= arg m)z(ix{p (Y, YpX, Xp)}
= argmax By [p (YIX, H) p (Y%, H)] . (9.4)
This leads to the following decision metric

ptopt(X) = ¥ — HoXEH Ny Indet(lnn, + C(X))

—Novee {B(X)}" (In;ng + C(X))tvec {B(X)} (9.5)
where
Tl/Z(XpXH + XXH)TUZ
AX) 3 NOEKJF 0 (9.6)
B(x) CR LYo = HoXp)Xp + (¥ = HoX) X T (9.7)
No K1 '

and C(X) CAIX)T [Rl(see [153] for further details).
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9.3.1 Iterative metric computation

In order to reduce the computational complexity of the metric (9.5) we propose the following iterative
algorithm. We define X = (X7, X) and Y = (Y, y), where X~ and Y~ denote the part of the
code word and of the received word ranging over all the preceding symbol intervals, while X and y
are the current symbol and received vector, respectively. Then, the optimum decision metric can be
written as

Nopt(x) = Nopt(x_) + A,uopt(x_a X).

The metric increment is given by (see [153] for details):

Aptopt(X ™, X) CI— Hox 2]
+ No Indet{ln, + W(X)"AX W (x)}

— Novec %X)}H A(X)vec {B @} (9:8)
+ Novec B(X™) " A(X )vec B(X7)
where 1
%{x) ITHEI/ZL [RI?
No(K + 1)
| X) CAIX™) + AA(X7, X)
ANX7,x) C=A(X)W(X)=(X)W(X)HA(XT) (9.9)
={X) L, + WOOPAXT)W(x)]
B X) [BIX"™) + AB(X)
~B(x) g2 HoX HT /2
No K+1
The matrices /A(X) and B(X) are initialized as:

N I|:I (Tllzxpx};-l—llz)T -

(B2 o N+ )

RY2(Y, = HoX,) X' T2

B(D= No V/K +1

where [ddnotes the empty matrix.

9.3.2 Parameter estimation

Since the optimum receiver requires the knowledge of the fading channel parameters Hy, K, R and
T, we derive a suboptimum estimation algorithm. Assume that during the ith fading block we have

Yp'| :H|Xp+Zp’i 7;21727...
so that the ML estimate of H;j is given by

(T Y i XP (XpXE) ™ = Hi + Zp i XJ (XpXE)
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Then, after observing L fading blocks, we have the following algorithm:

1 —
% 1
- Zi:1 |
s
et O
N L i=1 I
1
- R
% 5=
) ﬂ_; ——
qL .

At every fading block, the optimum receiver uses the previous observations to estimate the required
channel parameters. During the first few fading blocks, when the parameter estimates are bad,
the mismatched receiver (described in Section 9.5) overrides the optimum one in order to limit
performance degradation due to bad parameter estimation. Numerical results show that this is
actually needed only in about ten fading blocks, after which the resulting performance is very close
to the optimum.

9.4 Channel Measurements

In order to test the performance of our optimum receiver in a real scenario, we used the MIMO
radio channel measurements obtained by ftw. The whole measurement data set is available from
http://www.ftw.at/measurements

and fully documented in [74]. We considered two environments.

e The urban environment consists of an outdoor city scenario, with the receiver located on top
of a building and the transmitter moving at pedestrian speed in the surroundings.

e The rich scattering environment consists of an indoor scenario, with fixed receiver and trans-
mitter located in two different rooms of the building. Moreover, around 35 pieces of tin foil
have been distributed on the walls within the measurement area (see [74] for details).

The receive antenna array consists of a uniform linear array with 8 elements, spaced at a distance
of A/2 = 7.5 cm. The transmit antenna array consists of a moving uniform circular array (with
diameter of 30 cm) with 15 elements spaced at 0.43\ = 6.45 cm for the urban environment. The
transmit array was uniform linear with 15 elements and A\/2 = 7.5 cm spacing for the rich scattering
environment. Further details are available from [74].

Every data set consists of Ny time by Nf frequency samples of a 15 % 8 MIMO wideband transfer
function with center frequency at 2 GHz. For both environment we defined two antenna settings
(uncorrelated and correlated) by properly scheduling the sample extraction. The original data set
was rearranged in order to obtain a data set for a 2 % 2 narrowband MIMO channel.
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From each 8 x 15 time-frequency sample matrix, 28 2 %< 2 matrices were obtained by fixing the
antenna distance (7 transmit elements, 4 receive elements for the uncorrelated setting, 1 trans-
mit /receive element for the correlated setting) and scanning the 8 % 15 channel matrix row-wise (see
Figs. 9.1 and 9.2 for illustration).

Channel matrices were scanned first along the time dimension, then along the frequency dimen-
sion. From this sequence of Ly = 28 - Ny - N¢ channel matrices of size 2 %X 2 we selected a smaller
subset consisting of the first Ngg < Ng sub-bands to limit the simulation time. Finally, to satisfy
condition (9.3), channel realizations have been normalized by the constraint

T
— HH" =ntngr =4
0 =1

9.5 Numerical Results

In this section we consider a MIMO system with nt = 2 transmit and nr = 2 receive antennas. The
space-time code used for channel coding is described in [151, Sec. VII-B] (STC-1).
The frame length, including trellis termination, is N = 130. We assume E, = Fs and

_ N By
S N+ P nt

where i is the number of information bits per symbol (in this case, up = 2). We also assume that
Xp is orthogonal: XpX;| = PEyln,.

Performance results are reported in terms of FER versus E,/Ng in dB. A MIMO system with nt
transmit and ng receive antennas is referred to as an nt %X ng MIMO system.

The optimum receiver performance is compared with the Genie receiver, i.e., an ideal receiver
which knows exactly the channel realization at no cost, and of the Mismatched receiver, which
minimizes the metric [Y1 — X [2 by using the estimated channel matrix H-2 YpX';(XpX';)_l. The
number of pilot symbols per frame P has been set to the minimum (P = 2) and optimum values
(P = 4 for the optimum receiver, P = 16 for the mismatched receiver). For further details, see [153].

9.5.1 Urban environment

For the urban environment, the channel data set consists of Ngg = 10 sub-bands, each having
Ny = 311 time samples with 28 2 X 2 matrices; as a result, Lo = 87080.

Fig. 9.3 shows the FER performance in the uncorrelated case. It can be noticed that the optimum
receiver loses approximately 0.4 dB from the genie receiver. Moreover, at the maximum throughput
(P = 2), the mismatched receiver loses about 2.5 dB from the optimum and 3 dB from the genie
receiver. This loss reduces at the price of increasing the number of pilot symbols per frame (P = 16)
with a considerable throughput reduction.

Fig. 9.4 shows the FER performance in the correlated case (adjacent antennas). The relative
receiver performances are similar to the uncorrelated case though the FER is worse in all cases
because of increased correlation.
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9.5.2 Rich scattering environment

For the rich scattering environment, the channel data set consists of Ngg = 20 sub-bands, each having
Ny = 128 time samples with 28 2 X 2 matrices; as a result, Lo = 71680.

Fig. 9.5 shows the FER performance in the uncorrelated case. The figure shows that the optimum
receiver loses about 0.5 dB from the genie receiver and that the mismatched receiver loses about
2.7 dB from the optimum receiver at maximum throughput (P = 2). It can then be noticed that the
FER performance are slightly more spread in this case than in the urban environment.

9.5.3 Parameter estimation

Here we show the results of parameter estimation in the rich scattering environment for both uncor-
related and correlated settings. The results are reported in Figs. 9.6, 9.7, and 9.8. The receive and
transmit correlation coefficients reported in Figs. 9.7 and 9.8 are defined as

pr = ﬂ and  pr= & (9.10)
(@1(@2 (ﬂl(%

The diagrams plot the behavior of the estimated parameters versus time at different values of Ey/Np.
Of course, in all cases, the most reliable parameters correspond to the highest value of E,/Ny (16 dB
in our simulations).

It can be noticed that, at E,/Ny = 16 dB, the Rice factor estimation ranges from —14.7 dB
(uncorrelated case) to —15.7 dB (correlated case). The receive correlation coefficient ranges between
0.2 and 0.5 in both cases. The transmit correlation coefficient shows instead (as expected) more
noticeable differences in the correlated and uncorrelated cases: from 0.23 to 0.18 in the correlated
case (Ey/Ny = 16 dB); from 0.02 to 0.04 in the uncorrelated case.

9.6 Conclusions

In this work we tested the optimum receiver proposed in [153] and based on pilot-aided channel
estimation over measured MIMO channels in urban and rich scattering environments. Numerical
results (reported in terms of FER versus E,/Ny) show that the proposed optimum receiver loses
approx. 0.4 dB when compated to the genie receiver (based on perfect CSI) while the standard
mismatched receiver may lose over 3 dB (at maximum throughput).
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Figure 9.1: 2 % 2 matrix construction from 8 % 15 matrix. Uncorrelated setting. Elements labelled
with the same number belong to the same 2 % 2 matrix. The distance between elements is fixed (4 in
a column, 7 in a row). The matrix is scanned rowwise, from submatrx labelled 1 to matrix numbered
28. Note that column 15 is not scanned in order to avoid a double use of the same element
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Figure 9.2: Same as Fig. 9.1 but for correlated setting. Antenna spacing is 1 both for columns and
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o 2x2 MIMO - Urban scenario — Uncorrelated case
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Figure 9.3: FER of a 2 x 2 MIMO system vs. E,/Ny. Urban environment. P = 2 and P = 4.
Mismatched and genie receiver FERs are also shown. Uncorrelated case.
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2x2 MIMO - Urban scenario — Correlated case
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Figure 9.4: FER of a 2 x 2 MIMO system vs. E,/Ng. Urban environment. P = 2 and P = 4.
Mismatched and genie receiver FERs are also shown. Correlated case.
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2x2 MIMO - Rich Scattering scenario — Uncorrelated case
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Figure 9.5: FER of a 2x2 MIMO system vs. E,/Np. Rich scattering environment. P = 2 and P = 4.
Mismatched and genie receiver FERs are also shown. Uncorrelated case.
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Rice factor estimation — Rich Scattering Scenario
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Figure 9.6: Rice Factor K estimation of a 2x2 MIMO system vs. time. Rich scattering environment.
P = 4. Uncorrelated (solid) and correlated (dashed) case. Ej,/Ny dependence.
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Receive correlation coefficient estimation — Rich Scattering Scenario
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Figure 9.7: Receive correlation coefficient p, estimation of a 2> 2 MIMO system vs. time. Rich scat-
tering environment. P = 4. Uncorrelated (solid) and correlated (dashed) case. E,/Ny dependence.
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Transmit correlation coefficient estimation — Rich Scattering Scenario
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Figure 9.8: Transmit correlation coefficient py estimation of a 2 x 2 MIMO system vs. time. Rich
scattering environment. P = 4. Uncorrelated (solid) and correlated (dashed) case. E,/Ng depen-
dence.
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Chapter 10

Soft-Output Sphere Decoding

C. Studer, M. Wenk, A. Burg, and H. Bolcskei

10.1 Introduction

Multiple-input multiple-output (MIMO) wireless systems employ multiple antennas on both sides
of the wireless link and offer increased spectral efficiency (compared to single-antenna systems) by
transmitting multiple data streams concurrently and in the same frequency band (spatial multiplex-
ing). MIMO technology constitutes the basis for upcoming wireless communication standards, such
as IEEE 802.11n and IEEE 802.16e.

The main challenge in the practical realization of MIMO wireless systems lies in the efficient im-
plementation of the detector which needs to separate the spatially multiplexed data streams. To this
end, a wide range of algorithms offering various trade-offs between performance and computational
complexity have been developed [16]. Linear detection producing hard-decision outputs constitutes
one extreme of the complexity/performance trade-off region, while computationally demanding a
posteriori probability (APP) detection algorithms result in the opposite extreme. The computa-
tional complexity of a MIMO detection algorithm depends on the symbol constellation size and the
number of spatially multiplexed data streams, but often also on the instantaneous MIMO channel
realization and the signal-to-noise ratio (SNR). On the other hand, the overall decoding effort is typi-
cally constrained by system bandwidth, latency requirements, and limitations on power consumption.
Implementing different algorithms, each optimized for a maximum allowed decoding effort and/or
a particular system configuration, would entail a considerable hardware overhead and in addition
be highly inefficient since large portions of the chip would remain idle most of the time. A practi-
cal MIMO receiver design must therefore be able to cover a wide range of complexity/performance
trade-offs using a single tunable detection algorithm.

Contributions

In this (predominantly tutorial) paper, we provide a formulation of the sphere decoder [48,131] as a
tunable MIMO detector with performance ranging from that of successive interference cancellation
(SIC) to that of max-log APP detection. Tuning of the detector is achieved through log-likelihood
ratio (LLR) clipping, preprocessing, and imposing constraints on the maximum computational com-
plexity of the decoder. We formulate a framework for systematically characterizing the resulting
complexity /performance trade-offs. Finally, we elaborate on, and provide some refinements of, the
tree-search algorithm introduced in [82] and the LLR clipping approach proposed in [201].

140
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Outline

The remainder of this paper is organized as follows. Section 10.2 reviews the transformation of the
MIMO detection and LLR computation problems into a tree-search problem. Section 10.3 reviews
max-log APP sphere decoding and proposes some refinements of existing algorithms. In Section 10.4,
we describe methods for reducing the tree-search complexity. A framework for evaluating the com-
plexity /performance trade-offs of the resulting class of detectors is introduced in Section 10.5. We
conclude in Section 10.6.

10.2 Soft-Output Sphere Decoding

Consider a MIMO system with M7 transmit and Mr = M7t receive antennas. The coded bit-stream
is mapped to M-dimensional transmit vector symbols S CAM” where O stands for the underlying
complex-valued scalar constellation of cardinality 29. The individual coded bits are denoted by z;jy,
where the indices j and b refer to the bth bit in the binary label of the jth entry of S, respectively.
The resulting complex baseband input-output relation is given by

y=Hs+n (10.1)

where H denotes the Mg % Mt channel matrix and n is an i.i.d. proper complex Gaussian distributed
MRg-dimensional noise vector with variance N, per complex entry.

10.2.1 Max-Log Soft-Output Computation

Soft-output MIMO detection requires the computation of LLRs for all coded bits. In order to reduce
the corresponding computational complexity, we employ the max-log approximation [73]

L]
L zjp = mln yl— Hs2+ mln [yl— Hs[2] (10.2)

seX seX

where st(;) and XjSt) are the disjoint sets of vector symbols that have the bth bit in the label of
the jth scalar symbol equal to 0 and 1, respectively, and the LLRs in (10.2) are normalized to
avoid dependence on the noise variance. For each bit, one of the two minima in (10.2) is given by

AML — [y]— HsML [Z] where
sME = arg min [yl— Hs 2] (10.3)

seOMr
is the maximum likelihood (ML) solution. The other minimum in (10.2) is given by
Ab = min_ [yl—Hs[*] (10.4)

NG

where the counter-hypothesis :c L denotes the binary complement of the bth bit in the binary label
of the jth entry of sMt. With (10 3) and (10.4) the max-log LLRs can be written as

1 )\ML_)\}V'? ML —

, ’ b
L wjp AME — ML le'\/lbL -1 (10.5)
1. ’ 1 ’

From (10.5) we can conclude that efficient max-log APP MIMO detection reduces to efficiently
identifying sMt, AML - and )\ Lfor j=1,2,...,My and b=1,2,...,Q [128].
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10.2.2 Max-Log APP MIMO Detection as a Tree Search

Transforming (10.3) and (10.4) into tree-search problems and using the sphere decoding algorithm
[48,131] allows to efficiently compute the LLRs (10.5). To this end, the channel matrix H is first
QR-decomposed according to H = QR, where Q is unitary of dimension Mg *x Mt and the upper-
triangular Mt % M7 matrix R has real-valued positive entries on its main diagonal. Left-multiplying
(10.1) by* Q" leads to the modified input-output relation

y=Rs+Q"n with y=Q"y

and hence, noting that Q™n has the same statistics as N, to the equivalent formulation of AM- and
AML as
J.b

ML — min [¥1— Rs[2] (10.6)
scOMr

Ap = min [¥l-Rs[Z] (10.7)
s€X<’ )

We next define the partial symbol vectors (PSVs) s = [ s; siz1 -+ sm, |' and note that the
s can be arranged in a tree that has its root just above level i = My and leaves, which correspond
to possible candidate symbol vectors, on level i = 1. After initializing dm,+1 = 0, the Euclidean
distances d(s) = [¥1— Rs[Zlin (10.6) and (10.7) can be computed recursively as d(s) = d; with the
partial Euclidean distances (PEDs)

di = dis1 +leil® ,i=My, My —1,...,1 (10.8)

and the distance increments (DIs)
lei|® = E RUSJ (10.9)

Since the dependence of the PEDs d; on the symbol vector s is only through s®, we have transformed
ML detection and the computation of the max-log LLRs into a weighted tree-search problem: PEDs
and PSVs are associated with nodes, branches correspond to DIs. Each path from the root down
to a leaf corresponds to a symbol vector s [CAQM7. The leaf associated with the smallest metric in

OMz and X< ) corresponds to the solution of (10.6) and (10.7), respectively. The basic building
block underlymg the two tree traversal strategies described in the next section is the Schnorr-Euchner
sphere decoder (SESD) with radius reduction [1], briefly summarized as follows: The SESD constrains
the search to nodes which lie within a radius r around y and traverses the tree depth-first, visiting
the children of a given node in ascending order of their PEDs. The basic idea of radius reduction
is to start the algorithm with r = oo and to update the radius according to r? « d(s) whenever a
leaf s has been reached. This avoids the problem of selecting a suitable (initial) radius and leads to
efficient pruning of the tree.

Throughout this paper, computational complexity is defined as the number of visited nodes. This
complexity measure is directly related to the throughput of corresponding VLSI implementations [22].

1The superscript H stands for conjugate transposition.
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10.3 Tree-Traversal Strategies

Computing the LLRs as in (10.5) requires determining the metric AM-

Jb ’
only those parts of the tree that have leaves in X; (XML). Since this computation has to be carried
out for every coded bit, it is immediately obvious that the resulting need for repeated tree traversals
can lead to a major computational burden. In the following, we review two alternative tree-traversal
strategies, proposed in [128] and [82], respectively, for solving (10.6) and (10.7). In addition, we
propose some minor refinements of the tree-search algorithm introduced in [82].

which is achieved by traversing

10.3.1 Repeated Tree Search

An algorithm for computing the LLRs based on repeated tree search (RTS) was described in [128].
The basic idea is to start by solving (10.6) (using the SESD) and to rerun the SESD to solve (10.7)
for each coded bit (i.e., QM7 times) in the vector symbol. When rerunning the SESD to determine
)\J b, the search tree is prepruned by forcing the decoder to exclude all nodes (and the corresponding
subtrees) from the search for which zj, = x . This prepruning procedure is illustrated in Fig. 10.1.

Initializing the SESD with r = oo in each of the QM+ runs required to obtain )‘J, will lead to high
computational complexity. It is therefore important to realize that, without compromising max-log
optimality, we can initialize the search radius 7 by setting it equal to the minimum value of [YRs[]

ML
over all s (':j’b ) found during preceding tree traversals.

The main advantage of the RTS strategy lies in the fact that each traversal of the tree can be
performed using a hard-decision SESD with minimal modifications to account for the search being
carried out on a prepruned tree. The main disadvantage is the repeated traversal of large parts of
the tree. As noted in [107], this problem can be mitigated somewhat by changing the detection order
in each run. Unfortunately, the resulting need for multiple QR-~decompositions typically leads to
prohibitive overall computational complexity.

10.3.2 Single Tree Search

The key to a more efficient (compared to RTS) tree-search strategy is to ensure that every node in
the tree is visited at most once. This can be accomplished by searching for the ML solution and all
counter-hypotheses concurrently. The basic idea behind such a single tree search (STS) approach has
been outlined in [82]. In the following, we shall elaborate on the idea presented in [82] and describe
some minor refinements. Specifically, We formulate update rules and a pruning criterion based on a
list containing the metrics AM- and )\

The main concept is to have a hst contalnlng the metric AML along with the corresponding bit
sequence XMt and the metrics )‘J, of all counter-hypotheses and to search the subtree originating

from a given node only if the result can lead to an update of either AM- or one of the )\}\’"?

List administration: The algorithm is initialized with A\Mt = )\ML oo ([j1b). Whenever a leaf
with corresponding binary label X has been reached, the decoder dlstlnguishes between two cases:

1. If a new ML hypothesis is found, i.e., d (X) < AML all )\ L for which zj, = xj I are set to
MML followed by the updates AME « d (X) and xMb « x. In other words, for each bit in the
ML hypothesis that is changed in the process of the update, the metric of the former ML

hypothesis becomes the metric of the new counter-hypothesis, followed by an update of the ML
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Figure 10.1: Example of the prepruning procedure in the RTS approach. Counter-hypotheses to the
ML solution are found by forcing the algorithm through the dashed branches.

hypothesis. This procedure ensures that all )\}\’"? always contain the metric associated with a
valid counter-hypothesis to the current ML hypothesis.

> \Mt, only the the counter-hypotheses have to be checked. For all j and
and xjp = 2}y, the decoder updates )\ — d(X).

2. In the case where d (X)
b for which d (X) < AMy
Pruning criterion: The key aspect of this algorithm is the following pruning criterion. A

given node s on level i and the subtree originating from that node have the partial binary la-

bel X® consisting of the bits j, (b=1,2,...,Q and j =i,i+ 1,..., M7). The remaining bits zj,

(j=1,2,...,i—1) corresponding to the subtree are unknown at this point. The pruning criterion

for s® along with its subtree is compiled from two conditions. First, the bits in the partial binary

label X® are compared with the correspondlng bits in the binary label of the current ML hypothesm

In this comparison, for all j, b with zjp = xj I the corresponding counter-hypotheses )\ L might be

affected when further searching the node’s subtree. Second, all counter-hypotheses corresponding to

the subtree of s with the associated metrics )\}\,"bL (j=1,2,...,i—1) may also be updated since
the corresponding bits are not yet known. In summary, the metrics which may be affected during
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Figure 10.2: Example of the STS pruning criterion (Mt = 5 and two bits per symbol): The partial
binary label X® determines which counter-hypotheses may be affected during the search of the
subtree emanating from the current node.

vy

further search in the subtree emanating from a node s® are given by the set

1 1
A={qy}= A}ﬂf% b_ij, j=i :n}ﬂ}%q

The node s along with its subtree is pruned if its PED d s® satisfies
1
d s® > maxaq. (10.10)
acA

This pruning criterion (illustrated in Fig. 10.2) ensures that the subtree of a given node is explored
only if it can lead to an update of either the ML hypothesis or of at least one of the counter-hypotheses.
Note that AM- does not appear in (10.10) as AM- < AM- (A1 D).

10.4 Methods for Complexity Reduction

So far we have discussed tree-search strategies which solve (10.2) exactly and hence do not compromise
the performance of the max-log APP decoder. The goal of this section is to describe methods that
allow to trade-off decoder complexity with (error rate) performance.
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10.4.1 LLR Clipping

The dynamic range of LLRs is typically not bounded. However, practical systems need to constrain
the maximum LLR value to enable fixed-point implementations. Evidently this will lead to a perfor-
mance degradation. A straightforward way of ensuring that LLR values are bounded is to clip them
after the detection stage so that

%(l’j'b)gs Lmax gjb . (1011)

We emphasize that the constraint in (10.11) refers to the normalized LLRs L(zjp) as defined in
(10.2). It has been noted in [201] that (10.11) can be built into the tree-search algorithm such that
it leads to a reduction in search complexity. In the following, we briefly describe the application of
the idea proposed in [201] to the RTS and the STS tree-traversal strategies.

LLR Clipping for RTS Whenever the RTS algorithm starts to search for a counter-hypothesis,
with the search radius rj initialized as described in Section 10.3.1, we first update

L L]
Tjp — min 75, AV 4+ Lmax (10.12)

which ensures that (10.11) is satisfied. Metrics associated with counter-hypotheses for which no valid
lattice point can be found are set to AME 4 Liax.

LLR Clipping for STS Whenever a leaf has been reached and a new ML hypothesis has been
found after carrying out the steps in Case 1 in Section 10.3.2, the counter-hypotheses have to be
updated according to
o 1 1

A« min AV AME 4 Liae CAD . (10.13)
For Lmax = o0, we obviously get the exact max-log solution, whereas for Lmax — 0, the decoder
performance approaches that of a hard-output ML detector. On the other hand smaller Lmax leads
to a reduction in complexity, as more aggressive pruning is performed. The parameter Lmax can
therefore be used to adjust the complexity/performance trade-off (cf. Section 10.5).

10.4.2 Ordering and Regularization

Ordering: A common approach to reduce complexity in sphere decoding without compromising the
decoder’s performance is to adapt the detection ordering of the spatial streams to the geometry of
the instantaneous channel realization by performing a QR-decomposition on HP (rather than H),
where P is a suitably chosen permutation matrix. More efficient pruning of the search tree closer
to the root is obtained if “stronger streams” correspond to the levels closer to the root, i.e., P is
chosen such that the main diagonal entries of R in HP = QR are sorted in ascending order. In the
following, this approach is termed sorted QR-decomposition (SQRD) [194].

Regularization: Poorly conditioned channel realizations H lead to significant search complexity
due to the low effective SNR on one or multiple of the effective spatial streams. An efficient way to
counter this problem is to perform the tree-search on a regularized channel matrix by computing

DH 1 1 1

et
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where | is the Mt X% M+-identity matrix, Q; is of dimension Mg % M7, Q, and R are of dimension
My > My, and a > 0 is a suitably chosen regularization parameter. Note that Q; is, in general, not
unitary. LLRs are then computed according to
1 [
L zjp = min [¥1— R§Z} min [¥1— RSZ] (10.14)
i

sexQ sex )
where y = QM'y and § = Ps. Note that the LLRs in (10.14) need to be reordered at the end of
the decoding process to account for the permutation induced by P. Operating on a regularized
version of the channel matrix clearly entails an (error rate) performance loss. However, we shall see
in Section 10.5 that choosing a according to the minimum mean squared error (MMSE) criterion
(resulting in MMSE-SQRD) as outlined in [191], degrades the performance only slightly while leading

to considerable savings in terms of search complexity.

10.4.3 Run-Time Constraints

A disadvantage of all SDs is that the computational complexity required to find the ML solution
(and the LLR values) depends on the realization of the channel matrix and the noise; the worst-case
complexity corresponds to an exhaustive search. On the other hand, in order to meet the practically
important requirement of a fixed throughput, the algorithm run-time must be constrained, which
leads to a constraint on the maximum detection effort. This, in turn, generally prevents the detector
from achieving ML or max-log APP performance.

A straightforward way of enforcing a run-time constraint is to terminate the search, on a symbol
vector by symbol vector basis, after a maximum number of visited nodes. The detector then returns
the best solution found so far, i.e., the current ML and counter-hypotheses. A better solution is
to impose an aggregate run-time constraint of /N Dgyq visited nodes for an entire block of N vector
symbols?. The maximum complexity allocated to the detection of the kth vector symbol can, for
example, be chosen according to the maximum-first (MF) scheduling strategy [21] as

Y ea—
Dmax(k) = NDayg—  D(i) — (N — k) M7 (10.15)

i=1

where D(i) denotes the actual number of visited nodes for the ith vector symbol. The concept
behind (10.15) is that a vector symbol is allowed to use up all of the remaining run-time within the
block up to a safety margin of (N — k)Mr7 visited nodes, which allows to find at least the decision
feedback solution for the remaining vector symbols. Setting Dy = M7 maximizes the throughput
but reduces the performance to that of hard-decision SIC.

10.5 Performance/Complexity Trade-o[s]

In practice, system engineers are typically faced with the problem of designing a receiver that achieves
a given target frame error rate (FER) at a given throughput. The quality of the receiver implemen-
tation can then be measured by the minimum SNR required to achieve this target FER. In the
following, we assess the complexity/performance trade-offs of the concepts described in Sections 10.3
and 10.4 by plotting the average (over independent channel and noise realizations) number of visited

2In an OFDM-based MIMO system, N would, for example, be the number of OFDM tones.
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nodes as a function of this minimum SNR. Since the number of visited nodes translates directly
to the required chip area per throughput [22], the corresponding charts allow to associate an SNR
penalty with a reduction in hardware complexity.

All simulation results are for a rate 1/2 (generator polynomials [133, 171,] and constraint length
7) convolutionally encoded 4 x 4 MIMO-OFDM system with 16-QAM constellation (using Gray
mapping) and N = 64 tones. A soft-in Viterbi decoder [66] is employed. One frame consists of 1024
randomly interleaved (across space and frequency) bits and a TGn type C channel model [46] is used.

10.5.1 Comparison of Tree-Search Strategies

Fig. 10.3 compares the performance of RTS and STS max-log APP decoders, and the list sphere
decoder (LSD) [73] for different target FERSs, different values of Lmax and in the case of the LSD for
different list sizes. Changing the list size allows to adjust the complexity/performance trade-off.

The STS approach is seen to clearly outperform the RTS strategy in terms of average complexity.
We can furthermore see that for this setup max-log APP performance is achieved for Lmax = 0.2.
Increasing the LLR clipping level beyond this value only increases complexity without improving
performance.

The implementation of the LSD requires additional memory and logic for the administration of
the candidate list, which is not accounted for in this comparison. Fig. 10.3 shows that even when
this additional complexity is ignored, the LSD is still inferior to the STS algorithm.

10.5.2 Impact of Preprocessing and Regularization

Fig. 10.4 compares the impact of SQRD, MMSE-SQRD, and standard (unordered) QRD-based pre-
processing on the complexity/performance trade-off of the STS algorithm at a target FER of 0.01.
It can be seen that the improvement resulting from SQRD compared to unordered QRD becomes
significant in the low (but realistic) complexity region. Further (minor) improvements are obtained
from regularization using MMSE-SQRD. In the region where the average complexity is very high,
the performance penalty resulting from regularization eventually renders MMSE-SQRD inferior to
SQRD.

10.5.3 LLR Clipping

Both Fig. 10.3 and Fig. 10.4 show that adjusting the LLR clipping level Lnax allows to sweep
an entire family of sphere decoders ranging from the exact max-log APP SESD (obtained, in our
setup, for Lmax = 0.2) to hard-output SESD (Lmax = 0). The LLR clipping level is therefore an
important design parameter which can be used to conveniently adjust the decoder at runtime to a
given complexity constraint.

10.5.4 Run-time Constraints

In Fig. 10.5, we finally demonstrate the impact of imposing a maximum run-time constraint of N Dgyq
visited nodes for a block of N = 64 vector symbols using the strategy described in Section 10.4.3.
The resulting curves essentially consist of two regions:

e If the LLR clipping level is large (corresponding to high search complexity), the run-time
constrained detector is not able to compute accurate LLR values, which results in (very) poor
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Figure 10.3: Comparison of repeated tree search (RTS), single tree search (STS) and the list sphere
decoder (LSD) as proposed in [73]. The numbers next to the curves correspond to Lmax for RTS and

STS and to the list size in the case of the LSD.

performance, unless Dayg is large. For Dayg = 128, the performance is very close to that of the

unconstrained max-log APP decoder.

e In the region where Lmax is small, the performance is dominated by aggressive LLR clipping

rather than by the run-time constraint.

In summary, we can conclude that for a given average run-time constraint there exists an optimum
LLR clipping level, which minimizes the SNR required to achieve a certain target FER. It is therefore
of paramount importance to choose the LLR clipping level in accordance with the average run-time

constraint.
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Figure 10.4: Comparison of unordered QRD, SQRD and MMSE-SQRD preprocessing applied to STS
at a target FER of 0.01. The numbers next to the curves correspond to Lmax. For Lmax — 0, the
performance approaches that of hard-output SESD.

10.6 Conclusions

The sphere decoder is a suitable tool to implement MIMO detection with flexible complexity /performance
trade-offs. In particular, adjusting the LLR clipping level is an efficient way of realizing an entire
family of decoders ranging from exact max-log soft-output SD to hard-output SIC detection. The
keys to achieving low complexity are the single tree-search strategy in Section 10.3.2, MMSE-SQRD
preprocessing, LLR clipping, and imposing run-time constraints with MF scheduling. Our results
demonstrate that MIMO detection with near max-log APP performance can be realized with a
complexity that is reasonably close to that of a hard-output sphere decoder.
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Chapter 11

Detection Based on Condition Number
Thresholding

J. Maurer, G. Matz, and D. Seethaler

11.1 Introduction

Two of the most important benefits of multiple-input multiple-output (MIMO) wireless systems are
boosted capacity (multiplexing gain) and improved reliability (diversity gain) [121]. Here we consider
Mg * M7 spatial multiplexing systems that offer full multiplexing gain of M+ and a (receive) diver-
sity gain of Mg. Exploiting the latter requires appropriate data detection algorithms. Maximum-
likelihood (ML) detection minimizes the error probability and exploits all available diversity but in
general has a high computational complexity, even if it is implemented using the sphere-decoding
algorithm [48]. On the other hand, suboptimum detection schemes like linear equalization, nulling
and canceling (NC), and decision-feedback techniques [33,56,186] are much less complex but have a
significantly poorer performance. In particular, they do not achieve a diversity order of Mg. This
is no longer true if these sub-optimum detectors are preceded by LLL lattice reduction (LR) [91] in
which case full diversity is retained [149]. A major problem with sub-optimum detectors is their poor
performance for channels with large condition number [5].

In this paper, we study the impact of the channel condition number on suboptimum MIMO
detection (Section 11.2). Specifically, we show that simple zero forcing (ZF) detection has full
diversity for MIMO channels with bounded condition number. Motivated by this insight, we propose
a novel threshold receiver (TR) that exploits all available diversity and has a very small complexity
(Section 11.3). The TR uses ZF for channels with condition number below a prescribed threshold
and ML detection otherwise; the threshold enables a continuous trade-off between average complexity
(percentage of ML calls) and the SNR gap to ML detection. Finally, some more efficient variants of
the TR are presented and simulation results are provided in Section 11.4.

System Model. We consider a MIMO spatial multiplexing communication system with M+
transmit and Mg = Mt receive antennas.ﬂhe@nsmit vector X [CAMT (with A denoting the
symbol alphabet) is normalized such that E xx" = 1. Assuming a flat-fading channel®, the length-
Mg receive vector equals

r=Hx+n. (11.1)

1The restriction to flat-fading is not serious since frequency-selective channels can be converted into parallel flat-
fading channels using OFDM.
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Here, H is the Mgr % M+ channel matrix, whose elements [H], m are the complex fading coefficients
between the the mth transmit and the nth receive antenna. Furthermore, n [_CIN (0, c21) denotes
spatially white complex Gaussian noise. The channel H is assumed perfectly known at the receiver.
Review of ML and ZF Detection. For further reference, we next briefly review ML and ZF
detection.
ML Detection. ML detection [48,87] yields minimum vector error probability. For our system
model (11.1), it amounts to solving

XpmL = arg min [k Hx 2]

xeAMT

The computational complexity of ML detection in general grows exponentially with M+, even if it is
implemented using sphere-decoding algorithm [81].
For given channel H, the pair-wise error probability (PEP) of the ML detector is given by [121],
I:I L1
=Q =Q

PML H O' SNRML y (112)

2<7n
where 0 is the error Vector Q(+) denotes the Q-function, and the effective SNR of the ML detector is
given by SNRmL = 1iH . Assuming i.i.d. Rayleigh fading, the mean PEP is upper bounded by [121]

202
1 vl
_ [d1%]
PML(O"?I) = EH{PML(H,O'?])} = CML 4+ > s (113)

n

where CyL is a positive constant. Defining the diversity order as

)

el

log(

D=1 114
1/015300 log(c2)’ (114)
it is easily seen from (11.3) that Dy = Mg.
ZF Detection. ZF detection is based on quantizing the ZF equalized receive vector, i.e.,
Xzr = Q{Yyzr}, yze = H’r=x+n, (11.5)

where Q{-} denotes component-wise quantization with respect to A and H#* = (HHH)"*H" denotes
the pseudo-inverse of H.

For given H, the PEP of the ZF detector is given by [14]
g 3T+

2
Pze(H,05) =@Q SNRze , SNRze = - 2026F (HFH) 15 ° (11.6)
For i.i.d. Rayleigh fading, the mean of (11.6) is bounded as [61]
_ I——MIR+M-|— 1
PZF(CT?]) CZF 1 + (117)

402 ’

n

where Czg is a positive constant. The ZF detector thus yields a diversity gain of Dzp = Mg — M+ +1.
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11.2 Impact of Condition Number

In this section, we analyze the impact of the channel condition number on the performance of ML
and ZF detection.
Preliminaries. The condition number of the channel matrix H is defined as

—Gmax
CH =

Omin

where omax and omin are the largest and the smallest singular value of H, respectively. For M+ = Mg
and H [N (0, 1), the probability density function (pdf) of the normalized condition number
én = cp /My is given by [43]

g |:|4 L1
fea(7) = RSP T (11.8)

in the system limit Mt — oo. For Mg = 2 and M+ = M, the pdf of ¢y reads

2T (2M) M2 (y?=1)°
) = RO T G

v=1, (11.9)

where I'(+) is the complete Gamma function. Both (11.8) and (11.9) decay only polynomially. From
this we can conclude that the occurence of channel matrices with large condition number is quite
likely.

Impact on Detection SNR. The condition number was previously observed to have a major im-
pact on detector performance in spatial multiplexing system [5,192]. We next analytically assess the
performance degradation of ZF detection for large ¢y by comparing SNRzg to SNRy. Since the ML
detector minimizes error probability, evidently SNRy. = SNRzg or equivalently SNRy /SNRzg = 1
(this can also be proved directly via Schur complement techniques [76] using only the respective SNR,
definitions). However, we show in the following that the SNR gap SSNEML between ML detection and
ZF detection is bounded from above in terms of the condition number. To this end, we rewrite the

ratio of the two SNRs as
SNRML - OHHHHS 6H(HHH)716

= 11.1
SNRzr oHd oHd (11.10)

This is the product of two Rayleigh quotients induced by the matrix HHH and its inverse (H7H) ™,
i ; ; i OAHHTHS 2 SHHHH)"13
respectlvely. Due to the Rayleigh-Ritz theorem [76] there is = < of(H), —=m— <

3HB 5HS
T (H), which implies that

min

< .
SNRpe M

(11.11)

However, in general there is no & that can achieve the two Rayleigh-Ritz bounds simultaneously,
i.e., (11.11) is not tight. A tight upper bound can be obtained by maximizing (11.10) directly with
respect to &. It turns out that the worst case error vector is & = Vmax + Vmin With Vmax and Vpmin
denoting the right singular vectors of H associated with omax and omin, respectively. The resulting
tight upper bound equals

L1 L1 L1
SNRm _ cH+ L LIS (11.12)
= = — C -5 . .
SNRZF 2 4 H CZH
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It is seen that the SNR penalty of the ZF detector is upper bounded in terms of the channel’s condition
number, i.e., large performance penalties will only be incurred for poorly conditioned channels.

Impact on Diversity. In this subsection, we discuss the impact of the channel condition number
on diversity order. To this end, we split the pdf of H into two parts that correspond to channels
with small and large condition number, i.e.,

f(H) = f(Hlen=k) pc + f(Hlen> k) (1=px) - (11.13)
Here, px = Pr{cq <k} = I:fl(H) xk(H) dH and
_ —/(H)x«(H)
f(Hlen=rk) = ) e (H) dF (11.14)
where we used the indicator function
1
B 1 ecH==k
XK(H) B 0 cq>k.

The mean PEP of the ML detector can now be written as

1
Pu(oh) = Pu(H, o) f(H)dH = B3 (03) + P (03) (11.15)
p1) 2 L 2
where PM,_(anI):I = px  PuL(H,07) f(H|en < k) dH and

P,\(AZZ(UE,) =(1=pk) PuL(H,02) f(H|cp> k) dH are the mean PEPs for well-conditioned and poorly
conditioned channels, respectively. We have P,\(,:?_(arz]) = 0 and thus P,\(,:?_(Uﬁ) < Pu(c?), i = 1,2.
For H CCN(0,1) the PEP Py (02) amounts to diversity order Mg. We can conclude that ML
detection achieves diversity order at least Mg irrespective of the channel condition number. While
for well-conditioned channels this behavior is expected, we conjecture that in this case the diversity
order is actually infinite, i.e., the finite diversity order of ML detection is due to poorly conditioned
channels.

Well-Conditioned Channels. We next show that ZF detection exploits all available diversity in
the case of channels whose condition number is bounded from above, i.e., Pr{cyq >k} = 0. We
use a split-up of the mean PEP of ZF detection similar to (11.15), Pr(o 2) PP (02) + P2 (52).

Under the assumption Pr{cy > k} = 0, we have Py (02) = P,\(,lla( 2) and Pzg(02) = Pz(,lz)( 2). Using
(11.12) and the fact that the Q-function is a monotonic decreasing function, we further obtain

. g s s N
Pl\(/ll)_(o-r%):pK Q SNRML f(chHS/‘fl)dH
1
cn+ =
Zpe @ % SNRzr  f(H|cn=k)dH
|:|4 ) 1
H(1) 0
=l o (11.16)
K

Since PG (62) amounts to all achievable diversity, (11.16) implies that the same is true for PSP (02),
i.e., for well-conditioned channels ZF detection achieves full diversity. The only difference between
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ML and ZF detection in this case is a shift of the mean PEP curve to larger SNRs by at most (in
dB) 1, 1
= 20log;o(K) — 6. (11.17)

ASNR = 20logq

It is seen that the worst-case SNR gap ASNR is essentially directly proportional to the condition
number bound x in dB. We finally note that the above discussion implies that the low diversity order
of ZF detection must be attributed to channel realizations with large condition number.

11.3 Threshold Receiver

In Section 11.2, we analyzed the impact of the channel condition number ¢y on the performance
of MIMO ML and ZF detection schemes. Motivated by these results, we propose a novel receiver
that combines the advantages of ML and ZF detection, namely full diversity and low complexity,
respectively. In particular, we saw that ZF detection exploits all available diversity if the condition
number happens to be bounded from above. The main idea now is to let the ZF detector only
"see” well-conditioned channels and let the ML detector take care of poorly conditioned channel
realizations, i.e.,

X if <
Kp = P OLR=EE (11.18)
XML if CH > R,

where XpmL and Xzg are defined in (11.2) and (11.5), respectively, and the threshold x here represents
a design parameter. We will refer to (11.18) as threshold receiver (TR) since it involves a thresholding
with respect to the channel condition number. We note that ML and ZF detection are special cases
of our TR obtained with k = 1 and k — oo, respectively.

TR Complexity. The complexity of the TR receiver can be continuously adjusted via the
threshold k. For k = 1, there is Xtr = XmL and complexity equals that of ML detection. On
the other hand letting x tend to infinity yields ZF complexity arbitrarily close. In between,
determines the percentage of ML calls, Pr{cy > k} = 1 — px which depends on the distribution of
cn (equivalently, of H).

Using the limiting distribution (11.8) as an approximation for finite M+ = Mg, we obtain for the
i.i.d. Rayleigh fading case

I:lele:l
P =exp ———" anﬂlT:.

2 )
g log(5:)

For M+ = Mgr = 6, the choice kK = 25 leads to px = 0.79, i.e., ML detection is performed only for
about 21% of the channel realizations (the exact value is slightly lower). We note that for the 2 x 2
case, (11.9) can be used to obtain py exactly.

TR Performance. Since the ZF part of the TR ”sees” only well-conditioned channels, it achieves
full diversity according to the discussion in Section 11.2. The ML part as well achieves full diversity
for the poorly conditioned channel realizations that it ”sees”. Explicitly, the mean PEP of the TR
equals

Prr(of) = P2 (07) + Pl (03), (11.19)
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with ]52(,1:)(0',21) and ]5,\(,,2,3(0',21) as defined before. Since both terms in (11.19) amount to full diversity we
conclude that the TR achieves full diversity order as well. Comparing (11.19) to (11.15), it is seen
that

Pra(o7) = Pa(0h) = P %%— Pal(og)

K+ i)zaz
4 n

< Pul — Pl (07),

where in the last step we used (11.12). From this we see that with respect to ML detection the TR
incurs an SNR penalty that is upper bounded according to (11.17). The threshold parameter thus
allows a continuous adjustment of the TR’s SNR loss and hence can be used to trade complexity
against performance.

Condition Number Estimator. The TR presupposes knowledge of the condition number cy
for each channel realization. We propose an efficient estimator of ¢y that is based on the power
method (PM), a method to iteratively calculate the largest eigenvalue of a matrix [76]. The PM is
first applied to W = HPH to obtain 02, and then to W™ to obtain 1/02;,. The product of the
two PM passes yields an estimate of ¢, which can be compared to 2. The computational overhead
of this procedure is small: on the one hand, for many channel realizations W~! and W are required
for ZF detection anyway; on the other hand, we observed that a few PM iterations suffice to achieve
almost ideal performance.

TR Variants. In order to either further reduce computational complexity or to improve error
rate, many variants of the TR can be defined by replacing ML /ZF with some other detection schemes.
When replacing the ML part, the goal is to reduce complexity. One possibility that maintains
diversity order is to use LLL lattice reduction in conjunction with ZF, MMSE, or nulling and canceling
(NC). This will result in an additional SNR loss as compared to ML detection. Replacing the ZF part
targets to close the SNR gap to ML detection. In fact, the full diversity result for well-conditioned
channels carries over to MMSE detection, NC, etc. However, alternatives to ZF may slightly increase
computational complexity.

11.4 Simulations

In this section, we assess the performance of the proposed TR by means of simulations. We considered
an uncoded 6 X 6 MIMO spatial multiplexing system with 16-QAM symbol alphabet. All results
were obtained using between 4 - 10 and 4 - 10° realizations of an i.i.d. Rayleigh fading channel.

Fig. 11.1(a) compares the TR with threshold x = 15 to ML and ZF detection in terms of symbol-
error rate (SER) versus SNR. With this threshold, the percentage of ML calls is reduced down to
35 %. There are two curves for the TR, one corresponding to perfect knowledge of ¢y (labeled "TR”)
and one where the condition number is estimated using a single PM iteration (labeled "TR (PM)”).
It is seen that TR indeed achieves full diversity and features an SNR gap of about 8.5dB to ML.
Furthermore, estimation of the condition number degrades TR performance only slightly (in fact,
with two PM iterations there is no visible difference to the ideal case) .

In Fig. 11.1(b), the performance of a TR variant for various s is compared to ML. Here, ZF
detection is replaced with MMSE-based NC [193] and ML detection is replaced with MMSE based
NC preceded by LLL lattice reduction [193]. For k = 1, LLL-assisted MMSE based NC is performed
for all channel realizations and achieves close-to ML performance within a SNR gap of 2 dB. Increasing
the threshold to k = 12 incurs virtually no performance loss but allows to avoid LLL lattice reduction
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Figure 11.1: SER versus SNR comparison of (a) TR, ML, and ZF, and (b) modified TR and ML; (c)
SER and percentage of channels with ¢y < k versus threshold s for TR and TR variant for an SNR
of 25dB.

for about 50 % of the channel realizations. With x = 30 this percentage is further decreased to 10 %
at the cost of another 4dB SNR penalty.

Finally, Fig. 11.1(c) depicts the SER (top) and the percentage of channel realizations with ¢y = &
(bottom) versus the TR threshold x for the ML/ZF-based TR and the previously described TR
variant. The SNR was 25dB. We see that channels with ¢q < 5 occur almost never and hence
ML/ZF-based TR remains at ML performance for kK = 1...5. Increasing s further leads to a gradual
complexity-performance trade-off that ends up in ZF performance with almost no ML calls for x > 30.
For the TR variant, we see that SER performance remains almost constant up to x = 11, in which
case complexity (percentage of LLL calls) is reduced to 60 %. Beyond x = 11, we again observe a
continuous trade-off of complexity and performance.

11.5 Conclusions

We analyzed the impact of the channel condition number on the performance of detectors for MIMO
spatial multiplexing. In particular, we demonstrated that channels with large condition numbers
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dominate the performance of ZF and ML detection. For channels with bounded condition number,
even ZF was seen to exploit all available performance. Motivated by this, we introduced a novel
threshold receiver (TR) that combines the advantages of ML (full diversity) and ZF (low complexity)
detection. Replacing the ML and/or ZF stage with alternative MIMO detectors leads to variants of
TR with similar properties and increased flexibility. Finally, the performance of the TR and a TR
variant were assessed using numerical simulations.

We conclude that the flexibility and continuous complexity-performance trade-off of TR render
it attractive for hardware implementations where ML detection or LLL cannot always be performed
to achieve the required throughput.
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The MIMO Diversity-Complexity
Tradeo [

J. Maurer, G. Matz, and D. Seethaler

12.1 Introduction

Two of the most important benefits of multiple-input multiple-output (MIMO) wireless systems are
boosted capacity (multiplexing gain) and improved reliability (diversity gain) [121]. In this paper,
we consider Mgr X M+ spatial multiplexing systems that offer multiplexing gain M+ and allow to
achieve receive diversity gain Mg, provided that appropriate detection algorithms like maximum-
likelihood (ML) detection are used. Unfortunately, ML detection is computationally very expensive,
even when implemented using the sphere-decoding algorithm [48,81]. On the other extreme, subop-
timum detection schemes like zero-forcing (ZF) and MMSE equalization, nulling and canceling (NC),
and decision-feedback techniques [33,56] are computationally much less expensive but achieve only
diversity Mg — M+ + 1.

In this paper, we propose a novel receiver that allows to trade diversity and complexity in a
continuous manner. Our receiver consists of two stages. The first stage partially equalizes the
channel to improve the condition number and the second stage performs mismatched ML detection
via a sphere decoder variant suited for low signal to noise ratios (SNR). Diversity and complexity
essentially depend on the amount of equalization. The resulting diversity-complexity tradeoff is
studied using analytical methods and numerical simulations.

System Model. For simplicity, we restrict to MIMO systems with equal number of transmit
and receive antennas, Mg= Mz— M. The transmit vector X CAM (with A denoting the symbol
alphabet) is i.i.d. with E xx" = 1. Assuming a flat-fading channel®, the length-M receive vector
equals

r=Hx-+n. (12.1)

Here, H is the M % M channel matrix and n [CIN (0, 021) denotes spatially white complex Gaussian
noise. The channel H is assumed perfectly known at the receiver. For further reference, we next
briefly review ML and ZF detection.

1The assumption of flat fading is no serious restriction since frequency-selective channels can be converted into
parallel flat-fading channels using OFDM.
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ML Detection. ML detection [48,121] is optimal in the sense of minimizing error probability.
It amounts to solving

XmL = argmin [r+ Hx 2]

XeAM

The computational complexity of ML detection in general grows exponentially with M, even if it is
implemented using the sphere-decoding algorithm [81].
Conditioned on the channel H, the pair-wise error probability (PEP) of ML detection equals [121]

C_1 EDCI
PML(X]_ — X2|H) = Q £ (122)

20n

where & = X; — X3 is the error vector and Q(-) denotes the Q-function. For i.i.d. Rayleigh fading the
mean PEP is upper bounded as [121]

1 _
] el ™
PML(Xl — Xz) = CML 44+ -2 s (123)
n
where CyL > 0 is a constant. Defining the diversity order as
log P(X; —» X
D= lim ‘8P~ x) (12.4)
1/02 —co lOg CTrZ1
it follows from (12.3) that Dy = M.
ZF Detection. ZF detection is based on quantizing the ZF equalized receive vector, i.e.,
Xzr = Q{Yy}, y =Hr=x+H"n, (12.5)

where Q{-} denotes component-wise quantization with respect to A and H#* = (H"H)"*H" denotes

the pseudo-inverse of H.

For given H, the PEP of the ZF detector is given by [14]
L1 L1
1 [BI2]
Pre(Xy » Xo|H) = Q ~=—1F—1 ,
2r(X1 = XelH) = Q 20, OF(HHH) 13

and for i.i.d. Rayleigh fading, the mean PEP is bounded as [61]
L1 _
3121

Poe(X1 > X)) < Cop 14+ —
7F (X1 2) ZF +402

n

The ZF detector thus yields diversity gain Dzg = 1.

12.2 Proposed Receiver

ML and ZF are opposite extremes in terms of diversity and complexity. Our goal in this paper is to
devise a scheme that realizes a continuous trade-off between these extremes. To this end, we first
provide a unifying reformulation of ML and ZF detection.
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12.2.1 Unifying Framework for ML and ZF

In order to place ML and ZF detection on a common basis, we start out with the ZF domain
relation y = X + H#n (cf. (12.5)). Note that y is a sufficient statistic for X. The noise in the ZF
domain is distributed as H#*n [CCN (0,02G1), where G = H"H denotes the Gram matrix of H.
Consequently, the ZF domain receive vector y conditioned on X has distribution CN (X, 03G~1). This
allows to rewrite the ML detector (12.2) as

XmL = argmin (Y — X)7G(y — x).
xeAM
Similarly, the component-wise quantization (12.5) performed by the ZF detector can be reformulated
as

Xzr = arg min (y — X)7 (y — x).
XeAM
Both ML and ZF detection can thus be written in terms of a positive definite quadratic form in
the ZF domain, the difference being that ML takes the full correlation matrix into account by using
G = G! in the quadratic form, whereas ZF detection completely ignores the noise correlation by
using a quadratic form induced by | = G°.

12.2.2 Proposed Scheme

The observations in the previous subsection motivate us to propose an intermediate receiver between
the ML and ZF extremes by taking part of the noise correlation matrix into account, i.e.,

X = arg min (y —X)7 G %(y — x), (12.6)
XEA]M

where 0 < a < 1. Choosing a = 0 or @« = 1 yields the ML and ZF detector, respectively. For
0 < a < 1, we expect that (12.6) leads to some tradeoff between ML and ZF. In particular, using
the eigenvalue decomposition [76] G = VAVH it can easily be shown that G172 = VA=9VH has
condition number x(G!~%) = xk!7%(G) that decays exponentially with a. Small condition numbers
are desirable since detection complexity increases with growing condition number [5]. On the other
hand, the part G of the noise correlation is ignored in (12.6), which is expected to have a negative
impact on the detection performance.

12.2.3 Practical Implementation

Rather than solving (12.6) directly, we next derive a formulation that is more convenient for im-
plementation and interpretation. To this end, we take the square-root of G'~% and rewrite the
quadratic form in (12.6) as

(y—x)HG2"G 2" (y—x) = %l_Tay—Gl_TaxE—I (12.7)

Using the singular value decomposition [76] H = UDV™ of the channel matrix, the first term on
the right-hand side in (12.7) can be developed as

F=G2y=G 2 H*r=VAZ"V"VvD U"r
= VD U"r=wr. (12.8)
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I jw-i F=Cx+n argmin [T+ Cx[2]1 2.
x [AMT

partial equalizer mismatched ML detector

Figure 12.1: Proposed receiver consisting of a partial equalizer and mismatched ML detection.

Here, we used the unitarity of V and the fact that /A = D?. The expression Gl_Tay is thus equivalent
to applying a partial equalizer W= = VD 9U" to the receive vector r (indeed, W' = H#). To
further understand the effect of this partial equalizer, we insert (12.1) into (12.8), which yields

F =W (Hx+n)=Cx+n. (12.9)

Here, 1 = W~n [CN(0,02G%) denotes spatially correlated noise and C = W™IH is what
remains of the channel after applying the partial equalizer. It turns out that

1—«

C=VDU"uUbDVHx=VvD'o*VvH =G .

Hence, (12.6) can finally be written as

|
X = arg min CX% (12.10)

XEA]M

This looks like the ML detector for the linear model (12.9) apart of the fact that the correlation
02G~? of the noise N is being ignored. Hence, we refer to (12.10) as mismatched ML detection.

To summarize, we have shown that our proposed scheme (12.6) can be implemented in terms of
two stages, illustrated in Fig. 12.1: the first stage (see (12.8)) partially equalizes the channel and the
second stages performs mismatched ML detection using the equalizer output according to (12.10),
ignoring noise correlations. For small « (close to 0), there is little equalization and correspondingly
low noise correlation being ignored. For large a (close to 1), the mismatched ML detector performs
poorly since it ignores strong noise correlations; however, in this case the channel is almost fully
equalized (i.e., C almost equals the identity matrix), which results in strongly reduced complexity.
In the next section, we analyze this tradeoff in more detail.

12.3 Diversity-Complexity Tradeo [_]

In this section, we show that by varying « the proposed detector realizes a continuos tradeoff between
diversity and complexity.

12.3.1 Diversity

We have performed extensive simulations (see Section 12.4) to assess the performance of our proposed
scheme. In all our results we observed that the parameter o has an impact on the receive diver-
sity. More specifically, diversity measurements with different number of antennas, different symbol
constellations, and varying « suggest the following conjecture.

Diversity Conjecture. For i.i.d. Rayleigh fading channels with Mr = M+ = M, the receive
diversity achieved by the proposed receiver equals D = o + (1 — «) M.

This conjecture says that the diversity of our scheme is an a-dependent convex combination of
the minimum diversity dzg = 1 and the maximum diversity dy. = M. While all our numerical
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simulations were in perfect agreement with this conjecture, up to now we were not able to find a
general proof. While the conditional PEP of our proposed receiver can be obtained via standard
techniques,
1 1
1 mMovHs A

P(X; - X|H) = VA
( l 2| ) Q 20‘n [lezaVHécl’

(12.11)

averaging with respect to the channel for arbitrary M and « is difficult. Below, we sketch a proof
for the case a = 1/2.
Special Case a = 1/2. For o = 1/2, (12.11) simplifies to
1
1 051sd

P(X; » X|H) = Q ~— ,
(X1 2|)Q20n[6]:|

where S = G¥2 = VDV" denotes the positive definite square root of the Gram matrix G. Since
H CCN(0,1), both G and S are isotropically distributed (in fact, G has Wishart distribution).
This means that S and TSTH have the same distribution if T is a fixed unitary matrix. Choosing
T as a Householder reflection [130] such that T = [81e] with ; = [1,0,...,0]T, it follows that?

d1sd = 3" THTSTHTS = @28’ TST ey
— [@IATSTH], [CTarzd,,,

where s1; = [S]1; is the element of S in the first row and first column. Hence, the quadratic form
OHSd has the same distribution as (a scaled version of) s33. It follows that
111 111
HSH 1
P(X; » X2) =E Q ~= =E Q =
_rn [&D I:I:I:I 2O-n
[B1242,
<E exp — 102 (12.12)

To evaluate (12.12), we need the distribution of s3; and hencerajso of S;7We start out from the
Wishart distribution of the Gram matrix [127], fo(G) = C exp — tr{G} for G > 0, where C' is a
normalization constant. The distribution of S is then obtained via the random matrix transformation
[117]

2
det J S S>0
fS(S) _ | S |fG( )7 ) (1213)
0, else,
where J = %. According to [119], [detJ| = | |(dk+d)), where dk denotes the singular values of the

channel matrix H. Unfortunately, there seems to be no general formula expressing this Jacobian in

terms of the elements of S for any M, i.e., |det J| must be calculated for any M of interest separately.

Once this has been done, the expectation in (12.12) can be calculated to obtain the average PEP.
We illustrate the procedure for M = 2. Here, the matrix S has four degrees of freedem, i.e.,

L1 .
S _ 511 | s12]€? 92

2The relation x [CyJdmeans that x and y have the same distribution.
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The partial derivative 0S reduces to the derivatives with respectrt si1, [s12], gb and sp,. Straight-
forward calculation yields the Jacobian |det J| = 8(s11 + $22)? [s12]? — 511522 . The pdf of sy5 is
obtained by calculating the marginal of (12.13) with respect to s;y. The side-constraint S > 0 is
taken into account by integrating within the range sz, > 0, |s12] < = S11522, and —7 < ¢1 < w. This
yields
1 OO, OO V_ 1
f(s11) = ZeXp _551 2511 + 45?1 + 7T<25§1 —1)
\/E A4 [
+ TQ 2511

Plugging this expression into (12.12) yields

where B{z, a, b} = Lo_rluafl(l —u)?~1 du is the incomplete Beta function and v = [81%402. Computing
the limit in (12.4) finally yields a diversity of D = 2 which is exactly halfway between the full diversity
of 2 and the minimum diversity of 1, in accordance with our conjecture.

12.3.2 Complexity

We next investigate the impact of « on the complexity of the mismatched ML detector when the latter
is implemented via the sphere decoding (SD) algorithm [48] (the complexity of the partial equalizer
can be neglected). We expect that complexity decreases with « since the partial equalization stage
improves the channel condition number, i.e., K(C) = k*"%(H), and small channel condition numbers
were previously observed to result in smaller SD complexity [5]. However, using the standard version
of the SD it turned out that this is true only for small a. For larger «, the partial equalizer causes
strong noise enhancement. In this case, the SD typically descends directly to the optimal solution
but continues traversing the tree back and forth in the search for an even better solution.

To exploit the improved condition number for large «, in spite of the strong noise enhancement,
we propose to use the SD variant that has been proposed in [144] and is suited even for low-SNR
situations. We next review the main idea of this SD variant using a slightly simpler derivation.

With SD, the QR decomposition C = QR of the equivalent channel C is used to rewrite the

metric in (12.10) as
Cx%: %L Rx% (12.14)

where q = QMF. The upper triangular matrix R corresponds to a tree that is traversed to find the
ML solution. In the tree traversal, only nodes corresponding to solutions that lie within a sphere of
radius R about the receive vector are visited. To further reduce the number of nodes visited, [144]
proposed a tree pruning as follows. First split (12.14) into two terms including, respectively, the first
k — 1 and the last M — k + 1 layers,

- rx 2L bl —ri R ] El R
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where Ok = [q].7"' 7QK—1]7 qk [QKa 7QI\/|] Xk = ['Ila"' 7xk—l]7 Xk: [xkalll 7$M]7 and R]R: [R]Ij
for 4,7 C,....,k—1}, R2 = [R];j for i Cf,...,k—1} and j [k,..., M}, R* = [R]; for
1,7 Lk, ..., M}, denote the north-west, nqrth-east, and south-east corners of R, respectively. At
the kth layer, the sphere bound < R? now amounts to

@—kak EL R? — @—[R& Rﬁ]xE‘s R? — pi. (12.15)

The lower bound pi for % — [RE RE]Xx %s obtained via the Rayleigh-Ritz theorem [76] as
P = Omin(Ri0) [Q{bK} — b ]

with by = (RL) (g — R2XX) and opmin(RL) denoting the minimum singular value of RE. According
o (12.15), at each layer a reduced sphere radius is used that allows for a significant tree pruning and
hence smaller number of visited nodes.

We analyze the behavior of this modified SD for a = 1 (ZF detection), where the complexity (in
terms of nodes visited) of the standard SD is very high due to strong noise enhancement. In contrast,
with the tree-pruning variant only the nodes associated to the ZF solution are visited. For a = 1,
C=Q=R=I, by = gk, and thus (12.15) simplifies to

Of — xk R? — [Q{qc} — gk 2] (12.16)

where the lower bound is p2 = [Q{qx} — gk (2] When the initial sphere ra@j ftis found via the ZF
solution, i.e. R = [Q{q} — q[ the upper bound in (12.16) reduces to [Q g% — g*[Zlwhich equals
the (partial) distance of the ZF solution from the observation. Since for a = 1 the ZF solution is
optimal, there is no other solution within the sphere and hence no other nodes than those associated
to the ZF solution are visited.

We assessed the complexity of our proposed receiver via extensive numerical simulations (see
Section 12.4 for examples). To this end, we computed empirical distributions of the number of nodes
visited by the SD from a huge number of realizations of an i.i.d. channel. We denote by n either
an arbitrary percentile of this distribution or its mean. All our results suggested that the relation
between the number n of visited nodes and the parameter o can be reasonably approximated as

n=anz + (1—a) nmL. (12.17)

Hence, the number of nodes visited for a certain « is essentially a convex combination of the number
of nodes npL visited in the case of ML detection and the number of nodes nzg visited with ZF
detection, respectively. Defining the complexity savings over ML detection as An = npy. — n, we
obtain An = a(nmL — nzg), i.e., the savings increase roughly linearly with a.

12.4 Simulation Results

In this section, we provide exemplary simulation results illustrating the performance and complexity
of the proposed receiver. We considered uncoded 4 % 4 and 6 < 6 MIMO spatial multiplexing system
with 16-QAM symbol alphabet. All results were obtained using between 500 and 5 - 10® realizations
of an i.i.d. Rayleigh fading channel.

Fig. 12.2(a) shows symbol error rate (SER) versus signal-to-noise ratio SNR = 2"—% for o [

{0, %, %, %, 1} and M = 4. Close inspection reveals that the diversity achieved with different « is
in agreement with our conjecture in Section 12.3.



WP-1 167

SER

10° ;
—+—a=1 (zF)
|| 2-a=0.75
10 N -e-0=05 X
-V a=0.25
B T N ‘ ‘ ‘
0 5 10 15 20 25 30 35 0 0.25 0.5 0.75 1
SNR [dB a
(@ (@ (b) (b)
200 T :
4 —-A—-90% percentile
175t ——Mean # Nodes ||
- - -Median

=7 10% percentile ||

0 0.2 0.4 0.6 0.8 1
a

(©) (©

Figure 12.2: Performance and complexity of proposed receiver: (a) SER versus SNR for various «
for M =6, (b) required SNR versus « for various target SERs (M =4), (c) number of visited nodes
(10%, 50%, and 90% percentile and mean) versus « for M =6.

In Fig. 12.2(b), the SNR required for a SER of 1073 and 1072 is depicted versus « (again, M = 4).
It is seen that particularly for small @ (up to o = 0.25) the SNR penalty with respect to ML detection
is rather small (i.e., only 1dB for o = 0.25). Simulations with more antennas showed that this effect
is even more pronounced for larger MIMO systems.

Finally, Fig. 12.2(c) shows the number of visited nodes (mean as well as 10%, 50%, and 90%
percentile) versus a for M = 6. The number of visited nodes decreases essentially linearly with
increasing « in all cases. All curves are in good agreement with our rule of thumb (12.17).

12.5 Conclusion

Motivated by a unifying formulation of ML and ZF detection, we proposed a novel receiver that con-
sists of a partial equalizer that improves the channel condition number, followed by a mismatched
ML detector that ignores the noise correlation resulting from the first stage. The actual implementa-
tion uses a sphere decoder variant specifically suited for low SNR situations. This is necessary since
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the partial equalizer can cause severe noise enhancement. Theoretical investigations and numerical
simulations showed that our receiver allows a continuous tradeoff between diversity and complexity,
and can thus be adjusted to any desired level of performance or complexity. For fixed target symbol
error rate, we observed that significant complexity savings can be achieved at the cost of a very small
SNR penalty.
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Chapter 13

MIMO Detection using Seysen’s Lattice
Reduction Algorithm

D. Seethaler, G. Matz, and F. Hlawatsch

13.1 Introduction

It is well known that the diversity offered by multiple-input multiple-output (MIMO) fading channels
cannot be fully exploited by conventional suboptimum detectors (like linear equalization and decision-
feedback schemes [56]), and thus the performance of such detectors is significantly inferior to that of
maximum likelihood (ML) detection [207]. ML detection exploits all of the available diversity but
tends to be computationally intensive.

A powerful preprocessing technique for improving the performance of suboptimum data detectors
is lattice reduction (LR) [183,185,192,200]. The channel realization is regarded as a basis of a lattice,
and one attempts to find a better (i.e., more orthogonal) basis for the same lattice. Suboptimum
detectors can then be applied to this better basis, which results in improved performance. So far,
almost exclusively the LLL algorithm [91] has been considered for LR-assisted data detection. The
LLL algorithm allows suboptimum detectors to exploit all of the available diversity [149].

In this paper, we propose Seysen’s algorithm (SA) [98,137] for LR-assisted MIMO detection. By
simultaneously reducing the lattice basis and its dual, the SA attains a (local) minimum of Seysen’s
orthogonality measure in an efficient manner. Seysen’s orthogonality measure, like the orthogonality
defect, is minimal if and only if the basis is orthogonal. It is shown in [98,137] that the SA can
achieve very good results—in the sense of efficiently finding the shortest lattice basis vector—for
lattices of moderate size.

Here, we will demonstrate that, for MIMO detection, the SA outperforms the LLL algorithm in
that it finds better bases for MIMO channels of practical interest. Indeed, our simulation results
show a significantly improved performance of SA-assisted detectors compared to their LLL-assisted
counterparts. We also describe an efficient implementation of the SA whose computational complexity
per iteration is linear in the number of antennas (as for the LLL algorithm), and we demonstrate
that the SA requires significantly fewer iterations and basis updates than the LLL algorithm.

This paper is organized as follows. In the remainder of this section, we discuss the system model
and we review the principle of LR-assisted data detection. In Section 13.2, we describe the SA in
the MIMO detection setting. An efficient implementation of the SA and a complexity assessment
are provided in Section 13.3. Finally, simulation results are presented in Section 13.4.

170



WP-1 171

13.1.1 System Model

We consider a MIMO channel with M  transmit antennas and N = M
receive antennas, and a spatial multiplexing system such as V-BLAST [56] where the mth
data symbol dy, is directly transmitted by the mth transmit antenna. For a given time instant, this
leads to the well-known baseband model

r=Hd+w, (13.1)

with the transmitted data vector d = (dy - - - dm)", the N % M channel matrix H, the received vector
r 57‘1 TN )T, and the noise vector w Ewl c wN)T. The data symbols dn, are drawn from
a symbol alphabet A that is properly scaled and shifted such that it consists of complex-valued

integers (see, e.g., [183,192]). The noise components wj are assumed independent and circularly

symmetric complex Gaussian with variance o3,.

13.1.2 LR-Assisted Data Detection

In LR-assisted data detection [183,185,192,200] (see also Babai’s approximation [63]), the columns
hm, of the channel matrix H = [hy - - - hy| are viewed as a basis for an M-dimensional lattice L int
cN
. (— L
L= "Hz= hpzy: z CCZV
m=1

The goal now is to transform the lattice basis H into a “better” (i.e., more orthogonal) basis Hbr the
same lattice L This allows suboptimum detectors (such as the zero-forcing (ZF) detector) to perform

more reliably. The “reduced” and original bases are related as == HB, where B = by bpm] is
an M > M unimodular matrix (i.e., it has complex integer entries and det(B) = *x1).

Data detection based on the reduced basis M-k now performed as follows. We can rewrite our
system model (13.1) as
r= HBB*d+w = Hd+ w,

where d = B~!d is in CZM since B! is again integer-valued. Hence, instead of detecting d [AM

based on H, one can detect d CaZM based on H-ILet us denote the result as d CQZM The final
detection result d CAM is then obtained as

. L kL1
d=Q4 Bd ,

where Q) 4{-} denotes componentwise quantization with respect to the symbol alphabet A

13.2 Seysen’s Algorithm for MIMO Detection

13.2.1 Preliminaries

For LR-assisted data detection or precoding, the LLL algorithm has been considered almost exclu-
sively [63,183-185,192]. By using an upper bound on the orthogonality defect of the reduced basis

1 We remain in the complex domain although LR with the LLL algorithm is usually discussed for an equivalent
real 2M -dimensional lattice [183,192].
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H-dbtained with the LLL algorithm, it has been shown [149] that the usual suboptimum detectors
applied after LLL preprocessing can achieve full diversity. We note that the orthogonality defect of

Kk defined by
s =L %nﬁ% (13.2)

lLl m=1

where |L| = det(H?H) = det(HHH) s the volume of a fundamental cell of the lattice L We have
S(HY =1, with §(H)= 1 if and only if the columns of H-dre orthogonal.

The SA is based on a measure of orthogonality that is different from the orthogonality defect in
(13.2), namely, Seysen’s orthogonality measure [137]

s ettt (13.3)

Here, is the mth basis vector of the dual lattice L* i.e., HZHIH-L I, where 5{1—1@ . Iﬁl]
denotes the dual basis. S (I@assumes its minimum, S (I@: M, if and only if the basis MHs
orthogonal. The SA finds a (local) minimum of S(H= S(HB) in an iterative way. In view of
(13.3), we can say that the basis and its dual are reduced simultaneously.

13.2.2 Basic Principle of the SA
The following discussion of the basic principle of the SA adapts the SA (as presented in [98,137]) to

the complex-valued case.

Structure of the SA.

With the initialization B = | and M= H, the SA repeats the following steps until M=k SA-reduced
(see below):

1. Based on 2 HB, an index pair (s,t) with s,t 1, ..., M} is selected and a corresponding
update value \s¢ [LCIZ is calculated.

2. Basis update:

B=[by - -bs1bg bsis--by] with bl =bs+ Astbt (13.4)
or, equivalently,
oy -
L R R i L e ok (13.5)

Note that Hb..

At each iteration, M4 again a valid basis for L If fact, any basis for L can be achieved by a sequence
of updates according to (13.4) or (13.5) (also the LLL algorithm uses such updates).
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SA-Reduced Basis.

Let us consider a basis vector update (13.5) for a given index pair (7, j) (not necessarily the selected
index pair (s,t)):

] < Tl A Rl ) with WL R ]

Following the derivation in [98,137], the best update value \ij such that S(Mi{) is minimized is

obtained as
1 (i
L TRMET R
U2 mfl o

where [Tdenotes rounding to the nearest integer. It can be shown [137] that S(H) < S(HHif and

only if Aij B 0. We call the basis H-8A-reduced if no decrease of S(Hykan be achieved for any (i, 7),
i.e., Aij = 0 for all possible (¢,7). Thus, to obtain an SA-reduced basis, one simply has to repeat

(13.6)

Step 1 and Step 2 until no decrease of S (I-I%') is observed; this corresponds to a local minimum of
Seysen’s orthogonality measure.

Selection of (s, ).

For determination of the index pair (s,t), we adopt a greedy selection procedure as proposed in [98].
At each iteration, one selects (s,¢) such that the decrease in Seysen’s orthogonality measure is
maximized, i.e.,

(s,t) = argmax Aij, with Ajj = S(H- S(H). (13.7)

IYJ

That is, one tests all M?— M potential basis updates with respect to their achieved reduction of
Seysen’s orthogonality measure and the best basis update is retained. If st = 0 (which happens
after a finite number of iterations), the algorithm is converged and a local minimum of Seysen’s
orthogonality measure has been found.

13.3 E Lcieht Implementation

While the basic principle of SA reduction is rather simple, the computational complexity appears
to be high because at each iteration M?—M different A and A values have to calculated. However,
the complexity can be reduced significantly by an efficient implementation of the SA (foreshadowed
in [98]) that is presented next.

13.3.1 Algorithm Statement
Input.
The input of the algorithm is given by the original basis of L i.e., the channel matrix H; the basis of

the dual lattice L* i.e., H# = PR where P = (HPH) 'H" is the pseudo-inverse (or ZF equalizer)
of H; and the corresponding Gram matrices G = H"'H and G* = H*"HH*” = (H"H) L
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Initialization.

Set L H and = H* and calculate all possible update values Aijj with their corresponding
reduction A;j of Seysen’s orthogonality measure. These values will be used for the updates performed
at the various iterations (see below). From (13.6),

. 4 Gy Gji
>\i,j = m,j |__,_| with Tij = 5 GLT;I - i . (138)
Using this expression, Ajj can be efficiently calculated as follows. The update of the ith basis vector
of M-dccording to (13.5), thi - )\i,jl@corresponds to the update of the jth basis vector of

according to
M7 = (R K AR D with WP = Ly (13.9)

j
We then have

Aij = S(HyE S(H)
= ORHPTREY R T O PR O]
Inserting l-— it N Jlgand I@ ll’i_ﬂ Ai H’i—ﬂ we obtain further

Aij = =2 |)\i,j| E@[@E# E@Eﬂ{e{m
— M Re{x; ;B 7
- ]
= ~2 WlPG G GRReQ, Gyl = Gy RedN G

ey

*
1

= 2Gj;Gi; Re X G%q.: - ?j = ijl?
M= O]
= 2G;GT RN iy} — gl (13.10)

Iteration.
Set B = I and repeat the following steps until -3k SA-reduced (i.e., Aij = 0 for all (i, j)).
1. Select (s,t) according to (13.7) and update B (see (13.4)), Fkee (13.5)), and (see (13.9))
using Agt (see (13.6)).

2. Compute corresponding updates of G and G¥ Because the update of I'IQust changes the
sth column, only the sth row and column of G have to be updated. This can be performed
according to

Ggj = (@ As,t@_‘ IJ“]_—IZ Gsj + XetGrj, JBs
Gl = MR
Gj,,s - G/s’fj :

Similarly, the tth row and column of G* are updated according to
Goi = (W= \; RARN = G, — \:GZ;, jBt
Gf(,t = E@E

! #5
Gj,t = Gt,j .
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3. Calculate new \j;j values (see (13.8)) and A;;j values (see (13.10)) for all index pairs corre-
sponding to updated elements of G and G¥. These are the index pairs (i, s), (j, 1), (s,4), and
(t,j)fori=1,...,.Mand j=1,...,M withi B s, j B t.

Output.

The output of the algorithm is given by the unimodular transformation matrix B, the SA-reduced

basis - HB, and the associated reduced dual basis = [pH]

13.3.2 Computational Complexity

The complexity of an LR algorithm for MIMO detection depends on the hardware implementation
and platform used. However, to a large extent, it will be determined by the required number of
iterations (which will be assessed by means of simulation results in Section 13.4), since across the
iterations parallel or pipelined hardware structures are hardly possible. For a rough picture of the
per-iteration complexity, we now provide corresponding asymptotic O(+) results.

The initialization of the SA requires calculation of M?—M different A values according to (13.8)
and at most (if the corresponding \;j’s are all nonzero) M?— M different A values according to
(13.10). Thus, the initialization step has a computational complexity of O(M?). At each iteration,
the update of B, Htand has a complexity of O(M). Furthermore, the update of G and G*
involves M elements, which gives a complexity of O(M). Finally, the calculation of 4M —4 X values
and at most 4M — 4 A values in Step 3 above again results in a complexity of O(M). Thus, per
iteration the computational complexity of the SA is just linear in M.

The LLL algorithm, too, has a complexity of O(M) per iteration. However, it is important to
note that one LLL iteration (i.e., column swap with Givens rotations) usually comprises several basis
updates using size reduction (see, e.g., [192] for details). This is different from the SA, where one
iteration corresponds to exactly one basis update. We note, at this point, that the per-iteration
complexity of the SA is larger than that of the LLL algorithm whereas its required number of
iterations is significantly smaller (see Section 13.4). Furthermore, the individual update operations
performed at each SA iteration are to a large part independent of each other, which allows the use
of parallel hardware structures to increase the throughput.

13.4 Simulation Results

We will now assess the performance of the SA and compare it to that of the LLL algorithm by means
of simulation results. We considered a MIMO channel with M = N = 8 antennas and iid Gaussian
entries. The SA was directly applied to the complex channel while the LLL algorithm was applied
to its equivalent real form (cf. [183,185,192]).

Number of lterations.

First, we compare the number of iterations and basis updates required by the SA and the LLL
algorithm. Fig. 13.1 shows the corresponding cumulative density functions (cdf’s). It is seen that
the SA requires significantly fewer iterations and basis updates than the LLL algorithm. Furthermore,
the variability of the number of iterations and basis updates is smaller.
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Figure 13.1: cdf of the number of iterations and basis updates required by the SA and the LLL
algorithm.

Quality of Reduced Basis.

Next, we compare the performance of the SA and the LLL algorithm in terms of the quality (or-
thogonality) of the reduced basis -1 Besides the orthogonality defect 6(F)in (13.2) and Seysen’s
orthogonality measure S(HJin (13.3), we also consider the condition number, i.e. the ratio of the
maximum and minimum singular values of HXenoted as ,%(I'IﬁI This is another popular measure
of the quality of a basis for data detection (e.g., [5,192]). Fig. 13.2(a) compares the cdf’s of the
natural logarithm In(-) of these quantities for the SA-reduced, LLL-reduced, and original bases. It
is seen that both the SA and the LLL algorithm achieve strong reductions of all three orthogonality
measures. Furthermore, the SA outperforms the LLL algorithm significantly in terms of /{(I’%‘ less
strongly in terms of S(FH) and slightly in terms of §(HH}J

Performance of Detectors.

Finally, we compare the performance of SA-assisted and LLL-assisted data detectors for 4-QAM
modulation. Fig. 13.2(b) shows the symbol-error rate (SER) versus the signal-to-noise ratio (SNR) for
the ZF and minimum mean-square error (MMSE) detectors and their LR-assisted versions (cf. [192]).
As a performance reference, the result of the ML detector is also provided. It is seen that LR strongly
improves the performance of ZF and MMSE detection. Furthermore, the SA-assisted detectors
perform significantly better than their LLL-assisted counterparts.

13.5 Conclusions

We proposed Seysen’s algorithm (SA) for efficient lattice-reduction assisted MIMO detection. The
SA is different from the more widely known LLL algorithm in that it simultaneously reduces the
lattice basis and its dual. This was seen to lead to a conceptually simple procedure for finding “more
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orthogonal” lattice bases. We presented an efficient implementation of the SA whose complexity per
iteration is linear in the number of antennas (as for the LLL algorithm). Our simulations showed
that the SA requires significantly fewer iterations than the LLL algorithm. We also observed that
the bases obtained with the SA tend to be better than those obtained with the LLL algorithm, and
that SA-assisted MIMO detectors outperform their LLL-assisted counterparts.f

While MIMO detection has been considered in this paper, we note that the SA can also be used
to assist suboptimum vector perturbation techniques for MIMO precoding (see, e.g., [184] for the
application of the LLL algorithm in this context).
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Chapter 14

Performance of Lattice Reduction
Schemes for MIMO Detection

D. Wibben and D. Seethaler

14.1 Introduction

In the past ten years the application of multiple antennas at the transmitter and the receiver has
gained considerable interest in the research community. In case of spatial multiplexing systems
the source transmits parallel data streams over the antennas to increase the spectral efficiency. To
estimate the transmitted data with reasonable complexity several suboptimal detection schemes have
been proposed. Unfortunately, these common linear and non-linear schemes cannot fully exploit the
diversity that is available in multiple-input multiple-output (MIMO) fading channels.

In order to improve the performance of these suboptimum schemes, the application of lattice
reduction (LR) as a preprocessing method has been proposed [183,200]. In this context LR, is applied
to transform the system model into an equivalent one with a better conditioned channel matrix prior
to low-complexity detectors using linear equalization (LE) or successive interference cancellation
(SIC). This results in a significantly improved performance of the corresponding detection scheme.
To this end, several reduction algorithms like the well-known LLL reduction [91] or Seysen’s LR
algorithm [137] have been applied for data detection in MIMO systems, e.g. [53,136,148,183,189,190].
In fact, LLL reduction even allows LE or SIC schemes to achieve full diversity [148].

In this work new insights about the applicability of the various LR methods to LE and SIC are
developed. We argue that the crucial performance parameters for LE and SIC are the corresponding
post-equalization signal-to-noise ratios (SNRs) that are achieved with LR. We show that Seysen’s
LR algorithm and LLL reduction perform in general different with respect to these post-equalization
SNRs, which explains their different error-rate behavior in combination with LE and SIC detection,
respectively. For LE, Seysen’s LR algorithm (or a dual version of LLL) turns out to be advantageous
while for SIC detection the LLL algorithm is preferable. A general conclusion from our work is that
the LR algorithm should selected taking the subsequent detector into account.

The paper is organized as follows. In Section 14.2, the MIMO system model is introduced. The
fundamentals of different LR algorithms are briefly reviewed in Section 14.3. LR-aided detectors and
their corresponding post-equalization SNRs are discussed and investigated in Section 14.4. Finally,
the error-rate performance of various LR-aided detectors is analyzed in Section 14.5 and conclusions
are provided in Section 14.6.

179
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14.2 System Model

We consider a spatial multiplexing MIMO system with Nt transmit and Ngr receive antennas op-
erating in a flat-fading environment. At the transmitter the data is demultiplexed into Nt parallel
data streams of equal length, these substreams are mapped onto M-QAM symbols of the modu-
lation alphabet A and transmitted over the Nt antennas simultaneously. To describe the MIMO
system, one time slot of the time-discrete complex baseband model is investigated. Let! s denote the
complex-valued Nt x1 transmit signal vector, then the corresponding Ng*1 receive signal vector X
is given by

X=Hs+n, (14.1)

with the NgxN+ channel matrix H and the NgXx1 noise vector n. The noise is assumed to be complex
Gaussian distributed with variance 02 and the transmit power at each antenna is normalized to one.

14.3 Lattice Reduction

In this section, we briefly review the fundamentals of various LR algorithms.

14.3.1 Basic Principle of Lattice Reduction

By interpreting the columns hof H as a basis and assuming an infinite Nt-dimensional transmit
signal space S EZ;-\'T of Gaussian integers, the set of all possible undisturbed receive signals constructs

a lattice
N1

LH) 2  hgZ. (14.2)

However, the same lattice L(H) = L(H) is also generated by each matrix H = HT, as long as
the Nt Nt transformation matrix T stems from the set of unimodular matrices GLn, (Zj), ie. T
contains only Gaussian integers and the determinant is det(T) = 1 [172].

The general aim of LR is to transform a given basis H into a new basis H with vectors of shortest
length or, similarly, into a basis consisting of “more orthogonal” basis vectors. Possible orthogonality
measures of H include the condition number, the orthogonality defect, or the Seysen’s measure (see

Section 14.3.4). For example, if the condition number x(H) éamax /omin defined as the ratio of the
largest and the smallest singular value omax and omin, respectively, of H is equal to one, then H is
orthogonal. It is well-known, that x(H) describes the impact of the channel realization on the noise
enhancement in case of LE (see e.g. [5]). A new basis may achieve a smaller x(H) and, consequently,
better performance results in the case of LE, as the impact of noise enhancement is reduced.

14.3.2 LLL-Reduction

The original definition of LLL reduction by Lenstra, Lenstra and Lovasz was restricted to real-valued
matrices [91] and extended with respect to complex matrices recently [53]. Within this paper we focus
on its complex-valued version since it requires less complexity and achieves comparable performance
results. The LLL algorithm is based on the QR decomposition (QRD) H = QR, where matrix

1The hermitian, the inverse and the pseudo-inverse are indicated by O, ()7t and ()*. The i-th column and the
i-th row of a matrix A are given by a; and a®, respectively.
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Q [ANR*NT has orthogonal columns of unit length and R = [rg i<k, mny iS an upper triangular
matrix. With respect to the QRD H = QR of the reduced basis, the basis vector his almost
orthogonal to span{hl, .. hgl} if the elements |}y ..., |T@1,dhof R are close to zero. Using this
observation the LLL algorithm can be stated as follows.

Definition (LLL-Reduced): A basis H with QRD H = QR is called LLL-reduced with param-
eter 1/4<d=<1,if

|7k, b= 3| Fic k| for 1Isk< (<Nt (14.3a)
8 |Pk1 ka2 < |Fekl®+ ekl for k=2,..., Nt (14.3b)

holds.

Starting with H = QR the iterative LLL algorithm yields a reduced basis H = éﬁ and a
corresponding transformation matrix T. To this end, the algorithm successively performs so-called
size-reductions to meet (14.3a) and exchanges two neighboring basis vectors if (14.3b) is not fulfilled
[91,189].

The beneficial impact of applying the Sorted QR Decomposition (SQRD) [188] to the computa-
tional complexity of the LLL algorithm was presented in [189,190]. Furthermore it was shown, that
the consideration of the MMSE criterion by reducing the extended channel matrix
1] 1]

A H

H (14.4)

UnINT

leads simultaneously to a strong performance improvement and further reduction of computational
complexity [189].

14.3.3 Dual LLL-Reduction

Instead of performing LLL reduction with respect to the basis H, a reduction of the dual basis
HE (H")" = H(HHH) (14.5)

was proposed in [148] in order to improve the performance of LR-aided LE. By applying LLL with
respect to the dual basis the QR decomposition HES QEEQ Hs achieved. In the sequel, this reduction
will be abbreviated by DLLL and the corresponding ¢-th dual basis vector is denoted with h{F For
MMSE the extended dual matrix H== (H*)" is reduced.

14.3.4 Seysen’s LR Algorithm
The basic principle of Seyen’s LR algorithm [137] lies in the simultaneous reduction of the basis H
and the dual basis H=?To this end, Seysen introduced the following orthogonality criteria.

Definition (S-Reduced): A basis H is called S-reduced if S(H) < S(HT) holds for all T [
GLn; (Zj) with Seysen’s measure S(H) defined by

S(H) 2  mHIRHA (14.6)

=1
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Thus, for an S-reduced basis, no unimodular transformation matrix T leads to a further reduc-
tion of Seysen’s measure S(H). We have S(H) = Nt and its minimum N7 is achieved if and only if
the basis is orthogonal. Common, suboptimum algorithms perform a successive sequence of elemen-
tary column operations with respect to just two basis vectors, leading to the so-called S,-reduction
(referred to as Seysen’s LR algorithm or briefly SEY in the sequel) [137]. The application of SEY
for symbol detection and an efficient implementation of the reduction algorithm have recently been
proposed in [136]. Therein it is demonstrated that SEY can find more orthogonal bases (with respect
to various orthogonality measures) than the LLL algorithm by requiring less basis updates.

14.4 LR-Aided Detection Schemes and their Post-
Equalization SNRs

In the sequel we assume that the reduced basis and transformation matrix have been calculated either
by SEY, LLL, or DLLL. The obtained result is then used for LE or SIC detection. In the following,
we describe these LR~aided Zero-Forcing (ZF) detectors and discuss the impact of the corresponding
post-equalization SNRs on the performance of theses schemes. However, the argumentation can easily
extended for the SINRs of MMSE detection by consideration of the extended channel matrix (14.4).

14.4.1 LR-Aided Data Detection

By using the reduced channel matrix H=HT and introducing z = T1s, system model (14.1) can
be rewritten as [190] N
X=Hs+n=HTT s+n=Hz+n. (14.7)

The idea behind LR-aided data detection is to consider this equivalent system model with reduced
channel matrix H and perform the detection with respect to z instead of s. Indeed, if s I:ZJNT,

we also have z I:ZI}\IT since T is unimodular. Thus, one can first calculate a detection result for z,
denoted with Z, and then calculate S = TZ, which represents the final detection result for the original
problem. A corresponding block diagram is shown in Fig. 14.1. The case of finite constellations is
discussed in detail in [189].

S Z 7 S
T =R 57 paahll e

equivalent system model

Figure 14.1: Block diagram of LR-aided data detection.

14.4.2 LR-Aided LE
For LR-aided Zero-Forcing (ZF) LE, first Z= Gx with filter matrix

G = H* = (H"H) A" (14.8)
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is calculated, where G is given by the pseudo-inverse of H. The hard decision Z is then obtained
through (usually unconstrained) componentwise quantization of Z, i.e. Z = Q{Z}. The multiplication
with H™ usually causes_less noise amplification than the multiplication with H™* due to the more
orthogonal columns of H. Therefore, a hard decision based on Z is in general more reliable than
that based on S = H*X (corresponding to conventional ZF-LE). As mentioned before, the extension
with respect to the MMSE criterion is directly achieved by LR of the extended channel matrix H
introduced in (14.4). As demonstrated in [189,190] this leads to significant performance improvements
and reduction in complexity.

Performance Analysis

To analyze the performance of LR-aided LE we consider the corresponding post-equalization SNR of
layer £, ¢ = 1,..., Nt. After ZF equalization, we have Z = z + Gn, which is used to form the hard
decision Z in the transformed domain. Evidently, the effective noise of layer ¢ is complex Gaussian
distributed with variance o2 [GIP[Z] where g(™ denotes the ¢-th row of the filter matrix G. By
recalling the definition of the dual basis (14.5), we thus have

1 1
of[gIMZ] o3 thiHZ]
We see that the performance of LE is determined by the Euclidian lengths of the dual basis vectors
(see also [148]). Furthermore, the overall error probability will be dominated by the layer ¢ with the
minimum SNRE5, i.e. the worst layer (or subchannel). Thus, for LE it is reasonable to determine
a reduced basis where the corresponding longest dual vector is as short as possible or the minimum
SNR"E']: is maximized. Note that this does not necessarily correspond to the standard target of LR
methods (e.g. to find the shortest basis vector).

SNRLE £ (14.9)

1F — e
- -
g
08l 7 shortest vector
: L ] - max SNR;j
I3 4
%0_6 | , :I Iong_est vector SR - |
- -
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Figure 14.2: CDF of squared length of shortest (—) and longest (--) dual basis vector for a system
with Nt = Nr = 6 antennas.

Fig. 14.2 shows the cumulative distribution functions (CDF's) of the longest and the shortest filter
(i.e. dual basis) vectors of the original and the reduced case for a MIMO system with Ng = Ngr =6
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antennas. All LR schemes lead to an almost equivalent reduction of the shortest vector. However,
with respect to the performance dominating longest dual basis vector, SEY and DLLL outperform
LLL. For LE, these LR schemes indeed show better performance results (see Section 14.5).

Computational E [ant

With respect to computational complexity it is worth to note that the filter matrix G is already
calculated for DLLL and SEY, as both methods calculate the reduced dual basis HELE GH. As the
LLL is executed with respect to the QR decomposition of ﬁ, the required pseudo-inverse can be
determined by G = H* = R~1Q".

14.4.3 LR-Aided SIC

The performance of LE can be improved by applying SIC (or decision-feedback) techniques based on
the QR decomposition H = QR. We obtain

7 =Q"x =Rz +T, (14.10)
where N = QHn. Due to the upper triangular form of R the vector 7 is partly free of interference
and can successively be detected layer by layer in the sequence £ = Nv, Ny —1,...,1. In order to
estimate zp;previous decisions for Za, ..., 2Ny Weighted by the corresponding coefficients of R are
subtracted from Z— 101 [(T11

1 N1
ZFQ — Zr TCk * Sk ) (14.11)
ML k=031

Performance Analysis

Assuming correct decisions in previous layers, the post-equalization SNR at the ¢-th layer (respec-
tively, ¢-th detection step) is proportional to the squared value of the ¢-th diagonal element 7of
the upper triangular matrix R. To be more precise, we have

SNRC = o, |7t (14.12)

Note that SNRﬁ,'TC = SNRH? and SNRY” 8 SNREE for £ < Nt in general for SIC without optimized
detection ordering. It is well known that the first layer in the detection and interference cancellation
procedure (¢=N7) dominates the overall performance. This is due to the fact that the first detection
step degrades the subsequent decisions through error propagation (cf. (14.11)). Consequently, it
is reasonable to find a reduced basis such that SNRE,'TC , or equivalently, |"ny.nyl?, is as large as
possible. Evidently, we arrived at an LR performance criterion for SIC that is in general different
from that for LE, where the minimum SNRT should be as large as possible (see previous Section).
Furthermore, layer ordering approaches [188] have a similar target, however, by just allowing column
permutations. In fact, permuting columns is the simplest form of changing the basis of a given lattice
and consequently can be regarded as a part of LR (or LR for SIC can be seen as “extended layer
ordering”). Of course, layer ordering does not improve the performance of LE.

For a MIMO systems with Nt = Ng = 6 antennas part a) of Fig. 14.3 shows the CDFs of |rg¢|?
for the different LR schemes. Obviously, the LLL achieves the best statistic for |rgg|?> and would
outperform SEY and DLLL reduction with respect to error-rate due to the improved first detection
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Figure 14.3: CDF of |rge|? a) without and b) with optimized detection ordering for a system with
Nt = Nr = 6 antennas.

step. As the LLL successively reduces the elements rr;it directly leads to larger SNRs in the first
detection steps and thereby to a meaningful detection sequence. In contrast, SEY leads to a balanced
reduction of all basis vectors without any ordering. Part b) of Fig. 14.3 shows the CDFs of |rgg|?
for different LR algorithms with optimum layer ordering using the post-sorting algorithm of [188].
It can be seen that with post-sorting all LR schemes lead to approximately the same statistic for
|76.6|?. Consequently, similar performance results can be expected for the corresponding LR-aided
SIC schemes (see Section 14.5).

Computational E [ant

In case LLL is used for reduction, the required QRD is implicitly available. In contrast, for SEY
the corresponding QRD of H has to be calculated afterwards and leads thereby to an additional
computational effort. In case of DLLL, the QRD of the dual basis HEE étﬁ':ls available. For SIC
detection, one can either calculate the QRD of (H5* or implement SIC with respect to a QL decom-
position, where the matrix with orthogonal columns is given by ((Q5*)" and ((R5*)" describes the
corresponding lower triangular matrix. Obviously, both strategies result in a considerable additional
complexity. To summarize, for SIC detection based on QRD, it is favorable from an implementation
point of view to use the LLL algorithm for LR.

14.5 Performance Results of LR-Aided Detectors

In the sequel we investigate the bit error-rate (BER) performance of various LR-aided detectors for
a MIMO system with Nt = Ng = 6 antennas employing 4-QAM modulation. The SNR is given by
Ey/No = Nr/(log,(M)o3) with Fj, denoting the average energy per information bit arriving at the

n

rec‘ﬁg'm.zx shows the BER versus E,/Np performance of common and LR-aided LEs. It can be
seen that the LR-aided LEs achieve full diversity (at least for LLL and DLLL this is proven in [148])
thereby leading to strong performance improvements compared to the common LE. Furthermore,
the MMSE criterion results in additional performance gains. When comparing the LR schemes
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Figure 14.4: BER versus E,/Ny performance of common and LR-aided LE detectors for a MIMO
system with Nt = Ngr = 6 antennas employing 4-QAM symbols: ZF (—) and MMSE (--).

for LE, we can observe that SEY and DLLL clearly outperform LLL. This performance difference
can be explained by the observations made in Section 14.4.2. On average, both SEY and DLLL
achieve a stronger reduction of the longest dual basis vector leading to an improved worst-case post-
equalization SNR. We thus observe that it is more important to reduce the lengths of the dual basis
vectors (in particular, the length of the longest dual vector) instead of shortening the original basis
(or finding its shortest basis vector) in the case of LE.

The BER versus Ey/Ny performance of ordered SIC (OSIC) and LR-aided conventional SIC
detection (without applying post-sorting after lattice reduction) are shown in Fig. 14.5. Obviously,
LLL-aided SIC slightly outperforms the other two LR-aided SIC methods (SEY-SIC and DLLL-SIC).
However, as demonstrated in Fig. 14.6 these differences disappear if SIC detection with optimization
of the detection order is applied (cf. Section 14.4.3).

Thus, from the performance point of view the different LR-schemes behave almost similar when
post-sorting is applied. However, as discussed in Section 14.4.3 the required QRD with a good
detection sequence is directly obtained by LLL reduction. Consequently, for SIC detection the
application of LLL is favorable with respect to complexity.

14.6 Summary and Conclusions

In this paper, we investigated lattice reduction (LR) methods for data detection in MIMO wireless
systems. In particular, we focused on three LR methods (namely, the LLL algorithm, the LLL
algorithm applied to the dual basis, and Seysen’s algorithm) and two detection approaches (namely,
linear equalization (LE) and non-linear successive interference cancellation (SIC)). We argued that
the LR performance requirements for LE and SIC are in general different. For LE the longest basis
vector of the dual basis should be as short as possible and for SIC the post-equalization SNR of the
first layer in the detection progress should be as large as possible. We demonstrated that (dual)
LLL and Seysen’s algorithm perform differently with respect to these requirements, which provides
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Figure 14.5:

system with Nt = Ngr = 6 antennas employing 4-QAM symbols: ZF (—) and MMSE (--).
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Figure 14.6: BER versus Ej, /Ny performance of common and LR~aided optimally ordered SIC (OSIC)
detectors for a MIMO system with Nt = Nr = 6 antennas employing 4-QAM symbols: ZF (=) and

MMSE (--).

an explanation for their different error performance in combination with LE and SIC. In case of
LE, dual LLL and Seysen’s algorithm give the best performance. For SIC detection, however, all
investigated LR schemes can achieve comparable performance results with a slight advantage of
LLL. In general, an LR algorithm should selected (or designed) taking the the subsequent detection
strategy into account.
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Chapter 15
Multipath Channel Tracking in OFDM

D. Angelosante, E. Biglieri, and M. Lops

15.1 Introduction

In wireless communication, mobility causes time-varying multipath propagation, while coherent de-
tection requires high-quality channel estimation and tracking at the receiver. In fact, large channel
estimation errors may have a serious effect on the received data bit-error-rate (BER), and may cause
error-rate floor [24]. Conversely, channel estimation can be avoided by using differential detection,
at a cost, however, of a loss in signal-to-noise ratio (SNR). The assumption that the number of
multipath components and their delays is known and constant, while amplitudes are time-varying,
yields relatively simple algorithms for tracking the channel response [115,204].

In this work, we deal with multipath channel estimation with an unknown, and time-varying,
number of paths. Here we use Random-Set Theory (RST), a mathematical tool that has recently
found applications in multi-sensor multi-target tracking [101], multi-speaker tracking [97], and mul-
tiuser detection [4,13]. In general, RST is a probability theory defined on collections of elements
where not only each element is random, but the number of elements is also random. With this theory,
Bayesian filtering equations can be derived which allow to determine the evolution with time of the
channel estimator [59].

The problem of tracking a time-varying channel with an unknown number of multipath compo-
nents has been treated in the past by developing a sequential estimator which separates an acquisition
mode from a tracking mode [197]. The acquisition mode first estimates the number of multipath
components via the minimum description length (MDL) criterion, then estimates, using an ESPRIT
algorithm, the multipath components delays. In the tracking mode, the multipath time delays are
first tracked by an interpath interference cancellator (IPIC) delay locked loop (DLL); next, assuming
correct delay information, a minimum mean-square-error (MMSE) estimator evaluates the compo-
nent gains. The performance of this algorithm, in terms of mean-square-error and of probability of
detection of the path, is good even at low SNR values. Its only downside is that it requires the
number of paths to remain constant, and an acquisition mode to precede the estimation. In our
work, we remove both requirements.

The balance of this paper is organized as follows. Section 15.2 states the problem. Section 15.3
provides the Bayesian-filter recursions needed to solve the tracking problem. Section 15.4 describes
channel tracking in orthogonal frequency division multiplexing (OFDM) systems, and shows some
numerical results. Finally, Section 15.5 summarizes our findings.
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15.2 Statement of the problem

We consider an OFDM system employing K orthogonal sub-carriers: N sub-carriers, occupying
the central part of the spectrum, are used for transmission, while the K — N sub-carriers located
at the boundaries are set to zero in order to avoid out-of-band interference. The data stream, after
conversion from serial to parallel, is partitioned into blocks of length Njn¢, while Nyt = N — Nins pilot
symbols are uniformly interleaved with data to enable channel estimation: the resulting modulation
scheme is represented in Fig. 15.1.
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e o6 o o o e o /
o O O O O o O
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Figure 15.1: Pilot pattern in OFDM.

Assuming, with no loss of generality, that the contributions from the transmit and receive filters
can be compensated for, and denoting by im, m = 1,..., Ny the mth pilot subcarrier index and by
p the signaling interval, the observed signal, to be processed for channel estimation, can be given the
vector form

where y, = [yp,il,---,yp,int]T, Dy = diag(dp,iy, - -, dp,iy,) models the data transmitted in
interval p on subcarrier n, z, = [zp,il,...,zp,int]T represents the additive noise, h, =

[ha(pT5s), - .., hir.)(pTs)]" is the vector of tap gains, and

Ty (pTs)

{Fp}m = e 170w (15.2)

for m=1,...,Nprand ¢ =1,..., L(pTs), L(pTs) the number of active paths during the pth interval.
The problem under consideration can now be formulated as follows: Given the observations (15.1),
and a model for the channel response evolution, determine a causal estimator for hy, relying upon
{Y1p}, the observations available up to interval p, incorporating all of the prior information on the
channel behavior.
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15.3 Channel Tracking

A traditional approach to solve the problem stated at the end of previous section assumes that the
vector to be estimated has constant length Lmax, the maximum number of paths, and implements
Bayes recursions to obtain estimates of the vector sequence [hi(p), ..., h,..(p)]". Disappearance of
a path yields a zero in the corresponding vector entry, while the birth of a new path should result
form the estimation procedure [198]. Kalman Filtering (KF) can be thus applied, possibly in its
extended form if the tap weights do not evolve according to a linear Gaussian model.

Our new approach relies upon an estimate, done in a single step, of the active paths, which
incorporates all the available information concerning the channel evolution: RST provides the natural

framework to solve this problem, which appears conceptually close to other problems as outlined
in [4,13,97].

15.3.1 An RST model for the multipath channel

Denote by Hgk) the following singleton-or-empty random set [59,101]:

®K) _ i H if path k is not present

H
P {h;(Jk)} = {[k, a;()k)]T} if path k is present

(15.3)

In our notation, aék) is the complex kth multipath component during signaling interval p. The channel

realizations at epoch p are thus completely described by the set

Ho=  H® (15.4)
k=1

which is a random set on the hybrid space {1, ..., Lmax} % C (see [59,101]). For future reference, we
introduce the random sets 7(Hp) and 7'(Hp), denoting the projection of Hy onto {1, ..., Lmax} and
onto C, respectively:

1
m(Hp) = {k} (15.5)
keH (D
©(Hp) = {a$9} (15.6)
kem(Hp)

If Sy denotes the set of paths surviving from epoch p — 1 into epoch p, and By the set of newly
born paths, we thus have

Hp =S, [B} (15.7)

The constraints [4,13]

reflect the facts that no component being active at time p — 1 can migrate to the set of new paths,
and that the paths surviving at epoch p are a subset of those active at epoch p — 1. For the sake of
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simplicity, we invoke the assumption of [97] that at most one new component is allowed to be born
at each epoch!, whereby

1 .

P I:I with prob (1 — Phirth) ’
with ¢ L1, ..., Lmax}\7(Hp-1), and Pyiren the probability that a new path arises. As a consequence,
we obtain the condltlonal den81ty

I:I
|rthf (Z) a/plil) lf Bp—{ E a IﬁT}
Fi,1r,-2(Bp | Hp-1) % P if By= ] (15.11)
if |Bp| > 1

where ¢ {1, ..., Lmax} \m(Hp_1), and fa(z)(a[()m) is the probability density function of the weight of
the ¢th path at epoch p. Similarly, we have

1
Sp= S¥ (15.12)
k

with 1
] with probability Pgeath

S0 =
{hp’} with probability 1 — Pgeath

(15.13)

where Pgeath is the probability that an active path disappears. Assuming that distinct paths survive
or die independent of each other,we have the following properties:

e The conditional probability density function (pdf) of the random set S, given H,_; can be
derived from generalized convolution of the pdf’s of the random sets Sék) [13,97]:

Syl
fspmp ' S l I_|I“uil ngihll ! 1 _Pdeath)lsﬂ

fa;(f)la,(f) ( (D;ll Qap~ ) (15.14)
dan(Sp)

with S [H}_1, and f 2P0, (ap | a ) the transition density describing the evolution of the

weights of the surviving paths
® The random set sequences Sp and B, are conditionally independent given H,_q;
* (Hp)pz, forms a Markov sequence.

As a consequence, the transition density fy,3,_,(Hp | Hp—1) can in turn be determined through
the generalized convolution formula, which, when specialized to the current scenario, yields [13]:

Srgirt,a (Hp | Hp1) = (15.15)
fSp(Hp n prlalfl)pr<Hp \ (Hp n Hp_1)|Hp-1)

1We hasten to say that removal of this assumption, which simplifies the tracking problem, does not invalidate the
theory presented here.
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The basic step to achieve causal estimates of the random set sequence (Hp)s2; based upon the
observations Y. is the implementation of Bayesian recursions in the form [101]

[
J(Hply1p-1)= f(HplHp_1) f(Hp—1lY1:p-1)0Hp_1 (15.16)
f(Hplwp) CEGp | Hp) f(Hp | Y1p-1) (15.17)

where the operation involved in (15.16) is a set integration in the sense specified in [59]. The notation
0H, for the differential emphasizes this.

Since closed-form expressions for integrals (15.16)-(15.17) do not seem to be achievable, we resort
to “particle filtering,” or Sequential Monte Carlo (SMC) methods to approximate Bayesian recursions.
The RFS SMC filter is described as follows. The a posteriori pdf is approximated by the a set of
particles as

"1:il :
FHplywp) = wPma, (HP) (15.18)
i=1
where my(Y) is the ”70-1”7 measure, defined as follows
- I:1I if Y LC]
, 1
cmX<Y)5X 0, otherwise (15.19)

In (15.18), HS) is the 7th set “particle,” w;()i) is its “weight,” and M is the total number of particles.
Asymptotic convergence properties of the SMC RF'S filter has been proved in [171], showing that, for
sufficient large M, the mean-square approximation error of the SMC RFS filter is inversely propor-
tional to M?, for some constant 0 < o < 1, while the implementation complexity is approximately
linear with M.

Once the a posteriori density f(Hp | Y1.p) is obtained, an estimate of Hp can be obtained in
several ways, as outlined in [59]. A pair of Bayesian estimators can indeed be defined, known as
GMAP-I (or “Marginal Multitarget Estimator”) and GMAP-II (or “Joint Multitarget Estimator”).
GMAP-I is a two-stage estimator, wherein the set cardinality is estimated first. Defining

1
f(np | Yip) |:|| | J(Hp [ y1p) 0Hp (15.20)
H|=ny
we obtain 1
GMAP—I : @mg maXnPEO ----- Lmaz f(np | ylp)7 (1521)
p — algImaxyy :|H,|=h, f(leylZp)7
where 1
f(np | Yip) = . JS(Hp | Y1:p)dH, (15.22)
Hpl|=np
GMAP-II performs the estimation in a single step:
E clHol
p— argmax f(Hp | Y1:p)|H—p|! (15.23)

where ¢ is a small constant determined by the cost function that this estimator minimizes [59).
Here we define a third estimation rule, which amounts to first estimating the identities of the
paths at epoch p, and then estimating only the weights of the active paths as the expected a posteriori
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value, while setting to zero the wights corresponding to inactive paths. Specifically, we define the
“Generalized Expected a posteriori” (GEAP) estimator as

1
GEAP : W(%! l:l_aXT[(Hp) f<7T(Hp)|Ylip)v (15_24)

9 R2Im(Hp)| hpf(hpY1p) dhp,

where 1

f(r(Hp)|Y1p) = f(HplY1p)0H, (15.25)
M)

Clearly, in GEAP, we first estimates the discrete parameter (similar to GMAP-I), then we rearrange
the admissible particles to for f(hp|Y1p) and finally we compute the standard EAP.

15.4 Application to OFDM

We consider a DFT size of K = 64, with N = 53, Nyt = 4, and a frequency spacing Df = 16 between
two pilot subcarriers. Pilot subcarriers are thus located at

L1
m = )
2

im = m=1,..., Npt (15.26)
The average energy per pilot symbol, ¢2, is uniform, and a 4QAM modulation scheme is assumed.
As to the channel, we assume a uniform multipath delay profile, multipath spread smaller than the
guard time, and uncorrelated path weights.

Consider first the transmission of ) = 100 OFDM symbols through a channel with Ly, = 3,
Pact = 0.5, Boirth = 0.05, and Pgeath = 0.05. The path weights are assumed to be complex Gaussian,
with

F(hPINE) = Ne(h$2; A0, (1= 22)od) (15.27)

with 02 the average energy of one path, and A = 0.999. This choice of parameters is made in order
to compare the performance of our estimation procedures with those of a Kalman filter operating on
a fixed number Lmax of paths, as advocated in [198].

Fig. 15.2 shows the frequency-domain mean-square error (FMSE)

FMSE = |Hp o — B |? (15.28)

Ning Q )

for GMAP-I, GMAP-II, GEAP, (evaluated through M = 10,000 particles) and Kalman filter (KF).
The advantage of the approach we advocate here is apparent. This behavior may be justified upon
perusal of Figs. 15.3-15.4, which show the estimated real and imaginary components of the active
paths as a KF is employed, and contrasting these with Figs. 15.5-15.6, referring to GEAP estimation.
In both cases we have chosen a signal-to-noise ratio SNR [Cad/0? = 10 dB. These figure show that
a KF operating on Lmax paths suffers from a transient effect from disappearing/new paths, while
GEAP, which relies upon a joint estimate of path identities and weight values, appears more suited
to a time-varying scenario.
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Figure 15.5: Kalman filter estimation for
L=3. Estimation of the real component

15.5 Conclusions

X x x000)|

Figure 15.4: GEAP RFS SMC estimation for
L=3. Estimation of the imaginary compo-
nent
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Figure 15.6: Kalman filter estimation for
L=3. Estimation of the imaginary compo-
nent

We have examined the estimation of a multipath channel with an unknown, and time-varying, number
of paths. Using Random-Set Theory (RST), Bayesian filtering equations were derived which allow
to determine the evolution with time of the channel estimator. The estimators advocated here
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outperform previously known systems.
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Chapter 16

Channel Estimation in OFDMA based on
Irregular Sampling

P. Fertl and G. Matz

16.1 Introduction

Motivation. Recently, orthogonal frequency division multiple access (OFDMA) has been recognized
as a powerful multiuser communications scheme for broadband wireless systems. Multiple access is
achieved via highly flexible subcarrier allocations that avoid intracell interference and, in conjunction
with frequency hopping and coding, allow to exploit diversity gains and reduce intercell interference.
A further advantage is the resilience to multipath propagation. OFDMA is thus a strong candidate
for high speed packet transmissions in cellular environments. Current applications are WiMAX
(IEEE 802.16 [78]) and 3GPP long-term evolution (LTE) [162].

Accurate channel state information (CSI) is crucial for resource allocation, adaptive modulation,
and coherent detection. Channel estimation in OFDMA uplinks is challenging, however, since differ-
ent channel responses for the individual users need to be tracked simultaneously at the base station.
OFDMA systems with adaptive resource allocation are even more critical since the uplink channels
have to be estimated over the whole frequency band (all subcarriers). Usually, pilot-aided estima-
tion schemes are used, i.e. training data is embedded into the transmit signal. With conventional
OFDM, regular pilot lattices enable efficient channel estimation via least-squares (LS) [90] or mini-
mum mean-square error (MMSE) interpolation [44]. These techniques are difficult to use in OFDMA
since discontiguous user allocations only allow for irregular (scattered) pilot patterns. To overcome
this problem, current OFDMA uplink systems collect several adjacent subcarriers and time slots into
subsets referred to as tiles. Channel estimation is then performed for each tile separately, which
requires that each tile contains a sufficient number of pilots. As a consequence, the number of pilots
increases with the number of tiles assigned to an active user, thus affecting the users net data rate.
As an example, WiMAX uses 3 X 4 tiles with four pilots, i.e., a pilot overhead of [3006. There is
few work dealing with the problem described above [88,143].

Contributions. The main contributions of this paper can be summarized as follows:

e We propose to use an irregular sampling approach for channel estimation in OFDMA uplinks
with scattered pilot symbols.

» Following this approach, we present a low-complexity iterative algorithm with automatic stop-
ping rule that delivers accurate CSI.

197



198 MASCOT D1.3.1
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Figure 16.1: Illustration of an OFDMA receive packet with three users (di Lerknt gray shadings) and
4 x 3 tiles. The pilot symbols of one user are indicated by black squares.

e We discuss how the channel estimation error is impacted by the number and arrangement of
the pilots and the maximum delay and Doppler.

e We assess the performance of our method via extensive numerical simulations of a typical
OFDMA uplink system .

The main advantages of our irregular sampling based channel estimation scheme are (i) excellent
performance as compared to conventional LS channel estimation; (ii) enhanced flexibility regarding
user allocation, frequency hopping patterns, and pilot arrangement; (iii) the potential for reduced
pilot overhead. The latter property is due to the fact that the number of pilots necessary for our
scheme is determined by the users’ channel conditions and not by the number of allocated subcarriers
(tiles). We note that irregular sampling ideas have recently been independently used in a different
channel estimation context in [161].

16.2 System Model

General Transmission Setup. We consider an OFDMA uplink system with K subcarriers, total
bandwidth B, and perfect user synchronization. A packet consists of N consecutive symbol periods
and is shared by U (active) users. The packet is partitioned into tiles (cf. Fig. 16.1), i.e., contiguous
time-frequency blocks of size Ny X K, that represent the smallest unit that can be allocated to a
user. The system granularity (i.e., the tile size) is chosen depending on the maximum number of
users, channel conditions, etc.

Each user is being allocated a unique collection of tiles in a flexible manner, depending on his rate
requirements. The distribution of one user’s tiles may be completely irregular due to permutations
[78] and frequency hopping. Each user performs channel coding, interleaving, and symbol mapping
and transmits the resulting symbols within the tiles he has allocated.

Receive Signal Model. We assume perfect synchronization and that the channels from all users
to the base station remain (approximately) constant within one OFDMA symbol. The maximum
delay is suggested shorter than the cyclic prefix length. The demodulated base station receive signal
is then given by

1
Y[n, k=  HWMn KXW, k] + Z[n, k.
u=1

Here, u [, . .., U} denotes the user index, n [0, ..., N—1} the symbol index, and k& [0, ..., K—1}
the subcarrier index; furthermore, X®[n, k] and H®W[n, k] are the transmit symbols and channel
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coefficients corresponding to user u, and Z[n, k] is additive white Gaussian noise with variance o3 .

We use the convention that X®[n, k] = 0 for (n,k) MUY, where U™ denotes the symbol and
subcarrier positions allocated to user u. Moreover, some of the transmit symbols carry a pilot rather
than data. The collection of pilot positions of user u is denoted by P and the number of pilots is
PW=|PW| We assume that P is contained in a subset of the tiles allocated to user .

Channel Model. We assume that all user channels are doubly dispersive Rayleigh fading
channels satisfying the wide-sense stationary uncorrelated scattering (WSSUS) assumption [125].
The channel coefficients H™[n, k] are the two dimensional (2-D) Fourier transform of the spreading
function S™[m, 1] (m, [ denote discrete delay and Doppler) [10],

M,

M
1 H m n
H®[n, k] = ~— S [m, l]e_ﬂ"(?k_lﬁ). (16.1)
LS —
Here, we assumed that S®[m, ], u=1,...,U, is (at least effectively) supported within the rectangle

0, My —1] < [—M, /2, M, /2] with My and M, denoting the channels’” maximum delay spread and
maximum Doppler spread!, respectively. In practice, My [Kland M, [N1 which implies that
HW[n, k] is a 2-D lowpass function.

16.3 Proposed Channel Estimation

Basic Idea. Since all users transmit over separate channels, the receiver has to estimate U different
channels HW[n, k], u=1,...,U. At the pilot positions, the LS estimates are obtained according to
Hn, k] = Y[n, k]/ X, k], (n, k) TP, Tt follows that

Zn, k]|

S,k = HO k] + s

(n, k) CPW. (16.2)
However, the tiles (and hence pilot positions) of a user are typically distributed in an uneven, irregular
fashion (cf. Fig. 16.1). This prevents the use of interpolation methods for regular lattices to recover
the channel coefficients H®W[n, k], [n, k] IPIW. Current state of the art is to perform local channel
estimation on a per-tile basis. This requires a sufficient number of pilots within each tile.

Motivated by the observation that (16.2) amounts to a noisy non-uniform 2-D sampling of
H®[n, k] (i.e., the sampling points do not constitute a regular lattice), we propose an alternative ap-
proach that is based on irregular sampling and reconstruction techniques (e.g. [109]). This amounts
to viewing channel estimation as reconstruction problem for the 2-D lowpass function HW[n, k]. In
particular, we adapt the so-called ABC algorithm [62,146] to be applicable to our channel estimation
problem. This algorithm was originally developed for the reconstruction of bandlimited images and
is a highly efficient iterative method with excellent reconstruction performance. The abbrevation
“ABC” signifies the central ingredients used in this 2-D reconstruction algorithm: adaptive weights
(omitted in the algorithm description and in our simulations), block Toeplitz matrices, and conjugate
gradient. This approach features excellent performance (see Section 16.5) and allows to dispose with
the requirement that each tile must contain pilot symbols.

Reconstruction Algorithm. We next provide a more detailed mathematical description of the
channel reconstruction problem and algorithm. Since the channel of each user is estimated separately,
we omit the user index for simplicity in this and the next section.

LFor simplicity, we assume that M, is even.
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Due to (16.1), H[n, k] can be interpreted as 2-D trigonometric polynomial of degree My < (M, +1)
with coefficients S[m, []. We are given H\ s[np, kp|, i.e., a noisy sampled version of H|[n, k|, and channel
reconstruction amounts to solving the LS problem

Hn, k] = arg _min E[np,kp] —ﬁLs[np,kp]@, (16.3)

HInKeT

where (np, kp) B denotes the P pilot positions and T denotes the subspace of 2-D trigono-
metric polynomials of degre? ME x (]\{\, +A1) Characterized ]@j (16.1). Th~e cost flll_.ﬁctiAon in

.3) can be rewritten as (h — h s)™(h — h.s), where h = Hlny, ki],..., H[np,kp] , his =
His[na, ki1, ..., Hos[ne, ke] , and T (") denotes (Hermitian) transposition. Furthermore, the side-

constraint H[n, k] [Tis equivalent to h = Vs, where V is a P % M (M, + 1) double Vandermonde
matrix with elements

1 - mk in I:I I%Iw I:I
Vp,q:%e—m TN g=m+ =+l Mot

moreover, S is a vector of length My (M, +1) containing the unknown values of the spreading function
S[m, 1]. The optimal LS estimate of s is then straightforwardly obtained as solution of

V$ = hys. (16.4)

Once the LS estimate § (S[m,]) has been found, H[n,k] (defined in (16.3)) can be calculated
according to (16.1). However, solving the double Vandermonde system (16.4) directly is inefficient
and has complexity scaling with the number of pilot symbols P. To obtain a system of equations
whose dimension is independent of P, frame theory suggests pre-multiplication of (16.4) with VH [42].
This results in the equivalent system of equations

TS = 8.5 (16.5)

with the length- My (M, 4+1) vector §.s = VP hys and the My (M, +1)x M (M, +1) matrix T = VHV
that can be shown to be block Toeplitz with Toeplitz blocks (BTTB). However, T may have large
condition number (see Section 16.4). We thus solve (16.5) iteratively using the conjugate gradient
(CG) method (see [58] for details), in order to achieve regularization by early termination. Moreover,
the CG method shows fast convergence and is particularly well suited for efficiently solving Toeplitz-
like systems.

Computational Complexity. It can be shown that the pre-processing (calculation of T and
§.s) and the post-processing (calculation of the channel estimates H[n, k] from s) can be implemented
via 2-D fast Fourier transforms (FFTs) requiring O(N K log(N K')) operations (details can be found
in [146]). Moreover, the BTTB structure of T allows for an efficient implementation of the CG
(see [145]). Specifically, each CG iteration involves a multiplication by T that can be implemented
efficiently by embeddipg T in a block-ghjculant matrix with circulant blocks and using 2-D FFTs;
this requires only O My M, log(M:M,) operations. Thus, the complexity of one CG iteration scales
with the delay and Doppler spread but not with the number of pilots.

16.4 Implementation details

We next deal with some aspects not covered in the general algorithm discussion of Section 16.3.
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Pilot Arrangement. The convergence and performance of the CG algorithm used to solve
(16.5) decreases with increasing condition number of T. Invertibility of T requires P = My (M, + 1)
and an appropriate pilot arrangement. While virtually all practical pseudo-random pilot patterns
lead to invertible T, the associated condition number might be poor (i.e., large), thus negatively
affecting CG convergence and channel estimation error. Motivated by [62], we conjecture that the
condition number x(T) of T, when augmented with adaptive weights (cf. [146]), is bounded as

(K + M ¥ (N + 60 (M, +1)F
(K — 0 MY (N = 6n(My + 1)

R(T) <

provided that the maximal gaps between pilots in time and frequency, denoted as d, and dy, are
smaller than the respective Nyquist intervals (I\/IIV\I7+1) and MLT This indicates that the condition
number grows with increasing pilot spacing, maximum delay spread and maximum Doppler spread
(cf. [47]). However, in our simulations we observed that the channel estimation performance degrades
only gradually even if the Nyquist criterion is violated.

Stopping Criterion. The normalized mean-square error (MSE) of the channel estimate H,[n, k]
obtained after r CG iterations is

C—1 . 5
(n,k)fé{—lﬂ{[na k| = Hin, k||
(n.k)eu |H[n, k]|?

(16.6)

€r =

(note that in contrast to (16.3), summation here is over all symbol and subcarrier positions allocated
to a user). With CG based on noisy samples, ¢, usually has a minimum for a certain optimum
iteration number rope beyond of which it may increase (cf. [47]). In practice, ropt is unknown since
H{n, k] in (16.6) is not available. Hence, another criterion for stopping the CG iterations is required.
Thus, we adapt a stopping criterion from [68] to our application, i.e., the CG iterations will be
stopped as soon as

M} —hsFl<s v P, ~=-%. (16.7)

Here, h, is a length-P vector containing H,[n, k], (n,k) [, and 0% = E{|X[n, k]|?}. Note that
hr, s, and P in (16.7) are directly available and the noise variance 0% can be straightforwardly
estimated.

Delay and Doppler Spread. The proposed channel reconstruction algorithm presupposes
knowledge of the channel’s maximum discrete delay spread M; and maximum discrete Doppler
spread, characterized by M,. However, the choice of My and M, is not very critical. In particular,
slightly too large values do not degrade the channel estimate dramatically. The maximum delay
spread equals the largest channel tap index and can usually be straightforwardly determined. A
worst-case choice for My is provided by the length of the cyclix prefix. A reasonable rule of thumb
to determine the (effective) discrete Doppler spread is given by

T -

M, =2 i (K + Lcp)N . (16.8)
Here, Lcp is the cyclic prefix length in samples and vmax is the maximum Doppler frequency in
Hertz. Using the maximum terminal velocity wmax, the latter can be calculated as vmax = fewmax/Co
(fc denotes carrier frequency and c¢q is the speed of light).
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16.5 Simulation Results

We simulated a coded OFDMA uplink system with 512 subcarriers (of which 80 serve as guard and
DC carriers), bandwidth B = 5 MHz, and carrier frequency f. = 2GHz. The cyclic prefix length
was Lcp =64 samples and the packet length was N =30 OFDMA symbols divided into 10 slots of
length 3. Each slot was further split into tiles comprising 4 subcarriers. The allocation of the 3 % 4
tiles to the users was performed according to [78]. Each tile contained either one (fixed-location)
or no pilot symbol (cf. Fig. 16.1) such that there are 3P® /N pilots per slot for user u. Each user
employed 16-QAM, a rate-1/2 convolutional code, and a block interleaver of appropriate size. For
all users, Rayleigh fading WSSUS channels with uniform delay and Doppler profiles were simulated
according to [129]. Note that these channels may vary even within an individual OFDM symbol.
Throughout, a terminal velocity of wmax =100 km/h was chosen, which corresponds to M, =2 (cf.
(16.8)). The receiver performed zero-forcing equalization using the estimated channel and channel
decoding. All results were obtained by averaging over at least 5400 OFDMA packets. As a reference
method we considered conventional LS estimation which uses the channel coefficients at the pilot
positions according to (16.2) within the whole tile.

BER/MSE versus signal-to-noise ratio (SNR). We first consider U =9 users, each allocated
P =120 tiles with one pilot symbol each. The maximum delay spread is 1.4 us corresponding to
M, = 7. Fig. 16.2(a) compares the BER (top) and MSE (bottom) obtained with the proposed
channel estimator and with the conventional LS reference scheme (labeled ‘reference’) for one of the
9 users. It is seen that our scheme outperforms the reference method in terms of MSE and BER;
furthermore, the BER performance is almost identical to the case of perfect CSI (labeled ‘ideal’). In
contrast, the performance of the reference estimator saturates at high SNR since it is unable to track
the channel variations within a tile. Fig. 16.2(a) also shows the results obtained with our method
when a high-rate user is allocated twice (‘2x’) or four times (‘4x’) as much tiles while the number
of pilots remains fixed (i.e., only one half or one fourth of the tiles contain a pilot). It is seen that
this has almost no impact on performance, hence supporting our claim that the proposed channel
estimation scheme allows to significantly reduce the pilot overhead.

BER/MSE versus Delay Spread. We next analyze the impact of the delay spread on the
performance of our scheme at a SNR of 20 dB (the impact of the Doppler spread is analogous). We
considered a setup with 18 users, each allocated P =60 pilots in 60 tiles, and a second one with
U =6 users and P =180 pilots/tiles. In the first setup the pilots are much less dense, i.e., the gaps
between pilot positions tend to be 3 times larger on average. Fig. 16.2(b) shows that our method
outperforms the reference scheme and has an MSE advantage that increases with increasing number
of pilots. Larger delay spreads are seen to increase the MSE of both schemes, which eventually also
degrades BER performance (i.e., the delay diversity gains seen with the ideal receiver cannot be fully
exploited). However, the BER degradation is only gradually (in particular for the case P = 180)
even though the Nyquist criterion might be violated.

Convergence. We finally illustrate the convergence behavior of our ABC-type channel estimator.
Fig. 16.2(c) shows the average number of CG iterations (i.e., until the stopping criterion is satisfied)
versus SNR (top) and delay spread (bottom). Parameters were chosen according to the simulations
in Fig 16.2(a) and (b), respectively. It is seen that the number of iterations increases significantly
with SNR. This can be attributed to the fact that in the low-noise regime the stopping criterion
is too conservative even though estimation accuracy is already sufficient. In contrast, the number
of iterations decreases with increasing delay spread since channels with large delay spread incur a
larger MSE which can be quickly approached via the CG iterations. As a general conclusion, more
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iterations are required in cases where the estimation error can be made small (i.e., high SNR, low
delay spread, many pilots).

16.6 Conclusions

We introduced a novel channel estimation scheme for OFDMA uplink packet transmissions over time-
varying multipath channels. The proposed method uses irregular sampling techniques in order to
allow flexible resource allocation and pilot arrangement. The resulting algorithm can be implemented
with low complexity using CG iterations and FFTs. Simulation results show that our method
outperforms conventional LS channel estimation and allows for a low pilot overhead.
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Figure 16.2: Performance comparison of proposed method with reference scheme and with perfect
CSI: (a) BER/MSE versus SNR using P = 120 pilots, and (b) BER/MSE versus M; for P = 60
pilots and P =180 pilots; (c) Convergence over SNR and maximum delay spread.
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